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Abgtract : Multiple trandormation is the basis of data processing to construct a grey model. Connections between the
GM (n,h) model and other grey models are discussed. Then several grey models are nuified into a common analys's
system. Based on this conclusion, the afections caused by multiple tranformation to GM (n, h) model is researched.
The values of smulative and predicative are only dependent on the multiple trandormation to the main variable and
independent to other variables. Finally, the multiple trandormation properties of several grey models are analyzed.
The results are benefit to research parameters properties of grey models.

Key words: GM (n,h) mode ; Multiple transformation; L east square methods; Accumulating generator operator

1 [8]
, _ .Li® GM (1,1)
[10]
, . GM (0,N)
[1]
. GM (n, h)
, GM (1,1) ,GM (1,N) ,GM (0,N) ,
? ? GM (2 ,1) ,
? t
GM (1,1) :
, GM (1, N) ,GM (0, N) 2 GM (n,h
GM (2,1) (7 , GM (n, h) ,
1 2008-09-13; 1 2008-12-22.
(70701017) ; (v0865-091) .

(19819, , , : (1956 3 ,



9 : GM(n,h) 1295
n h , 1 ,GM (1,1) ,GM (1, N) ,GM (0,
G M ( n , h) N) GM (2,1) GM (n, h)
T T T , GM (n,h
K WA nB TR hAEE , GM (n, h)
1
oM(n.h | 3 ) .
no (D) 1 (1) m2 n,h ,
d_xi_"'a‘-d nxi + d n2 + + n-1 .
dt dt dt n)Xil)(k) + Zaa(n-l) Xgl)(k) + a:«Zil)(k) —
(1) i
%1gﬁ_'F%Xw = \
dt bx 3 (K + by (8)
bxs? + exs? + o+ b xi? + b (1) ,-Z N ’
a,&, ,an,b,kk, b GM (n, h)
, P,
' = la,&, ,a,b,k, ,b]'. (9)
’r (1) 1 GM(n,h
—J—ddﬁ, AP, r=1.2, .0 (2
PP=la,2, ,ab,kb, ,;]"=(B'B)'B"Y.
n-1 (10)
a(n) Xil)(k) + .Za](n»i) X;(Ll)(k) + anZ£l)(k) -
' B =
ijx‘ 1 (K) + b (3) "} (n+1) -a"?x? (n+1)
(n-1) 1)(n+2) _u(n-Z) X(l)(n+2)
k
@ - (ORI . (D () (n-2) (0
xiw (k) = §£>o (N,i=212, ,h (m) -a XY (m)
i
) o )
(n+1) z’(n+1) x2(n+1)
(1) _d1. o D (. .
2 (0 = 2(X1 (K +oa” (k- 1)) xll’(n+2) z2%(n+2) x’(n+2)
o x® (K = - . e
G(r—l) Xil)(k) -CX( 1) (1)(k_ 1)’ -G(l) x{l)(m) Z%l)(m) él)(m)
r=12, ,n XY (n + 1) x¥(n+1) 1
(3 n h , o (n+2) x¥ (n+2) 1
GM (n, h). - '
1) n= l,h:l , (3) él)(m) gl)(m)
a® x (K + az? (K = (4) Y= @O % (n+1) @ x® (n+2), .
GM (1,1) a® x? (m 17
2) n=1,h= N , (3) m .
a® xV (K + az? (K = GM (n, h) :
bx” (K + kexd? (K +  + D= (xP(n+1),xP(n+2, xP(m),i-=
bu-1 X8 (K) + by, (5) 1,2, ,h , Y = BP..
GM (1, N) B , B'Y=B'"BP,.B'B ,
’ T -1 _ T 1T
3) n=0h=N |, (3 (B B) = (B'B) 'B'Y. O
(0 =bx® (K + bxP () +  + 2 T GM(n,b
bN-ng\ll)(k) + bN, (6) ,
tun t2 ti,neh
GM (0, N)
t21 22 t2,ntn TN
4) n=2,h=1 (3) T= = (B B)
a?xP (kK + a0® x? (k) + &z (K = (7)
thint  then2 th+ h,n+
GM (2,1)

(11)



1296 24

3 n-1 m ‘
- _ tp.i a(n- i) X(l) ka(n) X(l) K -
ap iZ P kzl ! ( ) ! ( )

n-1 m

C(J) - th‘i ZG(W D Xil) (k)(x(n) Xil) (K, m
i Kot o) ORI

m tp,n Z z (k)a X1 (k) +
() ("N (1 kbl
" tin 3 2 (Ko™ xa™ (k) , 1w

k =adl to i (1) (k)a(n) (1) (k) +
n+h- 1 m X p,i z Xiln+1 X1
; 1 M (D (=l kel
E(j) = ztj,i Z Xi-ne1 (KO X1+ (K)
i = 1 K =4 1

D(j)

tp,n+h za(n) X}_l) (k) y
F() = tien 507 2 (K o
' kzl ,

n-1 m
i=12. .n+h b= S s SO (A i (K) -
] ] ] i K = 1
GM (n. b ' W CRe)
Ph=[a @« an b b bh]T = tn+s'nk212 (o™ (19 +
C() + D) + E(D) + F() L TR
C(Z) + D(Z) + E(2) + F(2) izzltms,ik:lei-ml(k)a X1 (k) +
h <
C(n+h +D(n+h + E(n+h + F(n+ h t”*sv”*hkzla xiw (K,
(12) p=12, ,ns=12, ,h
P = (B'B) 'B"Y, T =

n-1 m
C() - . t a(n»i) X(l)(k)a(n) X(l)(k),
Po=la.a, ,a.b.k, b= : 220 '

[t t e
11 12 1,n+h D(j) =- tin 2 SO (k)a(n) X (K |
to1 t2 2, n+h 9 k b1
n+h-1 m
E(j) = tj.i xher (K™ x{? (K)
L theh,1 then,2 Theh,n+ i:Zl J k_zl
o (n+ 1) - a™P P (n+2) F(G) = e SA0 X (K)
= 1j,n+ ’
a2 %P (n+ 1) -a™? xP (n+2) kzl
i=1,2, ,n+h
-a® % (n+1) Sa® x® (n+2) (12). O
GM (n,h
- 2% (n+1) - 2% (n+2) © ((Q )
Yi | 1Xi
P (n+ 1) X (n+2)
i+ D) < {n+2) O = (O Y@, Y (m)
O =0, x?@, x?(m),
X (n+ 1) X (n+ 2) O (1) =0.y© (K
Xi =0iyi y
L 1 1 Y

i=1,2, ,h,k=1,2, ,m (13)
Y?  GM(n,h
an,a2, ,a8n,ba,b2, ,bn By,
X  GM(n,h)
a,x, ,an,b,, b B,

- x® (m)]

a2 %P (m)

o %P (m) | [a® xP (n+ 1)

_ Z(l) (m) a(n) Xil) (n + 2) .
x" (m) ' 1 B GM(n,h ,
Xél) (m) G(n) X:(Ll) (m) B = (Bij) (m-n) x(n+h) . (14)
x5 (m) By =-a™?xV (n+i),
1 - i=1,2, ,m-n,j=12, ,n-1;

Bn=-2%(n+1i),i=1,2, ,m- n



9 : GM (n, h) 1297
Bi = xPwi(n+1i),i=1,2, ,m- n, P1Byu P2By P nenB i,
j=n+1l,n+2, ,n+h-1; P1By P2By2 PnnBy2,n+n
Bimn=1,i=1,2, ,m- n. ’

plBy(m-n),l pZBy(m+n),2 pn+hBy(m-n),n+
Bij =01Byij, (16)
i=1,2, ,m-n,j=1,2, ,n-1; Bl =piBy,.
Bin =01Byin, i = 1,2, ,m- n; 2 B 1
Bi =0j-m1Byi, i =12, ,m-n, B'"B =D = (dj) (nery xneny . (17)
j=n+1n+2, ,n+ h-1; m n
Binh = Byimen, i = 1,2, ,m- n (15)  d =kZB$Bkj,i,J=1,2, ,n+hD° D

x? (K = _in“”(j) = _Zciyi“”(j) =
o _Zyi“” () =0y (W ,i=1.2, ,h
z" (K = '12‘(x£1)(k) +xi¥ (k- 1)) =

%(Glyi”(k) +01yf? (k- 1)) =027 (K ;

a®x? (K = xd? (K - xi¥ (k- 1) =
Oy’ (K -01yf” (k- 1) =0a® y{? (K ;
a x? (K = x{"V (K - P (k- 1) =
O1yi"? (K -01yi"? (k- 1) =0a® yi? (K ;

B =-am? X{D(n+ i) =
-o@am? yil) (n+1i) =0:1By;,
j=1,2, ,n-1;

Bin =- zi’ (n+1i) =-01z% (n+ i) =01Byn,
Bi = xni(n+i) =
Oi- w1y Pmi(n+ i) =0 1By,
j=n+1l,n+2, ,n+ h-1;
Binen = 1 = Byinen. O
P1 =Pz = =pPn =01,
Pnica =05, i =2,3, ,h,Pwn =1,
B
Bi =PiByi.i,

i=1,2, ,m-n,j=1,2,

B =
B B2 B1,n+h
Ba1 B22 B2, n+h
Bm- n,1 Bm- n,2

Bm n,n+

D" = (Dj) (mnx(n+n ,Dijj D

d;j ,
1) dj =ppP;dy,, i,j =1,2, ,n+ h;
2D D
1)

_ T _ T _
d; = kZBikBkj = kZPiByiijykj =
ppijB;,kByk,j =pPpidy,, i,j =1,2,
2)
D' =(8'B)" =B"(B")' =B'B =D,
(pH)"=(d) " =D",

,n+ h.

D D . O
3 [a1,ae, ,an,ba,be, ,
br]" [a,&, ,a.b,k, ]’
Y @ GM (n, h)
X2k =oY@ (W, i=1,2, |,
h,k=1,2, ,m,
a =a,i=1,2, ,n
b =gobi =12, h- L
bn =01byn. (18)
P1 =Pp2 = =Pn =01,Pnmn =1,
Pwi-1 =0, i =2,3, ,h,

D'B" = E= (ex) (nenx(m o,

P(i.j) =pf piPpia PEPPTL PRn,

p(i) =pf pEPPiL Phm,

P(0) =pP: Phn.

Di =P (i,j)Dyi,| D] =p(0) | Dy|,
| D| | Dyl D Dy



1298 24
ch1 o chj-1 o je1 di nen p% Oy 1 PP2dy.2 PPnnda nen
da1 da2 d2,j-1 dz,j+1 d2,neh PP1de1 P3 dy.2 PPninde nen
di-ir dii12 di-1j-1 dii1j+1 di-1,n+n PP 1Oy i P2 ynen 2 pfwhd/(mro e
di+ di+ di+ j- di+ j+ di+ n+
11 1.2 1,j-1 1,j+1 1,n+h p(0)| DyJ.
ek ,
dn+hl dn+h,2 dn+h,j-l dn+h,j+1 dn+h,n+h n+h
1
2 di =pPpPidyj, ek:| Dl_ZDiijTk:
j
Dij = e h P() =p(i.Dp,
(- " x p(0) | Dy | Zp(i,j) Dy.PiByx =
vl
Pfdu P2 dy2 PPj-1dnj1 Jmh U 0 ()ip(0)
PP1dyn P2 dyzz PPj-1dpe 1 —1 i) Dyi.; By I =
p(o) | Dyl sz() yi,jDByj .k
n+h
PiPidyi-n1 Pi-P20yi-n.2 Pi-Pj1dyi-n.j1 - —1 ZDyi’jB;j'k = ‘leyi,k.
Pi+P1dyirn .1 Pi+P2 dyci+y 2 Pi+Pj-1 dy(i+n ,j-1 Pi| Dyl i Pi
3
PreP1dysn. 1 Pre@ 2 dynen 2 Pre@ -1 dy(neny j-1 a = C(i) + D(i) + E(i) + F(i),
PPj+1dyj+1 PP nenda nen i=1,2, .,n
pz{~)1+1dyz,|+1 pzpmhd,/z,mh

—Pi-Pj+1 dyii-1 ,j+1
Pi+Pj+1 dyi+n ,j+1

PreP 2 dy(n+h) 1

Pi-Pnendy-1 nen| =
pi+]p n+hdy(i+1) ,n+h

2
pn+hd/(n+h),n+h

(- D"pi pipphi PlPPFL P x

dyll dy12
dy21 dy22
dyi-n.1  dyi-n.2
dyGi«n.,1  OyG+n 2
dy(n+h) 1 dy(n+h) 2
dyl,j+l
dyz,j+1
— dy(i» 1),j+1
dy(i+1) i+l
dy(n+h) L+l
D
dus
da1
| DI =
dn+h,1

dy1,j-1

dy2,j-1

dyii-n j-1 —

dy(i+ ,j-1

dy(n+h),j-1
dyl,n+h
dyz,m—h

dy(i»l),n+h = p (i ,J) Dyii .

dy(i+1) ,n+h

dy(n+ h ,n+h

di =PP;dy, ,
di2 di,n+n
d22 d2,n+h _
dn+h,2 dn+h,n+h

a=S5ed"x(n+K =
2,50

m- n

1 (CINE)
e0 O n+ k =
kz D, yild yi ( )

m-n

g1 (0 _
194 (n+ k =

Pi kze/ v

Qlayi = i, | = 1,2, , N,

Pi

b = Senl?xP(n+ K =
2. :

kzp—teymm,aﬂ(m vi? (n+ K =

01 G
i+ g n+ =
pj+nkza/(’ ) yi~ ( k)
o, [N .
by = i, j=1,2, ,h
0 en vi O b, j
, 3 . d0
4
3 a b;
, GM (n, h)
, GM(1,1)
,GM (1, N) ,GM (0, N) GM (2,1)
1 &2 (K L9 (K X1, Y1

GM (1,1) ( ),



9 : GM(n, h) 1299
42 (k) =019 (K) . (19) [M]. 3 . : , 2004: 103-110.
GM (1,1) (LiuSF,Dang Y G, Fang Z G, et a. Grey system
NG (k) = A (K - A (k- 1) = theory and its application [M]. 3rd ed. Bejing: Science
Press, 2004 : 103-110.)
© b -3 (k- 1) - o
(X 1 - aL) (1-€e)e™ [2] Guo H, DengJ L. Condition number of data matrix in
GM(1,N) [J]. J of Gre stem, 1999, 11(3) : 223
pl vO (1) - Q.‘lfﬂ.) (1- én)gamld = 928, ] i
g [3] DengJ L. Demenson of medium parametersin GM (1,
o1 (y? (D) - g‘i) (1- en)emi? = 1) [3]. Jof Grey System, 1999, 11(1) :28-34.
© [4] LiuSF, DengJ L. GM (1,1) coding for exponential
0191 (K. o _
5 ® (1 ,%0) (0 XY series[J]. J of Grey System, 1999, 11(2) .: 147-153.
[5] Deng J L. Three stages for grey modeling and grey
GM (1,N) ( ) models[J]. J of Grey System, 2002, 14(3) : 213-216.
(19) [6] , . GM (1,1)
1, : [J]. , 2005, 25(1) : 93
3 &7 (K ,91° (k) Xi, Yi 98.
GM (0, N) ( ), (XieN M, Liu SF. Discrete GM(1,1) and mechanism
(19) of grey forecasting model [J]. Systems Engineering
1, _ Theory and Practice, 2005, 25(1) : 93-98.)
4 00,9 (0 xivi Ul S
GM (2.1) ). [J].. . , 2006, 21(5) : 5?0—523.
(Xie N M, Liu S F. Research on discrete grey model
(19) and its predictive result[J]. J of Systems Engineering,
1, 2006, 21(5) : 520-523.)
5 (8] . [J]. , 1992, 15
GM (n, h) GM (1,1) : (3) : 345354
GM (0,N) ,GM (1,N) ,GM (2,1) (Feng Z Y. Direct grey model[J]. Acta Mathematicae
, GM (n, h) Applicatae Snica, 1992, 15(3) : 345-354.)
, [9] Li X C. On parametersin grey model GM (1,1) [J]. J of
GM (1 .1) GM (0, N) GM (1, N) Grey System, 1998, 10(2) : 155-162.
aM (2,2) M (n, h) , [10] I MO,
[3]. , 2000, 22(10) : 1-3.
GM (n, h) (Xiao X P, DengJ L. Parameter characteristicsof GM
(0, N) model under multiple transformation [J].
Xi® Systems Engineering and Blectronic, 2000, 22(10) : 1-
(O3] , 3.)
0203, On , [11] . [M].
, , 2002 35-41.
., GM(n,h) , (DengJ L. The basis of grey theory[M]. Wuhan:
Press of Huazhong Universty of Scence and
' Technology , 2002 35-41.)
’ ’ [12] , , . [M].
' 3 . : , 2004 100-135.
(Xiao X P, Song Z M, Li F. Grey technology and its
( References) application[ M]. Bejing: Science Press, 2004: 100

[1]

135.)



