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Abstract: This paper studies the matrix algebra properties of the collective behavior of liner multi-agent dynamic systems in
directed network, where the agent is with dynamical order one or two. By means of matrix analysis approach, the coefficient
matrix of system can be transformed into Frobenius canonical form. Thus, the system is decomposed into several basic
independent subsystems and basic non-independent subsystems. Based on the study of diagonally dominant matrices with
the sum of entries in each row being zero, some properties of coefficient matrix are obtained, which play a key role in the

collective behavior of liner multi-agent dynamic systems. Thus, the study of collective behavior of system is reduced to some

elementary linear algebra problems.

Key words: Frobenius canonical form; diagonally dominant; inertia; weighted center; convex combination

—

1 351 5

Bl 1% 5 2 R 1)L AT DG ), Q2R R AR )
FRGERZHRG. HTEMS RIERAT KR, &
ZAKEN 12 IVE T 56 R M 4RSS BRI, SR SR AAAT
A] R 8)) 72 07 AT W IR 20 SRR B I — A
FLIH, B IETFE F 26 &R W80 BRI 9 o 3 K B
SR, AARF VR 2 AT (BN B (R BARAT ),
HAEH C R M4 2 X FR Y. At 228%), Olfati-Saber
S N2 — T 5049 21 7 0T FR AT FH G 2 9 248 51
Tt 2 AR F B ) R GRS B — A
IR S S Wi - YN E SN e S
Iy DAEEAAE. Ren 55 NS T I etk 2 AR B[R]
B RGN, IR T 55— KRR PRPRE—

Woie B E#A:
E&mHE:
EEE N

2010-02-22; &= HHJ: 2010-06-23.
K ARFLE IS T H (60674046).

B oy b EAT

ARIC5EE T TSI, g5 T AR A T
ZEAT T WA o et 2 AT R B)) ) 2 R G
AT I e A TR 45 . AEXIRRAE O R 2% 45 11
ZARRGEEAT WP O AT T MR KT
Ui, AR SCHE 3-SR RT BRI A (1) 73 AT A 2 G 288 ) 7L 2
L HMTTE.
2 ZMEFN IR RG R

F G n AL R T 2 MR B D) 2 R 4R
A=A{a;li=1,2, - ,n} HMERES, a; € AFPIRES
WHz; € R, N(a;) N a; WA, BIRZIME o IR
AL T AT A AR S

XTi=1,2,-- ,n, —r R &M Z AR

BARAR(1962—), T, IR, Tk, NHEZ MERGRIEMBLE L NS EH#E(1941-), 5, #d%,

A, NFARL R A . 2R R GBI 5 N SE0FT.



V=3

662 = 1 5 * % % 06 %
127 R GPRATTRE 73 50 Frobenius pr#ERL. I'(M;;) f& (M) 38 7 B (K 3

j:i = Z ’Yz_](mz xj)v (1)
a; EN(a;)

= > wylwe(w —zy) +wy(vi— vy Q)
a; EN(a;)

At w, = O RN E W A REL, w, > 0 KAL)
] R34
WH Va; € N(a;), vi; <0, MFE (D k@) A2
AMEP R B 25 R a8,
ATFTAEMEMAEE X T A LAWK G =
(A, &), Herh G Wil dEN

€= {(ai,a))la; € N(a;) }.

a; €A
é\x: (‘Tlv"' ,"En)T,U: (Ula"' 7/Un)7—s %\gﬁqﬁ
ATTHE (D), ) IFE T R IE 0 0 oh
& = Lu; (3)
dig|_ x] _ { 0 I ]
el - H H = . 4
1 R Y R P P

EXib) Laplacian SRR I =

= Z Viss

asE€EN(a;)

—%ij, a; € N(a;); ., .
lij = . 5
J {0’ a; ¢ N(ay): JF#i (%)
Pplrl 5h 715 2 S0 1¥) Laplacian 5 F5 L 247 & A%t

Ftr ERERE. 5 SRR AR ST T2 BARFE CIE S B2 )
ANTR], AR SCHE A AT AR S b DU R A P A
(1), ) BEARAT AR LA H PR

EXAE WIRAFAE R B P AL

PMPT — |:M11 O :l ,
M21 M22

My F Moo J3 B KF55F 11175 B, W) M 52 n] 29 117;
W) M FEATT A
X BE M, N = {1,2,--- ,n} HATH %051
et M IIFERER (M) = (N, &) 5g Kol
& ={(i,j) € N x N |my; # 0}

51310 M AL T (M) 55I%E TR
M W LINIAELE B P, AT 1
M = PMPT =
My,
My,
My Mpi1p Mpiipta
L Mp+q1 Mp+qp Mp+qp+1 U Mp+qp+q J

(6)
U SR PAT R f B M B39 AN AT 405 B, W MY

YR T &), A M, #7A M (F] Frobenius Bt 241 <
i <p W, Vr#d, My, =0, RIEARIL a7 B 2 p + 1
<j< p+qﬂT Ir < j, Mj, # 0, BRI N AEphAr e,
i € & 4t (1) [f) Lapacian L £\ 45 Frobenius #5 #E
JEI(6), BIEX (6) H M;; F Ly AR, WA LUE fiv il
w1l %

4
0 I .
H" = s — Z;
" |:sz12 vaii :| /
0 0 .
H;j = , <.
’ {waij vaij :| J
)
[ H, ... 0 o ... 0 ]
0 ... Hy, 0 0 7
Hppn oo Hpprp Hpprpy1 o 0
Hq+p 1o Hoypp Hoppprr -0 Hytpgip i

)‘JQB)I R (4) R E H 1) Frobenius FrAER.
WERR Ly AT 550 Hy A el 4, Rk (7)
J& H B Frobenius FrifEZ. [

é\
Lll Hll
L: ’H:
Lpp pr
¢, -+ C, B Dy --- D, E
®)

A (®) ARSI A JF 5 LA H ) Frobenius by
M. B A L Aa‘?ﬂki@iﬁ% Ci=

( p+1l,4s°"" Lp+q l)T

J B AN Ly (WS, E o H &0 EMartk, D; =
(Hp-l-l,ia"' p+q z) jJE*EX‘JLHu B/JL ﬂﬁ%
i & L F1 H & 7% Frobenius #5 #E 7Y, ) =X (3) Al
(CYIREY
&1 Ly, &
a1 | . :
dt é.p Lpp fp
B ¢, --- Cp B B
G1 Hy, G
d — :
e H,, G
(B Dy --- Dp E] |LCg
Hrp
gs = fgm) = (-Tsla to 7$5ns)r’
C = (C(x) C(U))T = (‘rslv tee xsn s Usly """ vsn )T

A”'Ji]*l%l 31—y %?s?%%ﬁﬁ’]ﬁ(*ﬁ% ns A
EX2 *le%?ﬁﬁ’ﬂﬂiﬁﬂi?? %, ﬂliﬁiﬁ



%55 1

AR F A G LT &M S AR RGO BEARITH — 4B & 663

KT ARG LA T RGN

fz:Lufa Z:1727 » D3

j—1

§=Li&G+ Y Lk, j=p+1- . pta
s=1

) p

i=1
ZI ARG IR T ARG AR A T R
g8 AL T 2R G0 0k

C.i :H'L’LC“ 1= 1727"' » D3

j—1
G=Hji¢G+ > Hilo, j=p+1-,p+g
s=1

p
(g =E(p+ ) DiG.

i=1
3 ATFROR A R
ES(:; /Q'\M = [mi]‘]an,Vi = 1,2,"' ,n, ﬁi
D fmal =S gl WM g% fi i AR 4

i=1,j7#1

AT R ANGE T AL, WIE i AT A AT
2) Zmij =0, W) M HATERIH).
=1

' I“%Eié’a\ i —NET Gauss ¥ JG 1 Taussky 72 2 1
UER.

TEIE 1) (Taussky) AEFE M FATT LY, X6 1L,
HAFAEP RN S0 5 OUAT, W) M k.

WERR AR5 MO LAT R AR, SR p
ATXE AR A, A

1) femai| > [emip| + Y Jemayl;

J#l,p
2) [mpp| = [mp1| + Z myp;| =
J#Lp
[mpp| — [emap| >
(Impa| = feman]) + > (Impg| + [ema)).
J#Lp

26 LATX S pATREAT I T, B2 1473 L ¢ =
—mp1 /mar Ja MBS p AT LI (Jmp| — [emas]) = 0),
f

[mpp + emap| = [myp| — |lemay| >
D (mps| 4 lemag) = Y7 Iy + emayl.
J#l.p J#l.p

THICIAEE pATE 1124 0, PRI T 5 55 p 477" KX £
AL,
L L={k, -

L}, M OESCL AR TN
Ll = {ll}v

s—1
LSZ{ZiEL_HLAm”#O; lj ELS_l}. ©)]

WLy # @, Lgy1 = &, ® Ly = L — (LU
cULp), N ~nfaE Li(s=1,2,--- ,k+1) 7T
FEIMAE, s < r I Ly U IMEADNT L, TICERM
fH. F2 LA B80T M EATAT 7 B e, RIS M SR i 4T
EHIEA L AT, MRS S E RIS A 1 A, WA

M =P"MP =

o .
M3y M, M
M3y Mg
0 My My,
L 0 Mé+1k+1- i
Hrp: Ml (s =1 k1) RTTE, s = 1IN —
BT R s =2, kI, ML PERAER AT AR
TAT

M ALY, My g 2 OB RERE, BT Ly = 2. (]
B M YA LAT AR R AL, 6 M % DU R e b
o] NI IG (s = 2, k): Dml,_y,y Rml ) ¥
JG; 2) m’, WEBIS G, ¥ M ek E=ME. M
JE AT YA A A, DR A G R A HE KT
Z, BIxHocEA N E. O

I 1 M OATER A SR, ne x ng B
J7FE M, A4 M 1) Frobenius B, 5

1) My, ALk, W Rank My, = ng — 1;

2) Mg A AT, W) M, K.

MR 1) 1B M AT 2 AT X A s R AT AT
FERE T B 5 A, Taussky & B, 18 045 K B 6 Ak,
I Mo T3 ng — VAT () RPETG R, X Mg AT R
IS AT ZF, BT AR, Bl Rank Mg, = n, — 1.

2) My, AAEMAIER, Ir < 5, M, # 0, My, AF4E
FEREXT A AT, Taussky & #, M, dilifk. O

FEE2 D) ATERNA G Gauss 177 T
AN KR 6 2 1 R AT A5 7 1) (RS 1E); 2) oo ha
MR RAT ZRINS A1 o5 AU G P,

MEBR M OEAT A AR, WX p #£ i
sign(mip) = —sign(ms), I H [mi| > [mipl. 2 kp =
—(mip/mai), WO < ky < 1. ¥G58 i F7 058 j 473 It
f

m;p = mjp — (Myji/mii) myy =
My = (Mip /i) Mji = myp + kpmyi.

X ¥ p # g, A mgy Mmyg A4 jATAEXS M 0 3R,

M ky =0, Frihsign(m’;,) = sign(myy,).



664 =

K

& * % 26 %

X Fp = g, Hlmyl = Imyl, Xk <1, Bk
sign(m;;)= sign(m;;).

D) f3E. 534k, W88 Gauss 17 76 AN U8 1 3 G
ATHATZERME, 4546 1), 7115 2). O

TEIE3 M = [myjlnxn AN LT RS
PRERE, p = (p1,- -+, pn) 7 M FRFAEAR ZEARFAE 1) 52,
JUESE

D sign(pimar) = -+ - = sign(pnmnn);

2) M IFRHER N AR AL S gy £ 0.
R L= (p1,--
AR, 52 S M = ], B
P1
M =

1=

1
, pn) JE M FRFALR ey

Pn

Fo 8 M ARFE T M AT R AR, R
M BIFRAL 06, M SAT () AEXS e R 5 1H
AT (FB)) W CE AT S A R M ASaT 2y, T(M) 5%
T, DRk M6 A G O R 1) FHIE.

M R BAT RN, ¥ det(M — XI) (55 2~in
AN A 1 505, 55 2~ n AT AT 2> SIS 1
17, 19

M — M| =

0 (M2 — mi2) o (M —Man) = A
det(M — AI) = —Adet(M — \I).
FRAEHETS 110 1), A %0 M I35 14702 M HoAh %
TTREMEAS. p = (p1,- -+, pn) A2 M FRFHEM A HE
e &, M5 LATINZR M4 & RECH

ke =—p2/p1, -+ kn = —pn/p1;
1—ky —ks —k,

. —ky 1—ks - —ky

M = , , M(my) =
“ky  —ks - 1—k,

KM(mq1).

M (mqy) 7& M 8% myy FTEATHINAR T BE, B
WH DAEL, M(mqq) Wk B KI5 2~ n AT %
AT0y SR 14T )5, 252~ n A1) 430 n 341 26 1 %), 2%
ey

1-— Xn:kl K"
i=2

0 I

K/: aK”_(kQa"'vkn)-

det(M — AI) th A BRI FIRUCHL s = 1 55640 T
kil > = FEL Y pi#A0. O
=2 1 =1

2
4 DABIHFERAEL FH MR

H

j=2
L 20 IR3) )% 248 (3) #l (4) 1) Laplacian & [,
HATER A S, B o ERWAEE. H Gersgorin
[ 4 7 10 5 45 LR 1R R
S132 200 BhlFIBh 1% R 4 (3) Al (4) [ Laplacian
FEFE L (AR R IEAR S8/ T 0.
H (PFFAERR o] 1 L R AR A e, B
x 0 1 x T
v] wy L w,L U]:A[vly
(wy + wuN) L = N2z, Lr = (A\?/(wy + w,\))z.
Hor = 22/ (w, 4+ wy ) A& L FEEAR. id A, 4 LI
AR o 0F NFK) HRIRFIERR, A
A = (o = o+ Tap) /2.
Hw, = 0N, HAFAESEH KT FHRAER, B &
gt (4) ANAl e TPEPIRES, BIZY5E w, > 0.

)\u:%(,u:t V2 +dwp), w=w,/w?.  (10)
DU LA RARRR LRSS, & X
@ = min{—Re(u)(1 + ctg?0,)|p € U}, (11)

FCrp Re(p) A2 o RISEHE, 0, 0 p HRIWRE AR
SCHR (4] 25 T H AR R AE R SN T 0 1 2%
PR, TRy N5, X RIS —
A B EAR AR,
5133 LAZWAZ) ¥ RS (4) 1 Laplacian A1
B, DL 2R B0 M T AT AR R AEAR SN T 0, 24
A w = w, /w? < w.
EBR 4 =a+bi, KRe()\,) = 01 w K.
S = p? +dwp =
(a? — b* + dwa) + (2ab + 4wb)i = (|a| + ci)?.
WRAZ AL J7 FEI SFRMIRE T, T 2% ¢ Jo rT A5 MR,
&l
wy =0, wy = —alul?/b*> = —a(1l + ctg?d,,).
p K LARFHREEAR, 51 B2, p S a < 0, T
Phwy > 0. W w = —a/2 € (wy,ws) = (0,ws), N
S =—(a®+b%), Ay = (wo/2)(u £ VS).
IR SR N T2 H /S A AL IR Re(N,) < 0.
H Re(\,) A A0 T w I LE R EL, AR AR w —
oo, S MBI T oo HHME ML T 0,,. 456 S HHXS
T w WIEGE R 130 2. O
EH4 A LAWFEBN RS G) (5 @4) 1)
Laplacian % FF, 3 H 45 Frobinius br#ERY, 15



%55 1

AR F A G LT &M S AR RGO BEARITH — 4B & 665

1) Ly; /& LS, W Ly R FBREC 1 %
R HEAR S SEAR ) AR AR UH — b Ao P AIE 1) o M —
1iff 7 [ 1 ) £
2) L &IFAEA0T e B sk, H.
0<-B'Ci1<1,i=1,2,---,p,

r
Z -B'Ci1=1,

Hp1=(1,---,1).
SERR 1) Ly ALY SO0 TR S AR,
B30 1R S, He TR AL AR A AL By = (i,
- Ring) SRR ST, FLEHES LI DI, Ly (0
RAREA 1, B s 1950 RIS AE . s 1008458
i_,ﬂ/zmsﬁﬁ o — Lk OF 1 . AR

3 (1) 2)3\_71? L;; B ZRAAEAR A& AR,

2) L 72 B A3 (8) £\ i) Frobenius FrifE . & 71
EAAL R BT = Aoy BUE . IR 1119 2), TS
FAH RO R, RIIE B k.

% GREX BT EAT AT o & #e, GB A%}
M. JHCR AT (GB) L

(GB)™(GCy, -+ ,GC,,GB) =
(B~'Cy,---,B7'C,, I).
o 2 (19 1) J B X £ 70 2 #5541 A, al %0
~1C; = (GB)™YGC;) Mt & A HBELE.

H1E BEL2 10 2) WA, 47T J0 AN SO AR AT A
P, Zesfexs B (GB) ! IRASSURFE BRI AT Z AN,
ES)lie

(B~'Cy,---,B7'C,, 1)1 =

p

ZB‘lCil—Fl:O. O
=1

dsE# 4, a1 A (10) 245

EIES5 455 H (F) Frobenius bx v Y (7) (25 (8)),
41 Ls (B 0 ng x ng, W Hg (B4 20 x 2n,.

1) H (MSTE Hy (i = 1,2, -, p) FIFK K 2n; —
1, FHFAEAR & —HAM. H TRAERK LM TR K

SCRFAE T
hi = (1,0)7, H;hy = (0,0)7;
hy = (0,1)7, Hjhy = (1,0)".
2) H (& IR B k.

5 WhIFIBh ) R G R i

b AR S AT RO A o 0 P BT (O L
~EHLS), S T LA H PRI, e YE T
[F3) 1157 245 (3) Ml (4) FIHTITIE.

L;; R 1124 R4 (3) 5 (4) MOT AT R4

f#) Laplacian, p; = (pi1,- -+ , pin,) 7& Li; FHRFAEAR I —
AR AE ) . AR SEFL 410 1), py A ME— 52 1) 1F
] .

EX 4

1) p; BxH i 5E4ﬁ2f§7?%mﬂigiﬁmi

2) Xz me“rzr fd\jjzzﬁi%zl—‘?z%éfi
=1
1)t HT?HWEPIIJ
3) UZ - Xz Z pzrvzr %d\ ) ﬁ'ﬂliﬁﬁ

T RGNt Hﬂ“ﬂ?ﬂﬁlﬂuﬁ&?.

FH 2R AE AR A2 R AR [ 8 P 16T 5 45

5134 —Mih RS 1% RS (3) LA T
REN AR e AR E, BT Rt >0,

Xi = piki = piLii& = 0,

Z p’LSx’LS

5|38 5 4|3)1TJJI_JEJJJJ%%%ZE(4)H’JZEH4¥E2|§?
R B O R A EUE A, BT Rt > 0,

i = pil” *) = pi(w, L L") +w,L n‘C(v ) =0,

vilt) = vi(0) = pic” (0) Z pisvis(0
Xi(t) = xi(0) +v;(0)t =
2 pisTis(0) +1 Z Pisvis(0)

TE%LE’JFE%Z@E?(%IIEz S FL ), g5 A5l
4 Gy R s H

EIB 6 B PhFIZ 2 RS (3) f1 L R

1) AGikaw HAFEA e B BR A

2) RGBT IEA T RGEMERSE T2, IF
H B BRARAS H T R G B O, B SR 4 A7
AT RE, A

tli>rgo E’L - ]-X’L( = 1X2 - 1(2 szw )

3) AL T R G /\TZFEI’JU\*?F&KEE%éﬁEi?
ARGl BOH L LA, BIARINL T R

Z ~B~'Cilx;(0) =

lim &g =
t—o00

Z -B~ lCl(ZpW:EW )

45)1§/\121W3j3%f%2ﬁ$@11‘7 g )
2GR I B R A

EXS WREE-HAFEHEvG=1,2,---,n),
Mt — oo i, vi(t) — wvi, Bl () — xa () (i (t) = x4
+ut), R B 2 AMMEG) 1 R g Q) BT BEIRE.



s

666 i= Ll 5 * * ¥ 26 %
TPERE W RS vy = -+ = vy, WIFRN T —BUR P delays[J]. IEEE Trans on Automatic Control, 2004, 49(9):

R TR — BB RS IE
AL E— SRR

MR H A BT (9134 3, 52 BE5),
11 2) A5 BE S Sy 4300 R 2 R

T RSN I R G (4) 47 UL R

D M HAMA Y w < w, RE (4) BT HRMRE.

2) KRG T HHERES, WIMAZ A7 R MAE
TALE SRS, LIRS FRE AL,
A%t s =1,2,--- ,niy, At — oo, H

¢(t) = 10i(0),
¢ (1) = 1y (1) = 1(x:(0) + vi (0)2).

3) RGETHMHRES, RG AR EEA T R g+
IR T RGeS AL T A1 R Gy B Lo 5 1R Y
HE Mt — oo, H

v) _> Z

() —>Z ~B7lC1xi(t) =

i=1
Xp: —B7'Ci1(x(0) + v (0)t).
ﬂzﬁ6$ﬂﬂzi@7 FIEE R ACIR A Ny =g 4E 1 T,
Bl z; € R™(m) ITE L.
6 4 #
ARIOR Ee e 2 MR R B ) 7 R ¢ E‘Jiiﬁi&/fii
LA T A PEACE A b, SR RS

HEP TR EE R, NI Ry 3 T i 2 AR 58 E‘Jf?iug
WFFURCR A% 55 N AR T e ik B,

B A 1 = - = X TR

gitrE4

B~10;1)v;(0);

£ % ik (References)

[1] Olfati-Saber R, Murray R M. Consensus problems in

networks of agents with switching tpology and time-

(L35 6547)

[10] Bloemen H H J, Van den Boom T J J, Verbruggen H B.
Model-based predictive control for Hammerstein-Wiener
systems[J]. International J of Control, 2001, 74(5): 482-
495.

Zhang F. The Schur complement and its applications[M].

New York: Springer, 2005.

[11]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

[12]

1520-1533.

Olfati-Saber R, Fax J A, Murray R M. Consensus and
cooperation in networked multi-agent systems[J]. Proce of
the IEEE, 2007, 95(2): 215-233.

Zhiyun Lin, Francis B, Maggiore M. Necessary and
sufficient conditions for formation control of unicyles[J].
IEEE Trans on Automatic Control, 2005, 50(1): 121-127.
Wei Ren, Ella Atkin. Second-order consensus protocols in
multiple vehicle systems with local interactions[C]. AIAA
Guidance, Navigation, and Control Conf and Exhibit 2005.
San Francisco: American Institute of Aeronautics and
Astronautics, 2005.

Peter Wieland, Jungsu Kim, Scheu H, et al. On consensus
in multi-agent systems with linear high-order agents[C].
Proc of the 17th World Congress of The Int Federation of
Automatic Control. Seoul, 2008: 1541-1546.

Jin Jidong, Zheng Yufan. The consensus of multi-agent
system under directed network — A matrix analysis
approach[C]. 7th IEEE Int Conf on Control and
Automation. Piscataway: IEEE Computer Society, 2010:
280-284.

Jin Jidong, Zheng Yufan. Collective behavior of second-
order multi-agent system in directed network[C]. 8th IEEE
Int Conf on Control and Automation. Piscataway: IEEE
Computer Society, 2010: 376-381.

Jin Jidong, Zheng Yufan, Shao Haibin, et al. Consensus
problem of second-order multi-agent system in directed
network: A matrix analysis approach[C]. Chinese Control
and Decision Conf. Piscataway: IEEE Computer Society,
2010: 3970-3975.

Biggs N Algebraic. Graph theory[M]. Combridge:
Cambridge University Press, 1994.

Horn R A, Johnson C R. Matrix analysis[M]. Combridge:

Cambridge University Press, 1991.

SR, ZE5T I F L AR Y R BT[], Tl
#, 2008, 37(2): 45-47.

(Jin W Q, LiJ S. The design of electrode regulation system
for electric arc furnace[J]. Industrial Heating, 2008, 37(2):
45-47.)



