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Dynamic multi-objective optimization: Test function and algorithm

comparisons

WU Yan*', SHI Lu-lu*, ZHOU Yan?

(1. School of Mathematics and Statistics, Xidian University, Xi’an 710126, China; 2. Department of the Foundation,
Army Academy of Border and Coastal Defence, Xi’an 710108, China)

Abstract: In real world, there are many dynamic multi-objective optimization problems. In the field of evolutionary
algorithms, there is a rapid increase in research work dealing with dynamic multi-objective optimization problems.
However, dynamic multi-objective test functions play an important role in measuring algorithms performance. This paper
proposes a set of new dynamic multi-objective test functions to evaluate the performance of algorithms based on the
existing dynamic multi-objective test functions. The difficulty of dynamic multi-objective test functions is affected by
shapes of Pareto-optimal solutions and Pareto-optimal front. According to this idea, a set of test functions is designed by
introducing the change shape of Pareto-optimal solutions and combining with the existing shift mode of Pareto-optimal
solutions. Three algorithms are tested on the proposed test functions. The simulation results show that the designed
functions bring challenges to the algorithms and reveal the advantages and disadvantages of the algorithms.

Keywords: dynamic multi-objective optimization; evolutionary algorithm; test function; performance comparison
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min F(z,t) = (fi(2,1), .., fu(z,1))".
fil@,t) = |v1 — al" (1 + g1 (2,1));
fola,t) = |o1 —a = 0] (1 + grr(a,t));
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min F(x,t) = (fi(z,t),..., fa(z,t))T.

filz,t) = |z1 — a| (1 + gr(x,t));

fa(@,t) = o1 — a = b (1 + g11(2,1));

a = |sin(1.57t)|, b =1+ | cos(2mt)|;

SW2:9Hm =05+ sin?(0.57tt);

y; = x; — G(t), G(t) = sin(0.57t);
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G(t) RECEA AT
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FF 2o 0 3t B, B 3(c) W 8215, 20 5 21 B PS 1 2%
B TEHCE AR, TR w A& — AN ) AR 56 48 &, R
7] ) w WA 1 2o 5 20 KPS TR, w (B 3G K PS i 23
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INEE N YRR Z AL,
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min F(z,8) = (fi(2,8), .., fa(z, )T e, 3
fi(z,t) = oy —al" (1 + gr(,t));
folz,t) = |21 —a — bH (14 gy (z,1)); 7
a = |sin(1.57t)|, b =1+ | cos(2mt)|; 1
qwa:JH=05+ sin?(0.57tt); .
y; = x; — |Acos(2mxy)| — G(t); 0 ! )261 . 4
A= [[6sin(rt)|], G(t) = sin(0.57t); (a) SW57E£=0,0.1,..., 1.6 HIPS P4 A K
o t)—%??- \ P
gr(z,t) ; Yart1» 911(, 2 Yar; , ‘ \""“‘%‘/&/@%@%&NA’
21 €100,3], 2 €[-1,2], i =2,3,...,n. y i Vwmwv
®) ) NN
WA B SWA I ®) s, KPS Ha < 21 < T 2 s
a+b,z; = |Acos(2mxq)| + G(t),i = 2,3,...,n. PS x,
AR A (T TR 20, FL LR ORI 4% 2 AR 4L, i | SO LB E
PRl PS AR 25 & 5 7 Il ok 2 ) PS AR 4L T
A SW4ALEL = 0,0.1,...,1 Ffz, 52 IPSAE (L 2
U1 3(h) 2%, A5 A A AR A5 i, FL . &
PS M Z& IR MR, A BR IR ER K, A B8 /INRIEER /)N, A
3(d) P AT LA I 51 PS JIR O 4R IR A5 L. PS ’
AR B0 95 06 2 4L 5 PS T LS B 10 45 £ (645 54 R ok oo o
SW4 I bR 3% 15 5 A M FE (c) SW6TE(=0,0.1,... 2 5 ) PS {5
min F(x,t) = (fi(z,t),..., fa(z,t)T. 3
Fula,t) = 21 — al (1 + g1 (x, 1)); , v%§j%§%§7\
Folat) = [o1 — a = B (L4 gur(2,0); 3 J@MWM%
a =1+ cos(1.5mt), b =1+ |cos(2mt)]; 0
sws . JH =05+ sin?(0.57tt); 0 1 j 3 4
yi = x; + | sin(wmry)|| — G(t); (d) SW6?3Et=0,0.1,.1..,ZEﬂLxﬁDx‘E"]PSE{]
w = ||6sin(0.57t)||, G(t) = sin(37t) +2; 4 SW5.SW6 Iz Flz, HIPSE
[2/n] [2/n]
gr(@,t) = > Ui gl t) = Yy min F(z,t) = (fi(z,t),..., fu(z,t)".
| = Ful@,t) = |a1 = al (1 + g1 (w,1));
x1 €10,4], z; €0,3], i =2,3,...,n. fa(t) = 121 — a— b7 (1 + gro(z.0):
©) a =1+ cos(1.57t) sin(0.57t);
O IR I 2 MR H SWS, HPS Na < 21 < b= 1+ |cos(2mt)], H = 05+ sin?(0.5m):
a+b,z; = G(t) — |sin(wnzy)|,i = 2,3,...,n. AT SWE -

T e A R, 1200 ] RURE PS T AR AR AL
PS I “IKF-8” # 8 77 e A £ — . K w ke
1 PS i 2 H I B, w E UK PS 26 8 £ iR
% . N 4@a) FE 4(b) & SW57Et = 0,0.1,..., 1.6
PS ¥IMH s Al 2o 5 21 FIPS . 1£ PS IR AL itk E
4 PS # 3 77 7 B I ek 2, TG B B 5 06 SR s
X ST A PR AR AR () e ) RN EN A IR BT T SV ISR

y; = x; + | cos(1.5mz)|* — G(t);
a = |sin(1.57t)|;
G(t) = cos(1.57tt) cos(0.57t) + 2;

[2/n] [2/n]
g[(ZL‘,t) = Z yngrla gll(xat) = Z ygk;
k=1 k=1

X € [074}, x; € [0,3], 1=2,3,...,n.
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=X (10) frow, WK s 2L SW6 [HIPS Na < o1 <
a+b,z; = G(t)—|cos(1.bmzy)|*, i =2,3,...,n. SW6
56 T PSR “4eMe 7 B3PS TARAZ AL, B8 B 18]
AL o F 25 PS AR, B 4(c) AT 4(d) /&2 SW6 1F
t=0,01,..., 20 PS¥ME S E M zy 52y HIPS K, H
P 4(c) F &I 4(d) 7T %01 PS BE I 8] A2 204k

(fi(z,t), ..., far(z, )T,

|21 = al " (1 + g1 (=, 1));

min F(z,t) =
fl(l',t) =
fo(z,t) =

a = |sin(1.57t)|,b = 1 + | cos(27t)];

|21 —a — b7 (1 + gr(x,1));

gw7 . { H = 0.5+ sin’(0.57t);

y; = x; — My — |Acos(3mzy)|;

A = sin(7t), A = |2cos(1.57t)|;
[2/n] [2/n]
g1(z, Z Yopr1s gri(x,t) Z Yo
k=1
LE1€[O,3],IL‘¢E[O,5L =2,3,...,n.

(an
M e B SWT WX (1) FT7R, PS Na < o1 <
a+b,x; = Nxy + |Acos(3nxy)|,i = 2,3,...,n,H
A > 02— BRI & ERE v
[ PS 28 (A 2R, N, B il 2R R BE, A, k) il 28 81
2, =4 T PS B A A 2 — e, B 5 B2
SW7 ) 2o 5 2 WIPS B, 1 5 0] %1, SW7 45 & 1 PS
TR P i s A2 40 F0 PS (1) 158 i, 9 3 1 45 6 o B 38
U ] R A

min F(x,t) = (fi(z,t),..., fu(z,t))T.
fi(@ t) = o1 — al " (1 + gr (=, 1));
fa(z,t) =

a = |sin(1.57t)|, b =1+ | cos(2mt)|;

|21 —a — b (1 + gr(x,1));

H = 0.5+ sin?(0.57t);

SWS :
y; = x; — |sin(wmzy)|* — 1 — G(¢);
R R

w = 71, o= 15, G(t) = sin(0.57t);
[2/n] [2/n]

91(z, Z Yopr1, 911(2,t) Z Yors
k=1

21 €[0,3], 2 €10,3], i = 2,3,...,n.
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f

‘xl
,1ET]Lx2$l]x1 E"JPS

= (12) Frw, SW8 5| N T BN R, € (0,
10| M1 Ry € [0, 30], 43 o 55 1 KPS HI £ (1) i 19122
R FAR L B BEALYE. S5 Rk A — IR AR AL, B AL
Ry Tl Ry 0% — IR, e AT 520 PS TR AR, X4
B ATLATL 1) 5 95 550 925 b BRI A ) AR 43 B I R 3.
Ry = OB, A8 & 2 (AR5 Sr M, BL i, PS A a; =
24+G(t),i=2,3,...,n:29 R, # 0H Ry # 0}, A&
Z B M, B I PS A N oy = | sin(wmay)|* +
1+ G(t),i =2,3,....n. HTBWHIBENLIE AT
5 H SWS [ PS .

AT T $2 20 0 00 1 2R B SW3 ~ SW 1 PS i 25 3%
B TRz M 28 28 Y, R 4 th 00 00 3K ok £ 1 PS K A
se 2 AR,

min F(z,t) =
f1($7t) =
fg(l‘,t) =

a = |sin(0.57t)|, b =1+ | cos(27t)|;

&5 SW77Et=0,0.1,...

(fi(z,t),. .., far(x,t)T.
21 — al" (1 + gr(x,t));

|21 —a — b/ (1 + grr(z,t));

_ 02 .
WO - H = 0.5 + sin”(0.57t);

Y =x; — 3 — G(t) + Ml

R R
A = 16 o= 15 G(t) = sin(0.57t);
[2/n] [2/n]
g91(z, Z Yopr1s grr(e,t) Z Yor;
k=1
x1 €10,3], z; € [-1,4],i=2,3,...,n

(13)

SWO Iz (13) 7w, 45 & 1 PS 1) 3 EH 2 3l [ Jig
HFIPS AR AR 4k, B N, R T 20 5 2y I PS il
AR B, o W) R A PS TR 25l FE2 B2 SW9
HEIN T A BENLEE R, € (0,10] M Ry € (0,10],
MIRBEAAL — VK, BEALEL Ry A1 Ry th 25 55 ik BB AL
.M Ry = OB, A8 (B R FESSTE, LR PS R
2, =3+G(),i=2,3,...,n; Ry # OB, LR [H]
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%35 %

TR, B I PS A 2, = 34 G(t) — At i =
2,3,...,n.

2 HEEIERH AR
2.1 LEBEZL

A SCASE R B4 A B R MR 3 N B A 2
H AR AL B SLVE AR BE. IX 3459543 ) 2 PRSP
SGEAS A1 DSS!7 &7

PPS 575 & SCHR [5] 3 H 1 —Fl 26 -1 F00 1) 77
L S8, PS S B 4 P o B AR A0 R R
. B TR O AT I 7 5245 B, PPS R — A4
FAAR B[] AR R SR SR T — AR A 1 O R
TE. IR EE R A A A IR, AR 4 P ) A 4 rh 0 R IR
¥, PPS 7= A 3 IR B3 N BIMT AR R

2 B A B4R B, SGEA S92 FH 37 IH 3R 85
3 B, T T — BRI A2 3 77 18 S22 40 )5, SGEA
) FH T 77 1) A B I8 BE S 36 5 07 V5 EOR W) R A BE
. 5548 G s A% 5k — R, SGEA I F 1 855 1k 35 K
PRI — AR T .

DSS H2 A A IHAE BT~ — AN AR 30 7
T4, 24 k6 0 3 R 85 A8 AL 5, DSS 38 i 9 7 [ A1
MR BBV, 7358, DSSHEIN T —A 24
TR B S, B v T R RIS .
2.2 MEBEIERR

U 1) B A S 56 e 06 75 BhTF 70 3 B8 4 b L B SR vk
(140 P B AR 00 P00 b ) M P AR SR R IR T
A% B AL A ) 14 e B2 & IGDUS ATHVDH! 1) 24t
BE4E AR IGDS MTHVD, AR E 304 £ H ARt Auidk
A FE YL RE T VP BT 32 HE 00 R 25 ) S, X A
PEBE FE 5 B [ I i Sk (P WL Sl A 43 A k.
221 BUHEHRIGD

W PF* J2& B SE [ Pareto i ¥ 1 (1) — 203 5] 4 A

NN RPN
IGD =

npp*
1

> di (14)

=1
HA:nppe = |PF*|,d; /& PF* 56 i % 52 5 PR
BK I 2 5. IGD Wl 2 532 P 43 1) e 1) AL Sl 0 43 AT
Ve, IGDH 8 /N B . — N7 (1 IGD A Ui B — A Bk
[F) B 5 43 A 1 R USC S5 79 7 T SR B
N T RN Z BRI EE YRR, SCER (5]

¥ 1GD J & ity .

__ 1 n

IGD = — > IGD(T). (15)

=1

npr+

HAIGD(T) ZREHE T AWE T K IGDHE, T, 2 3
B
222 HHEFRHVD

HVD il & 1) 52 5245 21 i) Pareto R 315 [ A1 3L 5K
Pareto AT HV (12, H A HV SRR 12 d il 4
(1M 5 22 SR H bR 23 8] A BT LR o) S R 1)
PRAR. HVDE 8 /)N BT Bk /N 158 B 45 31 1) Pareto B T
THI AT L S Pareto BT T HVD B THEL 7 &40 T

HVD = HV(PF) — HV(PF*). (16)

H i HV(PF) #2& 5.1 3R 15 1) Pareto §i 15 [fi 1 HV 1H,
HV(PF*) /& H 5 Pareto HI VA TH [ HV {6, HVD ) 2%
RN (21 405,20 +0.5,. .., 25 +0.5), Hort 2, &8
Pareto FI {5 [ PF* (126 5 /> H A5 1 & KAE, M2 H bx
RN

[FFE, HVD 5 & etk

T,
LI
HVD = T Tzzl HVD(T). (17)

HAFHVD(T) ZEHT NS FHHVDIA.

3 PIESERHTR
31 BHRE

ARSI AR 30 2 B AR A L 2
5 SCHR[5,16-171 S8 — 3. Pk — L5 —m)
AR — Ut W S R W o B ) SRR AN Hn
BN 11 3N B Fh B AL IV 35 X 100, 5256 Y 4
1R A AR B T IE B 50 + 3n,ry, LI G — B
WA 7, = 10, A BNHHEE n, = 10. FA
SR AR A oK B AT 20 WO ST SR
3.2 SRS

BT 42 H Ak oR H, 3 2 AR 3 43 il Al s
7 5115 PPS. SGEA F1DSS 7 % Ff 14 G /& & IGD Al
HVD b s 25 5, 3% okl i 48 2 1% 3 A B 7R
TR BR b 2 R A A 1 A

R2EINFIRLEAT H LR 5 2 M IGD 13
E A7 2, 1GD I BME Rk 7 — AN EE T g 2
P A S T8 W 8 2 Hp I ST e 4 SRR L B T
EMR R E SW1 L[ SGEA 45 B AT DSS 4k, #£—
ST AT [ 1) R, DSS 9 TG D R A2 B 4 1, T 2%
Pl ZE 1) 52 PPS. iX Ut B DSS ik (Wi Sioit A 22 Bk
TEIX 3N GE AR R BT 1. R 238 AT S, 3N SETE
T LA AN [ A PR 1) ) R P R IR A LA — B
DU oR B P 39, 3N BRI S R AR 2.
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%10 £
%= 2 PPS.SGEAFIDSSE £iB1T20
REH IGD EEMIENFZE
W R PPS SGEA DSS
SW1 0.0334(0.0084) 0.0124(0.0012)  0.018 8(0.001)
SW2 0.1131(0.059)  0.0212(0.0008)  0.0192(0.003 1)
SW3  0.1808(0.0258) 0.1224(0.0202) 0.097 1(0.029 8)
SW4 1.7947(0.1857)  0.1999(0.0269)  0.146 (0.0451)
SW5 0.4777(0.05)  0.2102(0.0289) 0.0429(0.1742)
SW6  0.3247(0.0317) 0.1336(0.0109) 0.0554(0.006 3)
SW7 0.7936(0.053)  0.6292(0.0553)  0.0455(0.0212)
SW8 0.283(0.0397)  0.1543(0.0437)  0.040 3(0.014)
SW9  0.4002(0.0619) 0.1835(0.0609) 0.0614(0.013 6)

%3 PPS.SGEAFIDSS & %iz1T20
RER VD EERIEMAGE

IRZNEEE PPS SGEA DSS
SW1 0.1184(0.0303)  0.0595(0.0066) 0.067 7(0.003 6)
SW2 0.4393(0.277)  0.0699(0.0039)  0.060 3(0.0082)
SW3 0.7413(0.1214)  0.565(0.0773)  0.5975(0.1633)
SW4  19.2868(3.4272) 2.3665(0.7005)  1.0816 (0.694)
SW5 2.4952(0.4007)  0.9538(0.1587)  0.2044(0.0367)
SW6 1.6475(0.2352)  0.7424(0.0591)  0.2156(0.053 3)
SW7 7.9592(1.3882)  3.5735(1.4988) 0.1719(0.0756)
SW8 1.4555(0.2867)  0.7481(0.1633)  0.1389(0.0589)
SW9 2.0382(0.57)  0.6414(0.2456) 0.2447(0.0892)

I R G i PS AR AR AL« PS # Bl AR AL AN
B8 WL, 2 e B 0 1100 SR AL e 85 388, A 2 48 B v A SR
k. xFF SW1 1 SW2, i1 T SW2 3 i 1 PS T EL #%
51, SW2 IR SR fift 5B AR B SW1 B k. by 26 2 wp i 3004 v
1, 3ANEE SR A SW2 [l i 45 S B AR 22 T SW I 45
H.SW3TESWI LAt F3 i T PS e B IR
A, G N PS TEAR AR AV 22 5 T bR B HME B2, 38 v S5
GE R OR, 3N HIETE SW3 EIE IS 2 T SWL. [
FEHh, SW41E SW2 FFEft 3N T PS f4R1E R AR
1k, 5256 45 AR AIE T SWA SR R X FE KT SW2.
L SW3MISWS I | “7K-F-8” [ PS #3224k, 31
SVEAE SWS SR8 45 SAT 55 T 75 SW3 1y s
gE 0L SW4 ~ SWT Il R B3 45 6 1 PS BT AR AR 1k
FIPS F%31, th 3 2 ¥ S50 K008 mT %0, AH b R 3 m PS
# 5 5% PS T IR A5 14, PS T IR A5 1L A1 PS %% 3l 1) 45 &

1§ 1] AR 5 56 4 Xk . SWS AT SWO 51 5] N T BEHL
P, SW8 1 5| NI A TEARBEAL, AH Lt SW3 1 52 56 45
A4S, MR R N TARBEAL EL 51N B T AR
AL AN S B A PR, SWO RN T R 3
BEHL, AH L SW2 753 2 Hh (- £ mT 0, o S m &, DU
BRI EH 5 NBEALRE 3 LE 51N 5 1) s #5E =00E H
bR

FHEL SW1 AT SW2, I % 5 SW3 ~ SWO 351477
AR A S PE R, W53 2 W] 4, PPS.SGEA 1 DSS
1ESW3 ~ SWO I [ 5256 45 B3 L /E SW1. SW2 E (1)
G572, IR UL, AR B AH S A — MR

# 3 /£ PPS. SGEA F1DSS iX 3 /> 5.2 7 S i v
PRAFFITHVD FIBE M7 2. 3ANFIEEHVD LR
PURITEIGD MR A —F 5 bR, 3 R £
HMEFE B 3G I, W PS AR A AR AR Ak, A8 453 VA B HVD
B4 %, X 1 5 IGD {H f& £F — . 13 3 7 51, DSS
72 R B8 B SW2 F1 SW4 ~ SW9 | () £ B T PPS
F1 SGEA. {H7E M ik 2 £ SW1 A1 SW3 I, 5% SGEA
(1) 3 I 2L L DSS A1 PPS 4F. H1 3% 3 H (1 24 T L E
i, B AR SGEA 7£ SW1 A1 SW3 _E 145 B L DSS i, 15
DSS {145 5 5 SGEA 145 SR k.

4 & ®»

A %2 B RAGIN S R E B 2 3h A 2 B s
AT FC ) — A B T7 W) A PS TEARAZ A A
FE, 256 A M PS B aligi =, Bt 1 — 408 I R
AR, AR SCRI b It ek B e X 3N A AR
PER SR BEAT T, 07 BRI 85 R 5 O CE K
G510 — B, X Uk B AT BT IR R B RE 8 A Rl o AR
EIEAT VAL . SIS S5 R EIAEULEH, 5] A PSTRAR I & 2%
A AEBNAS 22 B AR A I K R 5 SR A AR 45 5 n TR
M, HL I et pR B0 2h SR SRk T PR, TR R SR AT
FoLAEH, 8hA& 2 B AR AR oR 2 A EE S
FEBNZAS In] @) B 4, 30 B 2% FE A A I e 15 S 4
PLSE.
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