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Robust sliding mode control with unidirectional auxiliary surfaces for
nonlinear system with state constraints
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Abstract: The sliding mode control with unidirectional auxiliary surfaces(UAS-SMC) is proposed for a class of nonlinear
systems with state constraints. And the unidirectional auxiliary surfaces(UAS) are designed by the state constraints. By
using the UAS to constitute the boundaries of the positive invariant sets, the constraints of the system states are guaranteed.
The stability of the system and the invariant sets which consist of the UAS are proved. The simulation results show the
effectiveness of the proposed method.
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X = f(X) +9(X)u+n. (1)
Hrp: X € R, f(X) € R, g(X) € R”™, ue R, H
g(X) A I RFE X L RS
U ={X|X = x| ER™,
n;<x;<my, ny, m;ER i =1,2,---  n}, 2)
Hon=[n,m2,- ,m]" € R* FRHAHEIAF(X),
Ag(X) MANBFI d(X) BRI E AT 3. X BARE
ZE AT R AR A .
3 B G B A vt
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Step1 EFAIE WAL VI
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SiX) =X +& [ X =0, )
S(X)=X+6& [ X =0.
Horp: & =diag{&11, -+, &in}s Ea =diag{€a1, -+, Ean ),

S1(X)=1[S11," ", S1n]T, S2(X) =[Sa1, -+, Sa2n] T, &1
>0, §2; >0, 511‘7'&52%', i€{1,2,--- ,n}. RFEA W, &
A IX?%ZR fo X(r)dr.

Step2 AT 410 (s, [ 2 ), DI 1 =
$i+§1ijxi;52i=$i+fzif$i,i=1,2,-~ ,n. KK
34T, e oA 5 ks A, B =0,1,2,3,
WK 1 B,
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S,>0;S,>0
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! S,,<0;S,,<0

! No.0, subspace

I PSZ!'\

No:l fs[u*n'ﬁpace
N S,, !

ﬁ X, —m
E1 ¥gmxa _#HE=ERER
R TR A BRI S5 A1 (2), i T 1 B 7 R >4 1) R
Ps1iy, Ps1i—, Psaiy, Psoi—, Wi /2
{ S1i(Ps1iv) =0, S1i(Ps1i—) =0,
S2i(Ps2iy) = 0, S2i(Ps2i—) = 0.
B Pstit, Psvi—, Psaiy, Psai £ QA AT (2) W 418
" VYU ¥ Psiiq Ps1i— Psaiy Psoi—, WA M A IE A,
I 93 W 2 Bt Ps1i4 Psai—, Ps1i—Psai—, Ps1iyPsiy,
Ps1; Psoi R MBI Hy,, Hy,, Ho,, H3,.
Hy, = wi, wi + Wy jxi + My, =0,

ke {0,1,2,3), My, >0, wy, #0. @)
Hp: Hy, =0, Hy, =0, Hy, =0, Hs, =0 73 5 &R 2 BL
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I ICH, KT AT R .
Step3 2 R i L AR BN I 26 4 AN b
H; = wi, i + wi, fﬁCZ + M; =0.

W, O14 < 0,52 < 0;
wi,,, S1: < 0,82 > 0;
wa,,, S1i > 0,52 < 0;
w3y, S1i > 0,52 > 0;
1, S1; =0;
1, So; = 0;

W, O14 < 0,52 < 0;
Wi,y 15 < 0,52 > 0;
Wa,,, 14 > 0,52 < 0;
w3, 914 > 0,52 > 0;
1iy S1i=0;

&§2i, Soi = 0;

Moy,, S1: < 0,852 <O0;
Mi,, 51: < 0,859 > 0;
Moy, S1; > 0,52 < 0;
Ms,, S1; > 0,52 > 0;
0, S1;, =0;

0, So; = 0.
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W H=[Hy,---,H,)", & =diag{wi,, - ,wn, }, o=
diag{w,, -+ ,Wny }» M=[My, -+, M,]".

Stepd Bt X T HEZME R G (1) KRR L
OB 2%, /)

u=(2-g(X)H(N—21- f(X) = 2-X) =
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{ Hy, (Ps2i+) = Wk, T2 + Wiy Y2 + My = 0.
TR P) LT3 k12300, H1& 2 AT 40
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HE, R P AR KRR n] AR 4
P=(z,y) = (ki-x1+ky-x2,k1-y1 + ka2 - y2).
BN (6), AT4N
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k1 (Wi @1 + Wript1 + My,) + k2 (Wi, 72+
Wiy Y2 + My,) — (k1 - My, + ko - My,) + M.
L ENOIWN R
Hy, (P) = —(k1 - My, + ka - My,) + My,
PreAF
My, — Hy,(P) = ki - My, + ks - My,.
MR k1 20, kg >0, My >0, TR
M, — Hy, (P) > 0.
3 Hy, (P)= My, N, B ky My, +ko My, = My, — Hy, (P),
k12>0, ke >0, Mg, >0, 0[5 k1 =0, ko =0. X[HH
P=(ky -x1+ ko w2, k111 +ka-y2),
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EPUILIE A TR,
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P(t) fE YA TE A [R5,
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{1,2,--- ,n}) TEMNIZES) WE3FTR), Bk T Max(|[0Ps1i |, [|0Ps1i— ||, [loPsai I, lloPs2i— ) =
7 [R) PR S ) F B TR Ho, INF, 40 E B [oP@)]|

BV >0, HMV =08, 4 X =0. F1:X(9)
AT

Hp, (0) — H, (P(1))

loPs1iy|| = H, (0) “[loPs1i+ || =
My, — Hy, (P(t
el oy
[ B AT 40
) My, — Hy, (P(1))
oP i—|| = * . - ||oP. i— ||
lloPs1i—|| M, loPsi—||
loPs2i+|l = 7 “[loPsait |,
ki
R My, — Hy, (P(t
0Pz || = =2 Mkl( ). [oPs2i—-
ki

R, 4
6 = Max([[oPsuit I, lloPsai- |, Pz Il loPsai ),
Fiid

o 1 qu 7Hk7(P(t)) 2

vifi[ i }92>O,Mk1>0,6>0.
(1D

d1 EaATA, 24V, =0, H Hy, (P(t)) = My,. H3E5]

L1 ATH, M Hy, (P(£)) = My, I, 47 P()=(0,0).

g EPTR, V>0, BV, =00, 12, =0. X ih
KA AV >0, H¥V =01, 1 X =
z,) T =0.

TV, UEWI X £ 0T V<0, %30 (1)
K&z, Al

Vi = —(My, — Hy, (P(t))) - Hy, (P(t)) -

[xlazQa"' )

2
5B 1 40 My, — Hye, (P(t))>0. %3 5) 1S 45T
CHEETTTIORSS

H=0- (f(X)+9(X)u+n) + %X
W43 Hy = Hy, = N; + winmi. B P() fEH & 725
] N IE 3, JTLL S1s(P(t)) #0, Sai (P(t)) #0.
H X (5) /T4 N; = N; > sup{—wan;}, I U.\ﬂ?%':
Hy (P() > 0. ¥ Hy, (P(H) FRA (12), 7T %1 V; <0.
H5 1B 1A%, 4 P(¢) #(0,0) B, 5 Hy, (P(t)) — My,
>0.

12)

L5 LTk, WY P(t) = (xfg;) £ (0,0) i,
V<0, 13 (10) WTRITV = 37 Vi LY X A0 B4
=1

V <O0.
@ X+ V;, M P(t) fEVI¥e 0 Sy, 8% So; LIZ5)
I, 23 P(t) 5 PUATE § i S — TS A ANy ik
P(t) fEVIIET Sy FIZS), 2 P(t) ST Psypy B4
e, IV >0, H¥V =01, H X =0. iz
(9) LA R S5 LA D% Z m] 4

Max([[oPsti |, [loPs1i-
HOPSIH-” aX(HO SlH‘”,“O S1i ||,

[oPs2i+|]; loPs2i—||) =

loP()Il |
loPs1iq ||
I Lyapunov B %k
1 JoP(t
- _ L lloP@I Ol .02 >0, ||0Psiis| > 0, 6 > 0.
2 ||0PSM+||

(13)
IR TT40, 24 Vi =0 B, 45 || oP(#)]|2 = 0. XA

0PI =32+ ([ )

LA Vy =06, 45 2 =0, jxi:o. M HI 2 (10) Fl
A3) W5V =0, HH¥{V=0H,%
X = [(El,l’g,"' 7xn]T =0.
TSV, W X £0 4TV < 0. X3 (13)
KRG, nI1R
_ Ldler@)|* €7
2t loPs1i+[[?
A R P(t) eV Sy iz s, B
S1i(P(t)) = z; + flifﬂl?i =0, &, > 0. (14)
AR PLR S, 1y = —Engar. ¥y =€ [ i B
iy =—Eux ARV, TN
_1d]jeP(#)|]? 6?

T2t lloPs1it |2

2 62
_511‘[33,2 + <sz) } : m-
H 2 (13) FT(14) AT 1 &, >0, © >0, H.OPSIH—H >0. Fr
U4 P(t) = (s, [ ;) #(0,0) i, 4V <0. ik (10)
AL M X A0, 4V <0.

I THTIE B 4 3 Lyapunov Z]ﬁ VIFES k. R
MR AT, B P () 2T RE T A HE D) 4
I, Ei%‘%@ﬁﬁ%ﬁﬂfk?i‘lﬂ, ANTT fi E%M N r
BN T — AT AL R, 7R B S S P(t)
AN nlE1B% PN E TR Ei%/\)\ﬁﬂﬁ%ﬁﬁ)\?%l‘ﬁﬂ (1
Ol AR P(t) AR5 k; 1230 5 Y4 Sy, 2 1) 3E
AP U, WP 4 FToR, 15 P(t) 554 Py B
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Vi= 2 [ Hy, (0) } o ()
XF U Sy, A
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e 4, fa(9) B = AR SE LU O &R nl %
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Hy,(0) loPsyit ||’ )
ALl (15) 5 (16) #1145, [, Lyapunov pR%Y V; J2 1%
BEI).

23 LR, Lyapunov B V; IS 8. S ihiat
(10) AT %1, A3t Lyapunov B ALV RS2 1). XAV
>0, MV =0T X=0, 4 XA00H V<0, FTLLR
GORA X =[xy, 20, -, x| T SEWILREE .

2) FIHER fAR Q 1 IE AR AR,

18 RUEEIEATUE . 25 18

Plto) = (wi(to), [\ wi(r)ar)
TEM VYA TE A WL AR RATAE 2
P(t1) = (iﬁi(h), jotl in(T)dT), t1 > to
PN F-DUILIE AZPE. KR 55 P (to) 7EM DY IR TE A TR
0, 2

Vi(P(to)) <
X B P (1), A5y PRGBS, 25 54 P () 7E

%ki(k€{1a2a3?4}’ iE{l,Q, e ,’I’L}) ¥§[‘mv\]’ )I_\“Jﬁ

mmmhéwmjzfmw%%

SR A R P (k) #E 0 DU LI A B AR, o SCRT 4
Hy, (P(t1))<0. Hkn 3
Vi(P(t)) > %92.
R P(t) AEDI I L, 55 P(t) S50 YT 6 R
ANTH A A, AN P(ty) ST004 Peyy A, WA
1oP(t)|* .,
=092
2 ||oPsyi |
DAL g P (1) ZE Y DU TE A SR, e AT A loP(ty) ||
> ||0P511'+||, JH:DJ%EII‘

Vi(P(t1))

L8 E ARV, (P(to)) < Vi(P(t)), to < tr. XA
Vi RETEBE), MUAFTE Vilta) >0, to <o <t1. HHEUEME
AEWT A3 0 Vs < OMIP G, B LU B AR T, IRk,
HAEQ= { (:v fx> Hy, >0, k=0, 1, 2,3} MR AR
A O
5 fiERUE

& AR RS

X = f(X) +g(X)u+n.
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I'_’H;M‘H

Vi(P(t1))

1 2
>§9.

Hrp

X = [xl xZ}Ta
f(X) =

(107.9sinx; — 1.523 * coszy *sinxy) |
7.3 — 1.5 cos(z1)?

1 0 l
0 oS T , =
7.3—1.5cos(x1)?
WIHaME N

z1(to) = 0.45, z2(to)
to

J;
¥ ={[z; 22]"| —0.55 < x; <0.55;

0.1sint

X)=
9(%) 0.1cost

}

—0.45,

to
21 (7)dr = —0.45, jo o (7)dr = 0.45.

—0.55 < 23 < 0.55}.
R FH B ) By v e A o, R S A D) 4

10 va

2 0
0 2] f *
Si1(X)=[S11 Si2]", So(X) =[Sa1 Sa2]".
X 2, WU
Ps1iy = (—0.45,0.45), Psy;_ = (0.45, —0.45),
Psaiy = (—0.55,0.275), Pgoi_ = (0.55,—0.275),
AT A BN Hy =iy +wnp [ oMy 300

S1(X) =X +

So(X) =X+

5.8586, Si1 < 0,591 < 0;
14141, S1; < 0,89 > 0;
) —1.4141, S11 > 0,591 < 0;
T Z5.8586, Suy > 0,851 > 0;
1, 811 = 0;
1, So1 = 0;
8.0808, Si1 < 0, Ss; < 0;
—0.8081, Si1 < 0,851 > 0;
~} 0.8081, 811 > 0,8 < 0;
27 Z8.0808, Si1 > 0,8 > 0;
1, S11 = 0;
2, So1 = 0;
1, S11 < 0,59 <05
1, S11 < 0,81 > 0;
M, — 1, S11 > 0,591 < 0;
1, S11 > 0,591 > 0;
0, S11 = 0;
0, Sa; = 0.
X T @y, WU
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Psis = (—0.45,0.45), Pg1;_ = (0.45, —0.45),

Pso;y = (—0.55,0.275), Psa;— = (0.55, —0.275),
CIESE VIR DE i)

Hy = wo1m1 + wao j$1+M2~

Hrp
5.8586, Sia < 0, S22 < 0:
1.4141, S12 < 0,52 > 0;
—1.4141, S12 > 0,59, < 0;
—5.8586, Sia > 0, S5 > 0;
1, S12 =0;
1, Sa3 = 0;

w21 =

8.0808, S12 < 0,52 < 0;
—0.8081, S12 < 0, Sao > 0;
0.8081, S12 > 0,522 < 0;
—8.0808, Si2 > 0, Sap > 0;
1, S12 = 0;

2, So9 = 0;

w22 =

0.4t

0.2+

-0.2¢

0.4}

-0.8  -04 0 0.4 0.8
'xl

(a) % (x,, jx,) IR

0.6/ — UAS-SMC
| —---SMC

Xy

t/s
(c) x, HEhE

1, 512 < 0,522 < 0;
1, S12 <0, S22 > 0;
1, S12 > 0,52 < 0;

My =
1, 512 > 0,522 > 0;
07 512 = 0;
0, Sy = 0.
D7 i s e A

u=(g(X) N - f(X) - 2 2 X).
Hoeh
01 = diag{w11, w21},
2y = diag{w12,wan};
M = [ My, M]",

N =[Ni,N2]"
0, SM = 0;

N; = 0, Sy; = 0; O.65>sup{—wi1m}, 1=1,2.
0.65, others;

3 2, xo PUB N 5 TR,

0.6
0.4F
0.2F
=

— 0.0}
0.2}
-0.4} \\\//H\z

-0.8  -04 0 0.4 0.8
Xy

() 2 (x, [x,) 5

0.3

— UAS-SMC
---- SMC

X,

t/s
(d) x, Ehr

EBs5 (hE&R

FH LS ] 260, R A T 4 1 IS V2 AL 52 PR SRk
W, 1T B [ 0 ELD O A o S R RS 2, e A
Z5A, FF H I A B v G By T A o 1) 2 A R R
= {(a;fx) H, >0, k:0,1,2,3}; i=1,2

I B R A,
6 & i

ASCWETU T R AR 2 R P o] p R AT 24
ST . AR BRI R0 S 56 mT R, AR SCE T

L i) Al L8 A 1 4% RE 8 M R SUIR S AE A 1 R
Hh A IR A H AT SR (R, N S AT, B
1) S Bl T A ) P e S0 T2 B L e A A 1
2, DRI e b B g i B R o WAL
M AR DS S34h, PEF AR SR b R,
L i) 7 B T RS i PR SRR v, ST e ke
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