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Multi-perspective analysis of topological structure of logical dynamical
systems

FENG Jun-e', ZHAO Rong, SUN Jing-han, SUN Feng-li, WANG Fei
(School of Mathematics, Shandong University, Jinan 250000, China)

Abstract: Logical dynamical systems refer to dynamical systems in which the independent variables take only finite
values, including 2-valued classical logic (or Boolean logic), k-valued logic, and (generally) mixed-valued logic, and
the network topological structure is one of the key factors affecting the performance and reliability of the network. The
purpose of this paper is to briefly analyze and summarize the research on the topological structure of logical dynamical
systems from several perspectives. First, from the perspective of dynamic evolution, this paper outlines the research
methods on attractors in synchronous Boolean networks, asynchronous Boolean networks, and stochastic Boolean
networks, which mainly include the simulation method, the BDD technique, the decomposition method, and the
feedback vertex set method, etc. Then, from the perspective of structure matrix, this paper summarizes the specific
algorithms for solving attractors and basins of attraction in the framework of algebraic state space representation, which
demonstrates the superiority of semi-tensor product of matrices in solving topological structure. Finally, from the
viewpoint of graphs, this paper briefly summarizes the methods for solving attractors based on wiring diagrams, state
transition diagrams, network abridgment, and network partitioning.

Keywords: logical dynamical system; semi-tensor product of matrices; topological structure; fixed point; limit
cycle; basin of attraction
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& SCHR [73] B4 1T UE B, 6 b DU
%, T ARBOE AT LAE AR A3 2R W% BT
51F.

B2 A AR g

Alt+1)=1+C(t)+ F(t)+ C(t)F (1),

B(t+1) = A(t),

C(t+1) = B(b),

D(t+1)=
1+C@H)+F(t)+1(t)+C)F(t)+
C)I(t)+ Ft)I(t)+ CH)F(t)I(t),

E(t+1) = D),

F(t+1)=E®t),

Glt+1) =1+ F(t) +I(t) + F(t)I(t)

H(t+1) =G(t)

I(t+1)=H(t).

%é%i"]%ﬁﬁiﬂ’]ﬂEA?IL%jjtr(LQ) =4, tr(L6) =

7'3213’]1‘&5&}1% 10/\{<}§7'369’J$}3‘<[5Eﬂ, I_JEITT ufr
B IREE WL, L, = Ly, BIT, = 3",
T [FVRERIAR R 2 v SCHR [73] 9= T A3l S AT

Howa, 7

x(t+1) = Lx(t), (16)
Hrpx(t) =z, (t) x 2o(t) x z5(t). G5HIHEFE
[0 00000 0 0]
010000O0O
0000O0O0O0O
p_[too001100_

T 10001000 0|
00000OO0OO0CO
00100O0O0O
0000001 1]

S/4 2754438 8] (17)
MHER L 5047 A6 L 51, 45 21
L' =6,[1 32 4], (18)
B
1 2 3 4

L3 i mwes,

Lk T 75942 45 4K 0 46 45 2 R 8h #5.C = 62, € =
5%, A 1M BN 2R IR C, = {07, 63}, S35

e [
0100000 0
0000000 1
00010000
00001000
M=110000000|" (19)
00100000
00000100
0000001 0]
#HmE
1000000 0
0100000 1
00011010
, loo100000
H=MLM = 154000000/ (20)
00000000
00000000
0000010 0]
1000000 0
01000101
00100000
, looo11010
H=100000000]" (21)
00000000
00000000
0000000 0]

TREFS, = {02}, S, = {62,0%,67}, Sy = {02,6,
05, 08}
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BT IR W 2% B AREOE SR W 5| e Vi 2 H
i 7%, SCHR [108] 25T FE R IA 20, KA R B AN
B 5 IRIAE AV I R 2 A SR AR 2 2 T SR A ) R
SCHR (1097 388 32 X A7 7R X 265 P 4R A0 AL RN AR A [7) 2 4
E— BT, AR FH 45 16 R 1R Rk AN 1-RRAIE 1) 245
B R W 240 5] ¥ B 45 849, STk [110] A AR 2R BB
) 45 A AL RN RFAE ) 2, 38 3 06 294047 51 2RI 51 4 A
Ko M 25 8 AT R N 28 I 51 -, SCHR [111-112] @it
B TR 4 190 0 5 465 P A % D9 285 LA L R0 1 Fh 5 44,
I EE T N RS T7, i R AT 7K
LRI AR T RO
2.5 HABAI/RM RIS

B 5 05 A0 R WX 28 5| FLIR N, W 2
Xof AR I A 7R W 28 Fe FEAIE 8. SCHR [113] i T
AT FRAT R M 4%

Ex(t+1) = Mx(t) (22)

BNl S AR BRI 1) . Hor: 2(t) = w7 2 (t);
E, M € Lonyon;rank(E) = 27 < 27, SCHATE 77 5
i IR 25 (22) A B s B & N5 T8 Col, (E) =
Col, (M) By [/~ 5, K2R 2 AR BRI B 2 N, 55
F f# Col,(E) = Col,(M) H. Col,(M) = Col,(E)]
Hoxt (i, ) AN B SR [114] #E— 251318 7 & 2 A0
IR 28 AR b 25, e BB TR RS S
S AT AT IR 28 B R RS AR R TH B T B R PR
2N

SCHR [115] IS5 MR RE, 25 17 SR B ALAG 7R
) 2 E AN 5] 5 BT S T AR R R L AR A
SCHR [116] 45 W T 7EAT S0% 38 (1) 570 BE ML AT IR I 2%
o FHRPTE T] F R R I) T. SCHR [116] £
HR DUE I — AN R T AT A IR G R A,
AINBIRAR IR R 5] 1, FEvk AN 5] 7 W 5]
B, B NTATER R, HE T ATE N N7
B FA WG] R LW 5138, SCHR [117] 481 T
TERESE I 5325 22 A8 A /R (R 45 b T 48 e IR S 75 )
TREE A sHIFA O 51 1 78 ZARECHE, 45 T H
W 51T AN B T 5 s ARG I B A W 511 R W 5 3
M.
3 ETERFERKSF

AR & M 2 P b e S B ) 54t H
T R R] A LR AN g e g KT DLl i 2R T SR
T, X TH A SR N4, FE LI ZI RS 2
X)) = (X1(t), Xo(t),..., X, (1), H X,(t) €
{0,1},i=1,2,...,n. REZMEH{0,1}" = {(0,0,
c,0),00,0,...,1), .. (1,1, D)), HRNET

27 45 MADIRAS X (¢), Bt TS n AN R 2R Bk 3R
BFSHREX(t+1). R ARFEX () £2 0]
RERAS TP B RE —A, WARSE — RS, vTLN
AT IR 28 K6 — PR RS e A% IR 1A 1) 1L,

ESC 6" AR LR I — AN T, T
AR AT IR W 28 TR R & AN R B IR R — AN
RO I — AT R REMR O ZR L 9, an SRS X
FRAT R BT S X, MER&H — %M X, $5
] X, (A ).

PR BRI T AR R & R A2 MRS HOR R,
Bl 1T RRLAR ELAE .

BT AR AR EE R B — AN
KG(V,E). Hr: V&2 NS gk 4, 84
TO0AS00F B — AN AT IR N 28 (AR ; Bt HH 2 2120 20 1k
MER G, BEARIUN—MIRETR T IR

ZE R T HMRES S H T RS Z 1K
F, M 56 B S 1 I 28 B B AT AL 72 T6 10 MR
NIRRT, W% B 28 433k 3] — 4DIR A, B J9h%
FRIA RS E R — NS BT, 25 M2
AN AE I R S IR, — AN IR 2% AT BE 2 A
W 5|35, an R — PRI A — AR, AR
ARG P B AR [R] — A BRER FEPIR A&
R R 1 M 513 AN [E] R S SRR A e A I rh 3
LA ASAHAZ 17 B A 2R 925 104 94T Dy el FL R 5
THRAL.

N YRR b R AR AT AR 4% (R LR LIRS
Pl T8 51— AR 5] S e, T T i — S B
BEAT 1 B,

Bl 4 HE—AEA 3 ARSI SRR L,
HBhEHIR A

{Xﬁ41)xonxgm
Xo(t+1) = X5(t), (23)
Xs(t+1) = X, (t) V Xa(t).

AR 2% (23) A EIE 1 s, i TR
X(t) = (0,0,0), HBhAEH T 23) [ KT —
BIRENX(t+1) = (0,0,0), BIZIRESHEFALL,
XFFARES (0,0,1), HF—2 W8 24K (0, 1,
0). [FIFEH, 8 B3 BB 77 f8, v LUK IR 5
MR (0,1,0), ..., (1,1, 1) R — BB, H
ARSI T — B RIRES K 2. v LUE
H, (0,0,1)—(0,1,0)— (0,0, 1) A /R ML (23) K
MPRIR, JF B 5865 4 AMRA{(1,1,0), (1,0,0),
(0,0,1),(0,1,0)}; tR#& (1,1, 1)F1(0, 0, 0) 1~ A7 /K
W28 (23) T ERAG R 51 -, IR 513 K /N 433 D 3 A
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BHRE K, 12T VR REWS TRAIE SR B — IS T I8
I, B 2 i 2 AR 2 2 8], B DR A T BE IR 5
TR BRI, P55 A RO A SR
17, UONBEE M 2L 80, RS BRI R b= 2
FREGIE K. BRI S, xR n A R
IR, FORZ 2R RN 2n, BE R A 10 A

) (2

(1,0,1)

(0,1,1)

(

i n B3GR RIS AR K. TR, 75 5548 Rl
HOAE BAT 20 AN ECE D 5 10 2% E 2R g o
SCHR [118-119]). SR, IS AR 3 v 1Y) 2R 40 ) 28 A1 41
A8 20 AN LA s, TR L R I () W) 4% 33k
TS AT, IXAE 1R TR 5] T 10 75 R A1 5 hnia
D). RT3 R A R 28, —Fh B A7V R 2 AN ]
RERAS AT HIRE, HXTEARES AT, HRIAH
W 5| 105 A BA 30 5 KD BR3P 5 T b A 1
R B2 2 BT 7t A3 208 B ek
TR B — AN 5] 7.

B 5] 72 A 1] B W 5] TR R, TR A AR 4%
Hot B TR RSB B EENAY R, W
W SRR R4l 2R A B AE ) R G R e RS VDA
Sl B g, IR AR RS X IR N BB A R B0
ITNEREE XX —FR, 2 MACEH T
TE R PR R A B W 517 I SR AN T SR [124]
P 1) R Sk A A T B R R R R T S 4,
TR A IR P 285 o ) . S 5| AN IR 5] L S

BR [125] $2 8 T —F & TR TR 25 % AND /OR AR
R 2w L I 5| IR B, R AN A I A R
BF) H5 Wt PR 1) R 408 1T A A B AT B e Ak, STk
[126] & X K NFER 2 AR 4G, R H T —Flér
A G] T REE, EEAHR T AN R EAE A
PTF EZIRT (BRS) MM RN,
W 5| TR ) _E IR L@ i/ (IF) SO T s S i
177 R Sck [128] WIRIF 98 1 7EAT 2 0 2% 4 b
T, T R AR A PRI TR ) B A 5 | T B

IR T AR B R P 4% T R R, 4R
IR T BRSO 5] R O R P 4 A 4 R 2 TR
SR, SR, X T 5 4 1 RS A 7R ) 45, 1X 4
JIVEAETE SRR ANE M A AEE — o 1 R PR
M DLt X 448 IR () s 3 K. R 1 A 3K — )
B StoF — R KA AT J1K P 265 P AF 9 B s 3 T 2 o ik
I AR TN T £ 9 285 465 g 110 7 92 R A A0, 3 4% PR A 5
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FIASATT J1K X1 285 VI 51~ R 7 ¥

1) X285 43 - K AR X 4% o i R T /NI
W92, o T BN T 4 B S| 7, PR A o
A, KR VAN W2 (1R 51 7. SCHR [85] & xRN
FEANEIE 3 0 4%, SR 2k T 9 T8 o =2 1 kI 4
1%, W45 8 W25 43 il /NS R S e S R
AR RS, R AL DR R U6 A7 7K X 45 1)
HERARAS. SUMR [88] & T — i etk (1 2 % @
Gy AR IE T, B T PN RCR M 4. 3L
Wik [93] 4155 520 BE T I A IR X 4%, $ i T — Rl R T
5V T 38 0 i AR IR 7 0, R AR OB S R IATHE T,
FHAER 5 7K 72 rp 4 2 RE FL TR i B, A
T2 0 0 8 R AN H R 51 7. SR, B T 9@ o &=
(19 K1) 43 5 W 7E I B A= 4 X 28 op AR AN SE . STk
[129] $& 1 T — 5 T fe /> 0o BEH 1) B A K1) o B
TR A AN T 0 2% A0 FRE R B KON 3 4 /N 20
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B8R W 51 . [RIRE DR X6 S5 20 58 3 (R A7 R R 4%, S
R [133] GIN T — i 8 00 X 28 48 7 32, I8 S
i W 285 R A8 FH AR F P v SR R AR e T e IR A 1R
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