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Modified Lagrange multiplier method and its conver gence analysis
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Abstract : By redefining multiplier associated with inequality constraint as a positive definite function of the originally-
defined multiplier, nonnegative constraint imposed on inequality constraints in Karush- Kuhrr Tucker necessary
conditionsis removed , and a modified L agrange multiplier method , which may handle inequality constraints directly ,
is constructed. Then its convergence is analyzed rigoroudy. By using LaSalle invariance principle, the underlying
mechanism that attains the agorithmic convergence is uncovered. Some measures for relaxing the convergence
conditions and enlarging the attractive domain are discussed.
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min f(x),x R", Vil = 1+ e g (X)), i =1,2, ,m.
s.t. g(x) <0, (1) g (x) <0, Cuet 0<1+
f R =R g R —R" Gerg (X < 1.
: Step5: I diag(v¥) g(x*) I <€,
x J(x7) gi(x") , Step2,
=0 i , 1 )
I(x") ={i| g(x’) =0,i=1,2, ,m. Step4
vag(x),i 1(x") , X _
VL = vReers =12 m (6)
L agrange (6) , g(x) <0
LOGY = 100 + S vigi(x) (2 Get 0 <@t <1,
we= & u Lagrange . 9 = 1+ g ().
Karush Kuhn- Tucker KKT
1( Karush- Kuhn- Tucker ) 9
X (1)
v 2 C«
Vil (x",v") =0, ' G
vigi(x’) =0,i=1,2, ,m, L
g(x’) <0,i=1,2, ,m ' Vr:V?Il—OI[1+Q+lgi(X')],
0 ! - alx) = i=12, .m. (7)
(x7,v0) (D KKT 0
L agrange .
Lc(x,v) = X
m m [ g (x) >0,
f(x) + inigi(x) +—2Qinigi2(x) = X
L(x,V) +_§'iZVigi2(X), (3 , X ,
. | L agrange Step2
L agrange X ' X"
Hess
VxLe(x,v) =
m 3
Vil (x,v) + CiZVigi(X) vVg(x), (4) 1 . Vk,Lck(' ) N
Vilo(x,v) =
m L agrange
Vil (x,v) + c[inigi(x) Vigi(x) + :
m Xt = Ak, x5, V),
iZVngi(X) VgiT(X)]. (5) VL = WL+ Gergi (X9 ],
L agrange : i=1,2, ,m, (8)
Stepl: X, o >0, A k x k+1
Grex V' >0 €. Xt ( ).
Step2: Le (- ,V9, x©.
Step3: o1 > G, Cer1 < Ginax. 1 1
Step4 : (x",v") (1)  KKT
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X" (1) Vil (x",v7) +
. X : g(x") > _" . \ .
0 | K Yk > K, cini vg(x') vgi(x)" > 0. (16)
g (x) > 0. im Le, (X, - (15) (16) ,ve>c,x Le(-,v7)
0 1 .
Vi , X
g(x’) <0. , K e
1 p, VK > K, 2 1 2 c
Vi =
¥ @ A Vials(x ,v’) >0, (17)
V?Irol[l+Q+1gi(xl)]jm[1+Cj+1gi(Xj)] < 3¢ B
X . 1) D C R™
Vi|ro|[1+0+1gi(x)p =0 ©) D={(v,0 lv-v' Il <dc,c<c< cum}.
: (18)
vigi(x) =0,i=1,2, ,m (10) V(v.9 D,
Step2 , Vk, minLes(x,v), x R,
Vchk(Xk,Vk) = 0. (11) s.t. x  S(x'E) (19)
Le () -) x(v,0 , D
lim Vil (X,V) = Vilc, (X“,V) = 0. (12) S(x"£) €
4 (10), 2 V(v,90 D,
Vil (x",v7) = 0. (13) I x(v,d - x "I <Blv- v l/c,
1 .0 lv(v,0 - v: I <Blv-v ll/ic. (20
4
2 X (D V(v,0 = vi[l+cgi(x(v,0)],
v’ i=1,2, ,m
Vil (x",v’) =0, ,C Step4 )
vigi(x’) =0,i=1,2, ,m, 3) V(v,0 D, VL[ x(v,0 ,V]
g(x’) €0 (14) vl x(v,0 ]
vgi(x)Ty=0,i 1(x") 4) VY(v,9 D,
\ v(v,9 - v =
i mxm  Nec
vi >0, Vi 1(x7). Ne(u) =
1( y16.8! 2 Im - € (V) vg[x(u,0]" x
X" (1) { VL[ x(u,09 ,ul} ' val x(u,91,
(L [ = diag(v)
1 P nxn ,Q nxn :
x'Qx =0 vi(x) + vg(x)v =0,
x, X Px>0, c>0, F(vg(x) +(v- v)/c=0. (22)
P+cQ > 0. t=(v-v)icy =1lc,
2 , vi(x) + Vg(x)V: 0,
Vilo(x ,v') =0, Vec> 0. (15) F(Wo(x) +t+y (v - v) =0. (29
1, c>0, t=0 ,x=xv=v (23)
ViLle(x ,v') = Jacob



412

23

[ VLl (x",v)  vg(x )} | (21

F(v’) vg(x)"  -VYIn
W [ om,1/ ],
(yh,wh',

[ VXX*L(X 'V*)T volx )Hvy] = 0. (25)
F(v’) vg(v’) -Ylm

VaL(x ,v)y+ vg(x)w =0,
F(v’) vg(x)Ty-yw = 0. (26)
(26) 2 w, 1
[ VL (x",v') +
(Uy) vg(x ) (v’) vg(x) 1y =0,

Vialc(x ,v)y =0.

c=2c |, Vale(x ,v) , W
[1/ Grax , 1/ C] , y = 0. (26) 2
w =20, .
K={OyY)|Y [V cm,1/c]}
S(K9). , € d
S(KD) X(ty) vt
y), V(ty) S(KD),

I (x(ey) V(ty)) - (x" v Il <g

vi(x(ty)) + va(x(ty))V(ty) =0,
F (V) g(x(ty)) +t+y (v’ - V(ty)) = 0.
(27)

t oy x(ty)  V(ty),

x(v,0 = x(v- vi/clo,
V(v.0 = V(v- vic1d.
(27) , V(v,90 D,
vi(x(v,0) + vg(x(v,9)v(v,0 =0,
v(v,0 = vi[l+cgi(x(v,0)],

i=1,2, ,m. (28)
: e 9,
vVg(x(v,9)(i = 1,2, ,m)
VaLe(x(v,0 ,v(v,0)
2 200 ().  (26)
ty
! vix(ty)” VVQ(ty)T] )
vu(ty)”  wv(ty)”
e
A(ty) A . (29)
- lmovo - v(ty)

A(ty) =
[ V2L (X(ty) ,V(ty)) vg('%(ty))] B
M (v) va(x(ty))’ “Yin

Taylor
{/;((t,v) . x*l )
v(ty) - v

lu){o ° }ch
A
IO LY Im v - v@tly)l Ly

(30)

(24) , 5, A(ty)
{(ty)| It <8y [V a1/ cl}

I ACty) I <n. C  Cma,

v < 1.
I (x(ty) N(ty)) - (x v I <
n{l el + max | vQtly) - v Iy}, (31

Iv(ty) - vi I <
it +ny max | vetly) - vl
(ty) (€tgy)
max | Vatgy) - v Sl_-nW" th . (32)
(31) (32,

I (Ck(ty) V(ty)) - (x v Il <

”(“ﬁ" th) < (1—_”W) el . (33)

B:n/(l-w)v t
Il x(v,0 - x I <Blv- v l/c,
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A A
AltY) = |:A2 A2;|
1

A = Vich(/)\((t,y) ,I\\/(t.y))-ll
A =Y71A11 Vg(/>\<(t,V)) )
An =y T (V) vg(x(ty))T,
An =-Y "+
y T (W) vg(x(ty)) A vg(x(ty)).
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KKT
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(8)
A
yner = F(N,yn), Yoy = Yo. (35)
y(n,no,yq) , Yo
1(LaSalle Y vy G C
R",
1) V(n,y) W(x) 20 vy
V(n,y) ,Vnzn,
Av(n,yn) =

V(in+1,ymi) - V(n,yn) <- W(ya); (36)
2 Vn=n,y(n,m,y,) G

, y(n,m,ym) ,
E={x G| W(x) = 0}.
Stepl: X, ® >0,
b > 0, Gmax Brmec
L agrange v’ >0, €.
Step2: L&(- V), X .
Step3: :
VL= e =12, m
Step4s : C+1 = G b1 2 b, Ci+1
< Gmax b1 < b

Step5: Il diag(Vv*) g(x*) I <¢€,
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\% . : 3
1) (36) ;2) ;3)
L agrange
1) .
AL =L, (X" V) - Lo (X,V9) =

I_(:k+:l (Xk+l ,Vk+l v L0k+1 (Xk ,Vk+l) +

Lo, (X, V) - Lo (X, V). (37)
Xk+1 LCk+1 ( 1Vk+l) ,
La,, (X" V) - Le,, (X,vY) < 0. (38)
L agrange
(37) 2
Le,, (XV) - Lo (XV) =
_Zvikgi(x"){ebkgi‘xk) -1+
[Ce1€ 0 - 6] g (x4} (39)
: g (x) >0, (39) :
L agrange , { x}
g(x) <0 g(x) =0,
g(x) <0,
Ck , Ck+1 bx
g (x")
2)
(38)
Xk+1 Lck+1 ( qu+1)
b «c, (39)
L agrange .
3) . (0 9(x)
RECORTC'Y) . :
Lo, (X, V9) : , 1)
, L agrange
(1) KKT
5
, { X}
Xk
, { X}
(1) KKT .
L agrange (39)
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atlab

LaSalle

min et (4xi +2x5 +4xaxe + 2% + 1),

S.t. xax2e - x1- %X +1.5<0,

x1 X2 - 10 < 0.

x* = (- 6.3523,1.363 2) ,
V' = (2.454 2,1.618 6)

2

b1 = 10b<, Ck+1 = 100Ck,

= (- 9.547 4,1.047 4) .

*

X

min et (4xi +2x +4xixe + 2% + 1),

st. ¥ +x-1=0,

X
1]

<
1

x1x2 - 10 £ 0.

(- 3.2540,13.8489) ,
(2.050 3, 1.405 3, 2.344 3)

be1 = 10b.<,Ck+1 = 1000(,

x = (- 0.7527,0.4335).

L agrange ,
L agrange . )

, LaSdle
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