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Position control of planar three-link underactuated manipulator based on
trajectory planning

HUANG Zi-xin, LAI Xu-zhi', WANG Ya-wu, WU Min

(1. School of Automation, China University of Geosciences, Wuhan 430074, China; 2. Hubei Key Laboratory of
Advanced Control and Intelligent Automation for Complex Systems, Wuhan 430074, China)

Abstract: This paper presents a position control strategy of the end-point based on the trajectory planning for a second-
order nonholonomic planar three-link underactuated manipulator with a passive middle joint. Firstly, the dynamics model
is built, and according to the geometry relationship, a differential evolution algorithm is used to calculate all link target
angles corresponding to the target position. Then, according to the couple relationship between the active joint and
passive joint, the time scaling method and bidirectional method are used to plan two trajectories of the two active links,
respectively. And we connect the two trajectories to be a whole admissible trajectory based on the genetic algorithm by
optimizing the suitable middle angle of the first link. Finally, we design a sliding mode variable structure controller to
track the whole admissible trajectory, which can achieve the control objective of the system from an initial position to a
target position. Numerical simulation results show the effectiveness of the proposed control strategy.

Keywords: planar three-link underactuated manipulator; trajectory planning; position control; differential evolution
algorithm; genetic algorithm
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R B 387715 56 2 9T AR IR S 1)+ 1H Pendubot,
TR R G, SR [12] 2 T RGN R R TR
BB 7 — MR SR T PR AR R AR E 2 ) D7, S
R [13] 2T e ISR o0 i 4 1 — TP 190
RS e $5E il 7.

RN eI S VA Wl 1T I <2/ /N L) 3
P RS 3255 1 G A R IR B (1) °F T PAA
(passive-active-active) R 4t, /& — P E 72 5 R 4t 1 [H]
AT N R YK Bl 1 °F T APA (active-passive-active) 5
G, & W AE e B R G R KT N R IR BN K- T AAP
(active-active-passive) R 41, & “FrdE e R 4. L
BR [14] 73 B 11X 3 K R G 1) A 45 M 1 1 APA R 4t
NV AAP 2 St 3 a2 /N 358 ) 35 AT 4% P (small-time
local controllability, STLC)!S 3] 5 2% 14, 1fiy °F il PAA
RGN/ STLC HI5E A, VI PAA R Gi 2 — ik
SERE RS, SCHR [16] 32 H —Fh i T A58 B B R 7 2 4%
H 7, B R 5 G oy B P 58 4 T R P T
Acrobot R 4t, FEAK HEF- 1 Acrobot R A HPIRA LR K
ZHT A BAEH. T AAP RS R M ER B R4,
SCHR [9] K 22 4 4% 4y B SO AL, e ) 28 a3k AT
T Fa M. &0 TH APA 2 4, SCHk [17] 38 1 78 % B
Bl R 22 e i By 2% BN R G AT $ ), AR, TR
WX Zh K54 T 58 4 H HUIRA T #)-F 10 APA & 4t, H
23 1) e R SR A — AT TSI (14 i 1,

Fo T DA B4 M, AR SO e ] 96T 9 R 3R B )
L ZIEATH UGS R G CF I APA R 40), 42 H —Fhf:
TR ) o7 B A | SR T 5, T KRR B
LS R G 1 8 )7 18, IR AR LT ok R A H
ZOr I E RS IENT 5 H AR AL B A X R B bR
FEE. ARG, BT RNEM 5 R IREM KRS KR,
HEF 1T APA F G0 (1) 5 B 428 ] 1] L g e K )
FL. SR FH BN TR] 408 T5ORI XL ] v K0 K1) R AR B 20 32 A ()
SR, % T R 2R 48 A S RIS BB, B 1 SR
TE, 248 NWIGE 7 B B v [ A7 B 28 2 2630, R4t
NS R X VA =B e N TR =7/ 75 56 U ot s ) B¢
FMIE B B # 1EIF, RIR S E AT 2 513 12 3, P,
PHE P 2K PR (1) SR AE T PR XN R R 5 R 3K 532
R E s U B - 1 ) El O N v & 5 i
EOALEE VAT & 3 () T IR B, o 79 2% PUZE B 2
— 2k SEEE NIRRT TR R MR BT H R B S
T, A F Az i I 18], d5 5, Bt T 1A 45 R 4 ) 2 BRI
SERE AT IR LI, I T S IR G p ) H bR BUE 15
S5 RIRAIE T P Hh 2 o SR FR A R0k

1 RGEEEEHT

P APA R GEBER L5 A 0 B 1 TR, m 9585 AF
[ 08, L i FF AR T, Los N i FF I B0 3 — %
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B 1 FEAPARGHER
R W - h A B H VR ST RSB S RN
M(q)§+ H(q,q) = (D
Hig = (1,0, )" RARGWAZE R E; 7 = [11,
0, 73] T AR S IR R M (q) € R M MEAERE,
HA IEE AR H(q, ¢) € R®> &8 AE
OSIGEE TR, M(q) R H (¢, ¢) AR~
M1 Mys M3
M(q) = | My, Mg Mg | - )
M3y M3zz Mss

O #ihe+r
® K
O\K% x

My = a1 + as + a4 + 2a3 cos ¢o+
2as5 cos(qa + q3) + 2a¢ cos g3,
My = as + ay + a3 cos g+
as cos(qa + q3) + 2ag cos gs,
M = as + a5 cos(q2 + g3) + ag cos gs,
My = My, (3)
My = az + a4 + 2a¢ cos g3,

M3 = a4 + ag cos g,

M3y = M3,
M3y = M3,
M33 = Q4.

Hera,(i =1,2,...,6) RAGHLSEWSELA
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a1 =myLe® + Ji + (ma + ms)Li?,
az = Jy +myLey® + msLs?,
az = (maLe +msLo) L, @
ay = Js +msLes®,
as =mgzLesLy,
ag = m3L.3Lo.
Hy = —a3(21 + §2)q2 sin ga—
as(241 + G2 + G3)(d2 + g3) sin(ga + g3)—
a6(2¢1 + 2¢2 + 43)q3 sin gs,
Hy = asdi sings + asgi sin(gz + g3)—
as(2¢1 + 242 + 3)q3 sin ga,
Hj = a5q7 sin(ga + q3) + as (g1 + ¢2)? sin gs.
(%)

2 BirfBERE

BPE 1B, (2, y) 9 3R GEA i 5L A AR, AR
JUIRT % 5 AT 43 R GE A s AT 5 25 HE AT 40 BE 2 T
LR KRN

x = —sing1 Ly —sinqia Ly — sinqia3 L3, ©)
y =cosqi Ly + cos qiala + cos qi23L3.

Hfg2 = g1+ a2, 123 = 1 + @2 + 3.

ETF 1 APA RE BB ITURE, Al — HAsfr &
XF L& AT H AR A BE AR AE 2 M, R b, AR 4 T T
APA R 4t (1A B # H bx, F 22 70 A0 B0 5K i
Za b . bRk EU0E XN

hy = |z — 24| + |y — yal, (7

Hor (24, ya) AFRGEA I 5 1) HARALE.

SKAR H bR FE I B P IRIR

step 1: BEALAILE A BT AEFIRE, (B 1 R 40 % 1
FEHTE B A EEA Gran Goa M G3a-

step 2: HRHEI(6) LL L Gra~ Goa FH Gaa 73 91T
Ay, FEARNI(T), THEIE N E R 2 Ry

step3: M hy < my,m FARDNEEE, AT 1S & &
FE B A E 0N q1a = Gra, 420 = Gods @30 = G3a
N, 47—

step4: Zid AR
H Gy, 7 B step 2.
3 HulHiLl

ARGV T APA 22 458 2K Ui sl PR 5478 1] i 2t
A SR e KK T R, R 4 KK B B 3 A A B
V) 422 K — 2% WA 8 40 A iy i A G6 67 B 2138 H b5

5t SN FEARAE BT Gra~ Goa

A7 AR, SR P I TE] 248 TR0 1200 4T X ) A3
FURIZY, 51 NP A IS (8] 48 755 81, 92 5ol AT aR A B
B A ALE, B bR E 2 A R AT E AT 0 ) B2 R
K. 88 3 BIR B 5T 04 R e i, A 4 DX B 3 AT R K
BNV FT AR IIK B EE A B, DT A R SR L P 9 — 5%
A IA P 56 BE BN, PREIX T 2% P8 I G BAE T PR X
BRI 5 R IR B AT ) A R S R A TR T [l A
[7], ) FH 8 SR AL SR 1 AT A3 1w TR A7 B P
PR RN, TG 75 R SR BN EAT B e 3 R I R, 46 R
23 1 BF 1]
3.1 BYE4ERL

FRAE 2 G0 H brr B AR SR B AT 0, 1)
IR IR By T PR X B 12 B B Bl 7 25 RS A AL, TR]
FEAR B EE 2 JEAT 0032 B, S IR B BEAT R4 B 0%
FF A 2 ).

VAR 1 26 3 WRBIEAT HI 43 51 H

q1 = ¢1(kt), g3 = ¢a(kt), 3
Hr ¢1(k:t)\<b2(kt)?ﬂﬂuﬁﬁ'\ﬁﬁﬁ‘]@ﬁ.

LA =k,0< A< L0 <t < 1/k TR
(CE NN qg*”q:a/\n']'ﬁkﬁ’]%/?

dg 2d q1 dgs i 2d293

q kd>\7 q1 = k A27 qs = kd/\v qs = kd)\Q

9

Horprot Jy ELSCI TE]; A Y JE PRI (8], B2 15 kI
IETEETe) Q7S R
3K (8) 1 (9) 73 A1 AT 453, KB AT (1) 11 FEAS 52 4
JRCEE ¥ e PRI 2100, £ T8 PR R A 0okt 320 52 4 TR K
(RS2 4 £ BEAH [FIAEL e AN [R1ET, £5 388 R 0 A ekt B2
WA E].
FRAE =X (1) W15 R SRS AT IR I 2 T F2E
Go = —My;" (M21Gy + Mosis + Hz). (10
KON 10),  THF
d®qo
dA2?

:—M{Q {M21d q1 d?q in}

dv+%%v+%w'
(11)
A1) R, RIRBEFIRAS T LA 1, 58318
RN,
3.2 WEHTEFK]
RS U6 FAREA H bs A EE 2 0N [quo, goo,
q30) ™ [qra; G2, q3a), 25 1 WK B 3 AT 1 A [0 A2 B A
Q- TR 138 53 M7, SR FH X m) v 50 K P 26 L. 565 1
SN o R G NHIGG L B B (Rl &, 5 1 IR BhiE
N qro B qum. 28 3 IXBEAT M g30 E g34. 52 2P
dr: RGN B A BB AL E, 51 IKBNEF M q1g
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B @i, 5 3 BN EFFIREFF gzq A2, X
VS U S Z
@ = ¢p1(kpt), 0 <t < 1/kp;

S B

#r1(0) =0, dri(1) = qum; (12)
dorr .« dop .
I (0) = Y (1) =0.

q3 = dra(kpt);

#r2(0) =0, dra(l) = q3q; (13)
dopa ,  dopa
i (0) = D (1) =0.

¢1 = ¢ri(kgrt), 0 <t < 1/kg;

#r1(0) = qia;, dr1(1) = qum; (14)
dopi, . dopi .

o 0= =0
q3 = ¢r2(krt);
®r2(0) = q3a, dr2(1) = g3a; (15)
dopre .\ doga .\

o 0= W =0

Horf kg kg 735 9P 26 R B A8 T8O 7
BN = LI, RRIKBEA IR 73 BRI A

kpl kpl

ahe=" s GhETN gbETI R Gh R R IR AEFR S
kp~kgr BT EL5E R
qﬂquﬁr , Gor = kpdsn=", 16)
Gor = G55, dor = krdsE~"

Y IR B AT ORARAE HH R A7 B, R IR B AT A 52
KTLW, 2RFFE)HIZEN, Bl o # 0, WK IK B %
FEAT ARG 2 goi. TR Gor = Gor, RIKBIIE M g2r
Hh R Bk H R T ORI 28 mT DAY He b4
Bz, PRk, AR =X (15) A1 (16), 48780 R L 2 BL T %
A

ke/kr =i Jdop (17)
JH:H]L XTI I Bk £ T & ke kg,

& R IR AT AT ASRAFAH [F] 1 .

FoT UL B4 Ar, SR F XAl AR P 2 00 1) B A
KU U0 26 1 5P RGN UG AL B 2IA A (]
FrEL 5150 3 IRBEAT P 73 il vt

¢r1(t) = qro+ (q1m — q10) (kpt* % sin(27TkFt))7
dp1(t) = kp(qim — qu0)(1 — cos(2mkpt)),
$F1(t) = 27tk% (q1m — quo) sin(27tk pt);

(18)

dr2t(t) = g30+ (¢3¢ — g30) </€Ft— % sin(27rk:Ft)),
¢ra(t) = kr(qsa — gs0) (1 — cos(2mkpt)),
Pra(t) = 27k} (gsa — qa0) sin(2mkpt).
(19)
Hrpt € (0,t1),ty NRGE RS A 1AL B AL AR
Pa (1) (18) A1 (19), AT LATS 31 R YRSl FE AT L.
H2KE RGN P AL B B H AR AL E, B 1
55 3 IKENEAT I 7 it

¢R1 (t) = q1m+ (q1d_ q1m) <th__ % Sin(ZT[kRZ)),
r1(t) = kr(@1a — qum) (1 — cos(2mkrt)),
(531 (t) = 27Tk12%(q1d — qlm) sin(ZWka);

(20)
bra (t) = g3a,
Sra(t) =0, @D
Pra(t) = 0.

HA:t € (t,t2),kr(ta —t1) = Lt =t —t;, Lo AR
Rk B b B IR AR D). o) F @21y ar
PAAS 3 R IR AT B,

BT DA Ear i, — IO LR, RGUERER S 1 2650
5, 55 1 RBERT 2135 g1, 56 3 BN IEF IR EF ¢34,
RIRBEAF R FF LR LB R gor = qor, PIAEENL
AEA RE P L. TR, 538 T g, DRE T 26 MR B
B B A T R AR B E R L P B Be. T 4 R AR
IS 18], A SO AR SRR AL B & 1) g1y, AR
IX )32 M TG 75 VA B A T LK R 7R P SR L R
N — 2% SERE I AT IR IR, 1% 7 VE AR R T STk [20] H )
HeEEEAR 543 2 1 g, SE IR
3.3 Bl

HRHE 22 G AR iy s Ao B 4 ) B A, H AR SRR AR AL
5 VAR IEAT G 18 B TR) 4 JE g, , PHEE R 5 2 30
7.

ER N A GRS |

hs = mod(|g2r — q2r|, 27), (22)

Forb o TR IR S A e i B FRTE, X qor F gar
BEAT HUR B AL 2.

PAGEE 1 AT A ) £ B S IR AN T

step 1: BEALYIAG LA BN AN G AR A U Ff
BE B G IR RIR — A gy, CE B KT K S
Cy = 0, B B KA G.

step 2: ARIEF (1) (18) ~ (21) THE3E I J¥ & %k
hs.
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step3: M hy < no (no NAR/INFIEEEL) IS), AT 15
IR PTE NS R 2 AT AL qor = qors 35 W, R
1T

step 4: LI AR T A ORI PRARAE T8 g1, $E 5
step 2.

4 PRl
A AR VT APA AR G5 R 3D 15 K SR A AT
FO 1 152 0 5K 2R W L B e

Lx = [@1, 22,23, 24, 5, T6) " = [q1,G2, G5 G
G2, 3] T, M R G FPRAS S A N
T1 Ty 0O 0 O
ij Is 0 0 0
T1
1.53 Te 0 0 0
. = + 0f-. (23)
T4 fi g11 912 g13
. T3
Ts fa g21 g22 g23
| Z6 | _f3_ | 931 932 933 |
¥ (23) 5 vt i E IR
&= f(z) +g(x)T, (24)
HAH

f(z) = [$4,$5,$67f1;f2,f3]T,
g9(x) = [g1(2), g2(2)]",
[f1, for f3]" = =M (q)H(q, d),
92(2) = (9ij)axs = M~ (q). (25)
Hor: gy (x) A3 R, gy NRT o AR LR EL.
R A U

S1 = pier + é1, 26)
So = poes + ég;

e1 =21 — 214(t), é1 = x4 — x44(t), 27
€y = T3 — l’gd(t), ég = T — de(t).

ﬁﬂlﬂled = Q1d, T3d = G3d; Tad = §1d>T6d = G3d, M1~

XFS1 Sy 3R T, A1
Sy = H1€1 + €1 =
/%1651 + f1+ 9111 + 91373 — Za4(t), (28)
Sy = poéy + €3 =
H2é2 + f3+ g317T1 + g33Ts — Tealt).
prkE (TN SYUKE )
;S:’l = —(,0151 — slsgn(Sl), (29)
Sg = —(p252 — EQSgH(SQ).
Horp: P1~P2a~E1 ey jﬁEﬁéﬁ,Sgn()%ﬁ‘%@ﬁ

xR %35%
P IR AR N
n=—(o1+B1+m+)/0, (30)
T3 = (g + B2 + 72 + 62) /0.

7N EF‘
a1 = ga1@ealt) — gs1peds + gs1paTea(t),
B1 = —g33taa(t) + gasprd1 — gszp12aq(t),

v = f1933 — f3931,

01 = S1g331 — S2g31€2 + S1933001 — S293102;
(31)

as = gr1ea(t) — gi1peds + gr1poTea(t),
B2 = —g13%44(t) + giap1d1 — grsp12a4(t),

Y2 = f1913 — f3911,

0o = S1g1361 — S2g11€2 + S1913001 — S29112;

(32)
0 = g11933 — 9139315 (33)
_ Moy Mz — M3y
g11 —det(M) ) -
_ My My — M7,
933 det(M)

M (q) NIEZEXFRFRE, # g1, > 0,933 > 0.
Frbh a3 S GOVEH T, RAA S HIAT R I A,
}Ji# Lyapunov B84
1 1
v:§$+§$, (35)
VIFER
V = 5151 + SQSQ =
- 9015% —e15gn(851)S1—
0252 — £95gn(52)S, < 0. (36)

My = O, HE4E LaSalle’s A28 J5L 3231 2 45 i
EFaE. 4t — oo, S1 = 0,8, = 0. Kk, 7EF 2%
GO)VEF R, 28 1 28 3 BR BT AF T DABRER AR 1) 56 %
MAER)E HArALE. B30 A1) AR, RIR BN AT AT B
e P ) 2 H AR B, AT SEILF TH APA 3R 40K Ui
MANRG N HR L E (24, ya)-

5 MR&ER

FEA) ESEBGH, RGBS EUNE 1 TR,

A R YT HE K 0.001 s, 2 (26) S HU K
p1 = pe = 1.2, QP SEIE AN o1 = v = 1,61 =
e9 = 0.3. FFF AU Ff1 B AN A T8 DL KoK o 2 H B
I B AR5 IR
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[410, G20, @30] = [0.5, —1.2,1.7] rad,
[¢10, G205 G30] = [0,0,0] rad/s, @37
(z4,yq) = (1.5,1.5) m.

#*1 FEAPA R EEBRSH

i m; /kg L;/m L.;/m Ji/(kg~m2)
1 0.6 0.6 0.3 0.0180
2 0.8 0.8 04 0.0427
3 1.0 1.0 0.5 0.0833

LI S5 N, = 0.3,p. = 0.7
iy = 0.000 1. R#E K (6), H 2= AL FIEITH R &R
G IEM BARAEEA
(414, G2d, q3q] = [—0.546 8,0.279 8, —1.087] rad. (38)

BAEFE RS E S W N p. = 0.7,p, = 0.8,
G = 100, N = 20. ZZ A H BIHE B WA RS
SEME, AR, = 0.000 1. 55 1IEFF A 8] 5 F1XF
LRI TR - 53 A

qim = —2.728 4rad,
kr =1.8728, (39)
kr=—0.9371.

5 B 45 B an i 2 ~ B 5 B, 3 B I 4 5o 8
#OLE 3rad /s A, FRAE T R S0 #86 Hs il 82 H b
fH. RGBS AR ZARFFAESN - m LA,
FIHR /N, AE 3,75 s I, 55 1 B Be ) 6 31 28 2 B B
AN TE5.62 s I, 55 23 M B IR FR s 52 X 8. &5, &R
40 K vt e Fe g 2 (1.499 7, 1.499 5) m, A X H AR AL B
N (1.5,1.5) m, 1. ZAARBRARR 42 22 733 4 0.02 Fo A1
0.03 %. 1 A5 R T Bt vh p4a i 7 A sk
Rt

41,9 9,/rad

4
3.75  5.62
t/s

2 BETL

=
E
=
T
'5 N/
0 2 4 6 8
3.75  5.62
t/s

3 ARETW

Tl:‘[}/(N’m)

6 8
3.75  5.62
t/s

4 EHRINIETL

N
N | |
. ]
N T, T
N
N
N ol .

X,Y/m

4 6 8
3.75 5.62
t/s
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6 4
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B M 22 0 AL SR SR BGEAT 5 B ARAL E A R
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