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摘 要: 借助于大型互联线性系统有限时间稳定性的定义,对具有干扰输入的大型互联线性系统引入了分散有限时

间镇定的概念,并对一类具有干扰输入的大型互联不确定线性系统进行了分散状态反馈和分散动态输出反馈控制器

设计,利用线性矩阵不等式 (LMI)方法,提出了一个充分条件.当反馈控制律作用于该系统时,闭环系统是有限时间

稳定的.
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Abstract：：：The concept of decentralized finite-time stabilization for large-scale interconnected linear systems with

exogenous disturbances is introduced by the definition of finite-time stability. The design of decentralized state feedback

controllers and decentralized dynamic output feedback controllers is given for a class of large-scale interconnected linear
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1 引引引 言言言

有限时间稳定性[1]刻画的是系统的暂态性能.由

于这种稳定性有别于通常意义下的Lyapunov稳定性,

近年来正越来越受到人们的关注. 文献 [2-8]研究了

线性系统的有限时间控制问题,其中: [2]对同时带有

参数不确定性和外部干扰的线性系统进行了有限时

间控制; [3-4]则对不确定线性奇异系统进行了相应的

研究; [5]对具有干扰输入的一类不确定线性系统进

行了有限时间观测器设计; [6]则考虑了一类线性系

统基于输出反馈的有限时间镇定问题; [7]对一类线

性离散时间系统进行了有限时间控制设计; [8]则考虑

了线性系统的有限时间𝐻∞控制问题.上述研究工作

大多是基于单一系统开展的.

在许多实际控制问题中,系统模型大都具有大系

统形式, 如电力系统、化工工程、大型空间结构和计

算机通讯网络等. 由于其实现的可靠性、实时性和经

济性,分散控制已成为大系统理论中的一个十分活跃

的分支[9]. 近年来, 大型互联系统的分散控制设计得

到了较深入的研究[10-14],文献 [15]将有限时间稳定性

等相关概念推广到了大型互联系统,对一类确定的大

型互联线性系统进行了分散有限时间镇定设计.事实

上, 系统往往含有不确定性或受到外部干扰, 所以研

究不确定系统的控制设计具有更重要的意义.

本文借助大型互联系统有限时间稳定性的相关

定义[15],对含干扰输入的大型互联不确定线性系统引

入了有限时间稳定、镇定等概念,并将文献 [5]中研究

的含干扰输入的不确定线性系统组合成大系统,利用

线性矩阵不等式的方法,先构建系统的分散状态反馈
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控制器,再利用状态反馈控制器构建系统的分散动态

输出反馈控制器. 当输出反馈控制律作用于该系统

时,闭环系统是有限时间稳定的.

2 问问问题题题描描描述述述

考虑如下具有干扰输入的大型互联不确定线性

系统:⎧⎨⎩

𝑥𝑖(𝑡) =

𝐴𝑖𝑥𝑖(𝑡) +𝐵𝑖𝑢𝑖(𝑡) + (𝐷𝑖 +Δ𝐷𝑖(𝑡))𝑤𝑖(𝑡)+
𝑁∑

𝑗=1,𝑗 ∕=𝑖

(𝐸𝑖𝑗 +Δ𝐸𝑖𝑗(𝑡))𝑥𝑗(𝑡);

𝑤̇𝑖(𝑡) = (𝑆𝑖 +Δ𝑆𝑖(𝑡))𝑤𝑖(𝑡), 𝑤
T
𝑖 (0)𝑤𝑖(0) ⩽ 𝑑𝑖;

𝑦𝑖(𝑡) = 𝐶𝑖𝑥𝑖(𝑡).

(1)

这里: 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁表示各个子系统; 𝑥𝑖(𝑡) ∈ 𝑅𝑛𝑖 ,

𝑢𝑖(𝑡)∈𝑅𝑚𝑖 , 𝑦𝑖(𝑡)∈𝑅𝑝𝑖分别为第 𝑖个子系统的状态、

控制输入和可量测输出; 𝑤𝑖(𝑡)∈𝑅𝑙𝑖为第 𝑖个子系统的

干扰输入; 𝐴𝑖, 𝐵𝑖, 𝐶𝑖, 𝑆𝑖, 𝐷𝑖, 𝐸𝑖𝑗为适维常阵. 对于方

阵𝑀 , 𝑀 < 0表示𝑀是负定的, 记 𝐼为适维单位阵.系

统(1)中的不确定性矩阵Δ𝐷𝑖(𝑡),Δ𝐸𝑖𝑗(𝑡),Δ𝑆𝑖(𝑡)满足

Δ𝐷𝑖(𝑡) = 𝐹𝑖Δ1𝑖(𝑡)𝐺𝑖, Δ𝐸𝑖𝑗(𝑡) = 𝐻𝑖𝑗Δ2𝑖𝑗(𝑡)𝐿𝑖𝑗 ,

Δ𝑆𝑖(𝑡) = 𝑊𝑖Δ3𝑖(𝑡)𝐽𝑖. (2)

其中: 𝐹𝑖, 𝐺𝑖, 𝐻𝑖𝑗 , 𝐿𝑖𝑗 , 𝑊𝑖, 𝐽𝑖为适维常阵; Δ1𝑖, Δ2𝑖𝑗 ,

Δ3𝑖的各元素都是Lebesgue可测的,且满足

Δ1𝑖(𝑡)Δ
T
1𝑖(𝑡) ⩽ 𝐼, Δ2𝑖𝑗(𝑡)Δ

T
2𝑖𝑗(𝑡) ⩽ 𝐼,

Δ3𝑖(𝑡)Δ
T
3𝑖(𝑡) ⩽ 𝐼. (3)

其中: 𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁 ; 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑁 .

注注注 1 系统 (1)是将文献 [5]中研究的线性系统

组合成了大系统,且含不确定互联项.

由文献 [5,15],对系统 (1)给出如下相应的定义:

定定定义义义 1 若
𝑁∑
𝑖=1

𝑥T
𝑖0𝑅𝑖𝑥𝑖0⩽𝑐1⇒

𝑁∑
𝑖=1

𝑥T
𝑖 (𝑡)𝑅𝑖𝑥𝑖(𝑡)⩽𝑐2, ∀𝑡∈ [0, 𝑇 ],

则称大型互联线性系统⎧⎨⎩

𝑥𝑖(𝑡) =

𝐴𝑖𝑥𝑖(𝑡) + (𝐷𝑖 +Δ𝐷𝑖(𝑡))𝑤𝑖(𝑡)+
𝑁∑

𝑗=1,𝑗 ∕=𝑖

(𝐸𝑖𝑗 +Δ𝐸𝑖𝑗(𝑡))𝑥𝑗(𝑡), 𝑥𝑖(0) = 𝑥𝑖0;

𝑤̇𝑖(𝑡) = (𝑆𝑖 +Δ𝑆𝑖(𝑡))𝑤𝑖(𝑡), 𝑤
T
𝑖 (0)𝑤𝑖(0) ⩽ 𝑑𝑖

关于 (𝑐1, 𝑐2, 𝑇,𝑅1, ⋅ ⋅ ⋅, 𝑅𝑁 , 𝑑1, ⋅ ⋅ ⋅, 𝑑𝑁 )是有限时间稳

定的 (FTS).其中: 𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁 ; 𝑐2 >𝑐1 > 0; 𝑅𝑖为𝑛𝑖

阶正定阵.

定定定义义义 2 给定一族信号集𝜔𝑖, 𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁 . 若
𝑁∑
𝑖=1

𝑥T
𝑖0𝑅𝑖𝑥𝑖0⩽𝑐1⇒

𝑁∑
𝑖=1

𝑥T
𝑖 (𝑡)𝑅𝑖𝑥𝑖(𝑡)⩽𝑐2, ∀𝑡∈ [0, 𝑇 ],

对一切𝜑𝑖(𝑡)∈𝜔𝑖(𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁)成立,则称大型互联

线性系统⎧⎨⎩

𝑥𝑖(𝑡) =

𝐴𝑖𝑥𝑖(𝑡) + 𝑌𝑖𝜑𝑖(𝑡) + (𝐷𝑖 +Δ𝐷𝑖(𝑡))𝑤𝑖(𝑡)+
𝑁∑

𝑗=1,𝑗 ∕=𝑖

(𝐸𝑖𝑗 +Δ𝐸𝑖𝑗(𝑡))𝑥𝑗(𝑡), 𝑥𝑖(0) = 𝑥𝑖0;

𝑤̇𝑖(𝑡) = (𝑆𝑖 +Δ𝑆𝑖(𝑡))𝑤𝑖(𝑡), 𝑤
T
𝑖 (0)𝑤𝑖(0) ⩽ 𝑑𝑖

关于 (𝑐1, 𝑐2, 𝜔1, ⋅ ⋅ ⋅ , 𝜔𝑁 , 𝑇,𝑅1, ⋅ ⋅ ⋅ , 𝑅𝑁 , 𝑑1, ⋅ ⋅ ⋅ , 𝑑𝑁 )是

有限时间有界的 (FTB).其中: 𝑖= 1, 2, ⋅ ⋅ ⋅ , 𝑁 ; 𝑐2 > 𝑐1

>0; 𝑅𝑖为𝑛𝑖阶正定阵.

定定定义义义 3 若存在分散状态反馈控制律𝑢𝑖(𝑡) =

𝐾𝑖𝑥𝑖(𝑡),使得闭环系统⎧⎨⎩

𝑥𝑖(𝑡) =

(𝐴𝑖 +𝐵𝑖𝐾𝑖)𝑥𝑖(𝑡) + (𝐷𝑖 +Δ𝐷𝑖(𝑡))𝑤𝑖(𝑡)+
𝑁∑

𝑗=1,𝑗 ∕=𝑖

(𝐸𝑖𝑗 +Δ𝐸𝑖𝑗(𝑡))𝑥𝑗(𝑡), 𝑥𝑖(0) = 𝑥𝑖0;

𝑤̇𝑖(𝑡) = (𝑆𝑖 +Δ𝑆𝑖(𝑡))𝑤𝑖(𝑡), 𝑤
T
𝑖 (0)𝑤𝑖(0) ⩽ 𝑑𝑖

(4)

关于 (𝑐1, 𝑐2, 𝑇,𝑅1, ⋅ ⋅ ⋅, 𝑅𝑁 , 𝑑1, ⋅ ⋅ ⋅, 𝑑𝑁 )是有限时间稳

定的 (FTS),则称大型互联线性系统⎧⎨⎩

𝑥𝑖(𝑡) =

𝐴𝑖𝑥𝑖(𝑡) +𝐵𝑖𝑢𝑖(𝑡) + (𝐷𝑖 +Δ𝐷𝑖(𝑡))𝑤𝑖(𝑡)+
𝑁∑

𝑗=1,𝑗 ∕=𝑖

(𝐸𝑖𝑗 +Δ𝐸𝑖𝑗(𝑡))𝑥𝑗(𝑡), 𝑥𝑖(0) = 𝑥𝑖0;

𝑤̇𝑖(𝑡) = (𝑆𝑖 +Δ𝑆𝑖(𝑡))𝑤𝑖(𝑡), 𝑤
T
𝑖 (0)𝑤𝑖(0) ⩽ 𝑑𝑖

是基于状态反馈分散有限时间镇定的. 其中 𝑖= 1, 2,

⋅ ⋅ ⋅ , 𝑁 .

3 基基基于于于状状状态态态反反反馈馈馈的的的分分分散散散有有有限限限时时时间间间镇镇镇定定定

同文献 [5], 首先考虑确定性系统的分散有限时

间镇定, 即在系统 (1)中令Δ𝐷𝑖(𝑡),Δ𝐸𝑖𝑗(𝑡),Δ𝑆𝑖(𝑡)均

为零矩阵,则系统 (4)为⎧⎨⎩

𝑥𝑖(𝑡) =

(𝐴𝑖 +𝐵𝑖𝐾𝑖)𝑥𝑖(𝑡) +𝐷𝑖𝑤𝑖(𝑡)+
𝑁∑

𝑗=1,𝑗 ∕=𝑖

𝐸𝑖𝑗𝑥𝑗(𝑡), 𝑥𝑖(0) = 𝑥𝑖0;

𝑤̇𝑖(𝑡) = 𝑆𝑖𝑤𝑖(𝑡), 𝑤
T
𝑖 (0)𝑤𝑖(0) ⩽ 𝑑𝑖.

(5)

定定定理理理 1 记

𝑄̄11𝑖 = 𝑅
−1/2
𝑖 𝑄11𝑖𝑅

−1/2
𝑖 ,

𝑈11𝑖 = 𝐴𝑖𝑄̄11𝑖 + 𝑄̄11𝑖𝐴
T
𝑖 +

𝐵𝑖𝑀𝑖 +𝑀T
𝑖 𝐵T

𝑖 − 𝛼𝑄̄11𝑖,

𝑈12𝑖 = 𝑆𝑖𝑄12𝑖 +𝑄12𝑖𝑆
T
𝑖 − 𝛼𝑄12𝑖.

若存在非负常数𝛼, 正定矩阵𝑄11𝑖 ∈ 𝑅𝑛𝑖×𝑛𝑖 , 𝑄12𝑖 ∈
𝑅𝑙𝑖×𝑙𝑖和矩阵𝑀𝑖∈𝑅𝑚𝑖×𝑛𝑖 ,使得如下不等式成立:

𝑋 =
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𝑈111 𝐷1𝑄121 𝐸12𝑄̄112+𝑄̄111𝐸
T
21

𝑄121𝐷
T
1 𝑈121 0

𝑄̄112𝐸
T
12+𝐸21𝑄̄111 0 𝑈112

0 0 𝑄122𝐷
T
2

...
...

...
𝑄̄11𝑁𝐸T

1𝑁+𝐸𝑁1𝑄̄111 0 𝑄̄11𝑁𝐸T
2𝑁+𝐸𝑁2𝑄̄112

0 0 0

→

←

0 ⋅ ⋅ ⋅ 𝐸1𝑁 𝑄̄11𝑁+𝑄̄111𝐸
T
𝑁1 0

0
. . . 0 0

𝐷2𝑄122 ⋅ ⋅ ⋅ 𝐸2𝑁 𝑄̄11𝑁+𝑄̄112𝐸
T
𝑁2 0

𝑈122 ⋅ ⋅ ⋅ 0 0
...

. . .
...

...
0 ⋅ ⋅ ⋅ 𝑈11𝑁 𝐷𝑁𝑄12𝑁

0 ⋅ ⋅ ⋅ 𝑄12𝑁𝐷T
𝑁 𝑈12𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
<0,

(6)

𝜆̂11

𝜆11
+

𝜆̂11

𝑐1𝜆12

𝑁∑
𝑖=1

𝑑𝑖 <
𝑐2
𝑐1

e−𝛼𝑇 . (7)

其中: 𝜆11= min
1⩽𝑖⩽𝑁

{𝜆11𝑖}, 𝜆̂11= max
1⩽𝑖⩽𝑁

{𝜆̂11𝑖}, 𝜆11𝑖, 𝜆̂11𝑖

分别为𝑄11𝑖的最小和最大特征值; 𝜆12= min
1⩽𝑖⩽𝑁

{𝜆12𝑖},
而𝜆12𝑖为𝑄12𝑖的最小特征值, 𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁 . 则分散
状态反馈控制𝑢𝑖(𝑡) = 𝐾𝑖𝑥𝑖(𝑡)使得系统 (5)关于 (𝑐1,

𝑐2, 𝑇,𝑅1,⋅ ⋅ ⋅, 𝑅𝑁 , 𝑑1,⋅ ⋅ ⋅, 𝑑𝑁 )是有限时间稳定的 (FTS),
而𝐾𝑖=𝑀𝑖𝑄̄

−1
11𝑖, 𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁 .

证证证明明明 记

𝑧(𝑡) = [𝑥T
1 (𝑡), 𝑤

T
1 (𝑡), ⋅ ⋅ ⋅ , 𝑥T

𝑁 (𝑡), 𝑤T
𝑁 (𝑡)]T,

𝑃 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑄̄−1
111 0 0 0 ⋅ ⋅ ⋅ 0 0

0 𝑄−1
121 0 0 ⋅ ⋅ ⋅ 0 0

0 0 𝑄̄−1
112 0 ⋅ ⋅ ⋅ 0 0

0 0 0 𝑄−1
122 ⋅ ⋅ ⋅ 0 0

...
...

...
...

. . .
...

...
0 0 0 0 ⋅ ⋅ ⋅ 𝑄̄−1

11𝑁 0

0 0 0 0 ⋅ ⋅ ⋅ 0 𝑄−1
12𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

则
𝑁∑
𝑖=1

𝑥T
𝑖 (𝑡)𝑅

1/2
𝑖 𝑄−1

11𝑖𝑅
1/2
𝑖 𝑥𝑖(𝑡)+

𝑁∑
𝑖=1

𝑤T
𝑖 (𝑡)𝑄

−1
12𝑖𝑤𝑖(𝑡)=

𝑁∑
𝑖=1

𝑥T
𝑖 (𝑡)𝑄̄

−1
11𝑖𝑥𝑖(𝑡) +

𝑁∑
𝑖=1

𝑤T
𝑖 (𝑡)𝑄

−1
12𝑖𝑤𝑖(𝑡)= 𝑧T(𝑡)𝑃𝑧(𝑡)

=:𝑉 (𝑧(𝑡)). 由式 (6),进行合同变换,可知𝑃𝑋𝑃 <0,即⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑉111 𝑄̄−1
111𝐷1 𝑄̄−1

111𝐸12+𝐸T
21𝑄̄

−1
112

𝐷T
1 𝑄̄

−1
111 𝑉121 0

𝐸T
12𝑄̄

−1
111+𝑄̄−1

112𝐸21 0 𝑉112

0 0 𝐷T
2 𝑄̄

−1
112

...
...

...

𝐸T
1𝑁 𝑄̄−1

111+𝑄̄−1
11𝑁𝐸𝑁1 0 𝐸T

2𝑁 𝑄̄−1
112+𝑄̄−1

11𝑁𝐸𝑁2

0 0 0

→

←

0 ⋅ ⋅ ⋅ 𝑄̄−1
111𝐸1𝑁+𝐸T

𝑁1𝑄̄
−1
11𝑁 0

0 ⋅ ⋅ ⋅ 0 0

𝑄̄−1
112𝐷2 ⋅ ⋅ ⋅ 𝑄̄−1

112𝐸2𝑁+𝐸T
𝑁2𝑄̄

−1
11𝑁 0

𝑉122 ⋅ ⋅ ⋅ 0 0
...

. . .
...

...
0 ⋅ ⋅ ⋅ 𝑉11𝑁 𝑄̄−1

11𝑁𝐷𝑁

0 ⋅ ⋅ ⋅ 𝐷T
𝑁 𝑄̄−1

11𝑁 𝑉12𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0,

(8)

其中𝑉11𝑖 = 𝑄̄−1
11𝑖𝐴𝑖 + 𝐴T

𝑖 𝑄̄
−1
11𝑖 + 𝑄̄−1

11𝑖𝐵𝑖𝑀𝑖𝑄̄
−1
11𝑖 +

𝑄̄−1
11𝑖𝑀

T
𝑖 𝐵T

𝑖 𝑄̄
−1
11𝑖 − 𝛼𝑄̄−1

11𝑖. 由𝑀𝑖=𝐾𝑖𝑄̄11𝑖,有

𝑉11𝑖=𝑄̄−1
11𝑖(𝐴𝑖+𝐵𝑖𝐾𝑖) + (𝐴𝑖 +𝐵𝑖𝐾𝑖)

T𝑄̄−1
11𝑖−𝛼𝑄̄−1

11𝑖,

而𝑉12𝑖=𝑄̄−1
12𝑖𝑆𝑖+𝑆T

𝑖 𝑄̄
−1
12𝑖−𝛼𝑄̄−1

12𝑖,所以由系统 (5),利
用式 (8),可得

𝑉̇ (𝑧(𝑡)) < 𝛼𝑉 (𝑧(𝑡)). (9)

对式 (9)从 0到 𝑡积分,得

𝑉 (𝑧(𝑡)) < 𝑉 (𝑧(0))e𝛼𝑡. (10)

由𝑉 (𝑧(𝑡))的定义,可知

𝑉 (𝑧(𝑡)) ⩾
𝑁∑
𝑖=1

1

𝜆̂11𝑖

𝑥T
𝑖 (𝑡)𝑅𝑖𝑥𝑖(𝑡) ⩾

1

𝜆̂11

𝑁∑
𝑖=1

𝑥T
𝑖 (𝑡)𝑅𝑖𝑥𝑖(𝑡), (11)

𝑉 (𝑧(0))e𝛼𝑡 ⩽
( 𝑁∑

𝑖=1

1

𝜆11𝑖
𝑥T
𝑖 (0)𝑅𝑖𝑥𝑖(0)

)
e𝛼𝑡+

( 𝑁∑
𝑖=1

1

𝜆12𝑖
𝑤T

𝑖 (0)𝑤𝑖(0)
)
e𝛼𝑡 ⩽

1

𝜆11

( 𝑁∑
𝑖=1

𝑥T
𝑖 (0)𝑅𝑖𝑥𝑖(0)

)
e𝛼𝑡+

1

𝜆12

( 𝑁∑
𝑖=1

𝑤T
𝑖 (0)𝑤𝑖(0)

)
e𝛼𝑡 ⩽

( 𝑐1
𝜆11

+
1

𝜆12

𝑁∑
𝑖=1

𝑑𝑖

)
e𝛼𝑡. (12)

由式 (7)和 (10)∼ (12),得
𝑁∑
𝑖=1

𝑥T
𝑖 (𝑡)𝑅𝑖𝑥𝑖(𝑡)⩽𝑐2对一切

𝑡∈ [0, 𝑇 ]成立. 2
由定理 1可知, 当系统含有不确定项Δ𝐷𝑖(𝑡),

Δ𝐸𝑖𝑗(𝑡),Δ𝑆𝑖(𝑡)时,式 (6)相应为

𝑋̄ =⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑈111 𝐷̃1𝑄121 𝐸̃12𝑄̄112+𝑄̄111𝐸̃
T
21

𝑄121𝐷̃
T
1 𝑈̄121 0

𝑄̄112𝐸̃
T
12+𝐸̃21𝑄̄111 0 𝑈112

0 0 𝑄122𝐷̃
T
2

...
...

...
𝑄̄11𝑁 𝐸̃T

1𝑁+𝐸̃𝑁1𝑄̄111 0 𝑄̄11𝑁 𝐸̃T
2𝑁+𝐸̃𝑁2𝑄̄112

0 0 0

→
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←

0 ⋅ ⋅ ⋅ 𝐸̃1𝑁 𝑄̄11𝑁+𝑄̄111𝐸̃
T
𝑁1 0

0 ⋅ ⋅ ⋅ 0 0

𝐷̃2𝑄122 ⋅ ⋅ ⋅ 𝐸̃2𝑁 𝑄̄11𝑁+𝑄̄112𝐸̃
T
𝑁2 0

𝑈̄122 ⋅ ⋅ ⋅ 0 0
...

. . .
...

...
0 ⋅ ⋅ ⋅ 𝑈11𝑁 𝐷̃𝑁𝑄12𝑁

0 ⋅ ⋅ ⋅ 𝑄12𝑁 𝐷̃T
𝑁 𝑈̄12𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
<0.

(13)

其中: 𝐷̃𝑖 =𝐷𝑖 + Δ𝐷𝑖(𝑡), 𝐸̃𝑖𝑗 =𝐸𝑖𝑗 + Δ𝐸𝑖𝑗(𝑡), 𝑈̄12𝑖 =

𝑆𝑖𝑄12𝑖+𝑄12𝑖𝑆
T
𝑖 −𝛼𝑄12𝑖,而𝑆𝑖=𝑆𝑖+Δ𝑆𝑖(𝑡). 由式 (2)

及矩阵的分块运算知

𝑋̄ =

𝑋 +

[
𝐹1

0

]
Δ11[ 0 𝐺1𝑄121 0 ]+⎡⎢⎣ 0

𝑄121𝐺
T
1

0

⎤⎥⎦ΔT
11[𝐹

T
1 0 ]+

⎡⎢⎣ 0

𝐹2

0

⎤⎥⎦Δ12[ 0 𝐺2𝑄122 0 ]+

⎡⎢⎣ 0

𝑄122𝐺
T
2

0

⎤⎥⎦ΔT
12[ 0 𝐹T

2 0 ] + ⋅ ⋅ ⋅+

⎡⎢⎣ 0

𝐹𝑁−1

0

⎤⎥⎦Δ1(𝑁−1)[ 0 𝐺𝑁−1𝑄12(𝑁−1) 0 ]+

⎡⎢⎣ 0

𝑄12(𝑁−1)𝐺
T
𝑁−1

0

⎤⎥⎦ΔT
1(𝑁−1)[ 0 𝐹T

𝑁−1 0 ]+

⎡⎢⎣ 0

𝐹𝑁

0

⎤⎥⎦Δ1𝑁 [ 0 𝐺𝑁𝑄12𝑁 ]+

[
0

𝑄12𝑁𝐺T
𝑁

]
ΔT

1𝑁 [ 0 𝐹T
𝑁 0 ]+[

𝐻12

0

]
Δ212[ 0 𝐿12𝑄̄112 0 ]+⎡⎢⎣ 0

𝑄̄112𝐿
T
12

0

⎤⎥⎦ΔT
212[𝐻

T
12 0 ]+

[
𝑄̄111𝐿

T
21

0

]
ΔT

221[ 0 𝐻T
21 0 ]+⎡⎢⎣ 0

𝐻21

0

⎤⎥⎦Δ221[𝐿21𝑄̄111 0 ]+

⎡⎢⎣ 0

𝑊1

0

⎤⎥⎦Δ31[ 0 𝐽1𝑄121 0 ]+

⎡⎢⎣ 0

𝑄121𝐽
T
1

0

⎤⎥⎦ΔT
31[ 0 𝑊T

1 0 ] + ⋅ ⋅ ⋅+

[
0

𝑊𝑁

]
Δ3𝑁 [ 0 𝐽𝑁𝑄12𝑁 ]+[

0

𝑄12𝑁𝐽T
𝑁

]
ΔT

3𝑁 [ 0 𝑊T
𝑁 ].

由式 (3)及文献 [5]中引理 1可知式 (13)成立, 当且仅

当存在正数 𝜀𝑖, 𝜀𝑖𝑗 , 𝛿𝑖, 𝛿𝑖𝑗 , 𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁 , 𝑗=1, 2, ⋅ ⋅ ⋅ ,
𝑁 , 𝑗 ∕= 𝑖,满足不等式⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑈̃111 𝐷1𝑄121 𝐸12𝑄̄112+𝑄̄111𝐸
T
21

𝑄121𝐷
T
1 𝑈̃121 0

𝑄̄112𝐸
T
12+𝐸21𝑄̄111 0 𝑈̃112

0 0 𝑄122𝐷
T
2

...
...

...

𝑄̄11𝑁𝐸T
1𝑁+𝐸𝑁1𝑄̄111 0 𝑄̄11𝑁𝐸T

2𝑁+𝐸𝑁2𝑄̄112

0 0 0

→

←

0 ⋅ ⋅ ⋅𝐸1𝑁 𝑄̄11𝑁+𝑄̄111𝐸
T
𝑁1 0

0 ⋅ ⋅ ⋅ 0 0

𝐷2𝑄122 ⋅ ⋅ ⋅ 𝐸2𝑁 𝑄̄11𝑁+𝑄̄112𝐸
T
𝑁2 0

𝑈̃122 ⋅ ⋅ ⋅ 0 0
...

. . .
...

...

0 ⋅ ⋅ ⋅ 𝑈̃11𝑁 𝐷𝑁𝑄12𝑁

0 ⋅ ⋅ ⋅ 𝑄12𝑁𝐷T
𝑁 𝑈̃12𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0.

其中

𝑈̃11𝑖 = 𝑈11𝑖 + 𝜀𝑖𝐹𝑖𝐹
T
𝑖 +

𝑁∑
𝑗=𝑖+1

𝜀𝑖𝑗𝐻𝑖𝑗𝐻
T
𝑖𝑗+

𝑖−1∑
𝑗=1

𝜀−1
𝑗𝑖 𝑄̄11𝑖𝐿

T
𝑗𝑖𝐿𝑗𝑖𝑄̄11𝑖+

𝑁∑
𝑗=𝑖+1

𝛿−1
𝑖𝑗 𝑄̄11𝑖𝐿

T
𝑗𝑖𝐿𝑗𝑖𝑄̄11𝑖 +

𝑖−1∑
𝑗=1

𝛿𝑗𝑖𝐻𝑖𝑗𝐻
T
𝑖𝑗 ,

𝑈̃12𝑖 = 𝑈12𝑖 + 𝜀−1
𝑖 𝑄12𝑖𝐺

T
𝑖 𝐺𝑖𝑄12𝑖+

𝛿−1
𝑖 𝑄12𝑖𝐽

T
𝑖 𝐽𝑖𝑄12𝑖 + 𝛿𝑖𝑊𝑖𝑊

T
𝑖 .

由 Schur补引理可得:

定定定理理理 2 若存在非负常数𝛼,正数 𝜀𝑖, 𝜀𝑖𝑗 , 𝛿𝑖, 𝛿𝑖𝑗 ,

正定矩阵𝑄11𝑖 ∈ 𝑅𝑛𝑖×𝑛𝑖 , 𝑄12𝑖 ∈ 𝑅𝑙𝑖×𝑙𝑖和矩阵𝑀𝑖 ∈
𝑅𝑚𝑖×𝑛𝑖 ,使得下面的LMI成立:[

𝑋11 𝑋12

𝑋T
12 𝑋22

]
< 0.

其中
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𝑋11 =⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑈̂111 𝐷1𝑄121 𝐸12𝑄̄112+𝑄̄111𝐸
T
21

𝑄121𝐷
T
1 𝑈̂121 0

𝑄̄112𝐸
T
12+𝐸21𝑄̄111 0 𝑈̂112

0 0 𝑄122𝐷
T
2

...
...

...

𝑄̄11𝑁𝐸T
1𝑁+𝐸𝑁1𝑄̄111 0 𝑄̄11𝑁𝐸T

2𝑁+𝐸𝑁2𝑄̄112

0 0 0

→

←

0 ⋅ ⋅ ⋅ 𝐸1𝑁 𝑄̄11𝑁+𝑄̄111𝐸
T
𝑁1 0

0 ⋅ ⋅ ⋅ 0 0

𝐷2𝑄122 ⋅ ⋅ ⋅ 𝐸2𝑁 𝑄̄11𝑁+𝑄̄112𝐸
T
𝑁2 0

𝑈̂122 ⋅ ⋅ ⋅ 0 0
...

. . .
...

...

0 ⋅ ⋅ ⋅ 𝑈̂11𝑁 𝐷𝑁𝑄12𝑁

0 ⋅ ⋅ ⋅ 𝑄12𝑁𝐷T
𝑁 𝑈̂12𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

𝑋12 =⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑄̄111𝐿
T
21 ⋅ ⋅ ⋅ 𝑄̄111𝐿

T
𝑁1 0 0 0

0 ⋅ ⋅ ⋅ 0 𝑄121𝐺
T
1 𝑄121𝐽

T
1 0

0 ⋅ ⋅ ⋅ 0 0 0 𝑄̄112𝐿
T
12

0 ⋅ ⋅ ⋅ 0 0 0 0
...

. . .
...

...
...

...

0 ⋅ ⋅ ⋅ 0 0 0 0

0 ⋅ ⋅ ⋅ 0 0 0 0

→

←

0 ⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅
0 ⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅

𝑄̄112𝐿
T
32 ⋅ ⋅ ⋅ 𝑄̄112𝐿

T
𝑁2 0 0 ⋅ ⋅ ⋅

0 ⋅ ⋅ ⋅ 0 𝑄122𝐺
T
2 𝑄122𝐽

T
2 ⋅ ⋅ ⋅

...
. . .

...
...

...
. . .

0 ⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅
0 ⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅

→

←

0 ⋅ ⋅ ⋅ 0 0 0

0 ⋅ ⋅ ⋅ 0 0 0

0 ⋅ ⋅ ⋅ 0 0 0

0 ⋅ ⋅ ⋅ 0 0 0
...

. . .
...

...
...

𝑄̄11𝑁𝐿T
1𝑁 ⋅ ⋅ ⋅ 𝑄̄11𝑁𝐿T

(𝑁−1)𝑁 0 0

0 ⋅ ⋅ ⋅ 0 𝑄12𝑁𝐺T
𝑁 𝑄12𝑁𝐽T

𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

𝑋22 =

diag(−𝛿12𝐼, ⋅ ⋅ ⋅ ,−𝛿1𝑁𝐼,−𝜀1𝐼,−𝛿1𝐼,−𝜀12𝐼,
− 𝛿23𝐼, ⋅ ⋅ ⋅ ,−𝛿2𝑁𝐼,−𝜀2𝐼,−𝛿2𝐼, ⋅ ⋅ ⋅ ,
− 𝜀1𝑁𝐼, ⋅ ⋅ ⋅ ,−𝜀(𝑁−1)𝑁𝐼,−𝜀𝑁𝐼,−𝛿𝑁𝐼),

𝑈̂111 = 𝑈111 + 𝜀1𝐹1𝐹
T
1 +

𝑁∑
𝑗=2

𝜀1𝑗𝐻1𝑗𝐻
T
1𝑗 ,

𝑈̂112 = 𝑈112 + 𝜀2𝐹2𝐹
T
2 +

𝑁∑
𝑗=3

𝜀2𝑗𝐻2𝑗𝐻
T
2𝑗+

𝛿12𝐻21𝐻
T
21,

𝑈̂11𝑁 = 𝑈11𝑁 + 𝜀𝑁𝐹𝑁𝐹T
𝑁 +

𝑁−1∑
𝑗=1

𝛿𝑗𝑁𝐻𝑁𝑗𝐻
T
𝑁𝑗 ,

𝑈̂121 = 𝑈121 + 𝛿1𝑊1𝑊
T
1 ,

𝑈̂122 = 𝑈122 + 𝛿2𝑊2𝑊
T
2 ,

𝑈̂12𝑁 = 𝑈12𝑁 + 𝛿𝑁𝑊𝑁𝑊T
𝑁 .

而

𝜆̂11

𝜆11
+

𝜆̂11

𝑐1𝜆12

𝑁∑
𝑖=1

𝑑𝑖 <
𝑐2
𝑐1

e−𝛼𝑇 ,

𝜆11, 𝜆12, 𝜆̂11, 𝑄̄11𝑖, 𝑈11𝑖, 𝑈12𝑖同定理 1. 则分散状态反

馈控制𝑢𝑖(𝑡)=𝐾𝑖𝑥𝑖(𝑡)使得系统 (4)关于 (𝑐1, 𝑐2, 𝑇,𝑅1,

⋅ ⋅ ⋅ , 𝑅𝑁 , 𝑑1, ⋅ ⋅ ⋅ , 𝑑𝑁 )是有限时间稳定的 (FTS), 而𝐾𝑖

=𝑀𝑖𝑄̄
−1
11𝑖, 𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁 .

4 基基基于于于输输输出出出反反反馈馈馈的的的分分分散散散有有有限限限时时时间间间镇镇镇定定定

构建系统 (1)的分散动态输出反馈控制器如下:

𝜉𝑖(𝑡) =

𝐴𝑖𝜉𝑖(𝑡) +𝐵𝑖𝑢𝑖(𝑡) + 𝐿𝑖(𝐶𝑖𝜉𝑖(𝑡)− 𝑦𝑖(𝑡)) =

𝐴𝑖𝜉𝑖(𝑡) +𝐵𝑖𝑢𝑖(𝑡) + 𝐿𝑖𝐶𝑖(𝜉𝑖(𝑡)− 𝑥𝑖(𝑡)), 𝜉𝑖(0) = 0;

𝑢𝑖(𝑡) = 𝐾𝑖𝜉𝑖(𝑡).

记 𝑒𝑖(𝑡)=𝑥𝑖(𝑡)− 𝜉𝑖(𝑡),则

𝑥𝑖(𝑡) =

(𝐴𝑖 +𝐵𝑖𝐾𝑖)𝑥𝑖(𝑡)−𝐵𝑖𝐾𝑖𝑒𝑖(𝑡)+

(𝐷𝑖 +Δ𝐷𝑖(𝑡))𝑤𝑖(𝑡)+

𝑁∑
𝑗=1,𝑗 ∕=𝑖

(𝐸𝑖𝑗 +Δ𝐸𝑖𝑗(𝑡))𝑥𝑗(𝑡), 𝑥𝑖(0) = 𝑥𝑖0. (14)

而

𝑒𝑖(𝑡) =

(𝐴𝑖 + 𝐿𝑖𝐶𝑖)𝑒𝑖(𝑡) + (𝐷𝑖 +Δ𝐷𝑖(𝑡))𝑤𝑖(𝑡)+

𝑁∑
𝑗=1,𝑗 ∕=𝑖

(𝐸𝑖𝑗 +Δ𝐸𝑖𝑗(𝑡))(𝑒𝑗(𝑡) + 𝜉𝑗(𝑡)), 𝑒𝑖(0) = 𝑥𝑖0;

(15)

𝑤̇𝑖(𝑡) = (𝑆𝑖 +Δ𝑆𝑖(𝑡))𝑤𝑖(𝑡), 𝑤
T
𝑖 (0)𝑤𝑖(0) ⩽ 𝑑𝑖; (16)

𝜉𝑖(𝑡) = (𝐴𝑖 +𝐵𝑖𝐾𝑖)𝜉𝑖(𝑡)− 𝐿𝑖𝐶𝑖𝑒𝑖(𝑡), 𝜉𝑖(0) = 0.

(17)

显然,对于给定的𝑥𝑖0, 𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁 ,组合系统 (15)∼
(17)关于 𝑒𝑖(𝑡), 𝑤𝑖(𝑡), 𝜉𝑖(𝑡) (𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁)是适定的,

即解是存在唯一的. 由此,提出系统 (1)的基于输出反

馈的分散有限时间镇定问题:给定𝐾𝑖,使得系统
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𝑥𝑖(𝑡) = (𝐴𝑖 +𝐵𝑖𝐾𝑖)𝑥𝑖(𝑡) + (𝐷𝑖 +Δ𝐷𝑖(𝑡))𝑤𝑖(𝑡)+

𝑁∑
𝑗=1,𝑗 ∕=𝑖

(𝐸𝑖𝑗 +Δ𝐸𝑖𝑗(𝑡))𝑥𝑗(𝑡);

𝑤̇𝑖(𝑡) = (𝑆𝑖 +Δ𝑆𝑖(𝑡))𝑤𝑖(𝑡), 𝑤
T
𝑖 (0)𝑤𝑖(0) ⩽ 𝑑𝑖

关于 (𝑐1, 𝑐2, 𝑇,𝑅1, ⋅ ⋅ ⋅, 𝑅𝑁 , 𝑑1, ⋅ ⋅ ⋅, 𝑑𝑁 )是FTS的. 寻求

观测器增益𝐿𝑖,使得系统⎧⎨⎩

𝑥𝑖(𝑡) =

(𝐴𝑖 +𝐵𝑖𝐾𝑖)𝑥𝑖(𝑡)−𝐵𝑖𝐾𝑖𝑒𝑖(𝑡)+

(𝐷𝑖+Δ𝐷𝑖(𝑡))𝑤𝑖(𝑡)+

𝑁∑
𝑗=1,𝑗 ∕=𝑖

(𝐸𝑖𝑗+Δ𝐸𝑖𝑗(𝑡))𝑥𝑗(𝑡);

𝑤̇𝑖(𝑡) = (𝑆𝑖 +Δ𝑆𝑖(𝑡))𝑤𝑖(𝑡), 𝑤
T
𝑖 (0)𝑤𝑖(0) ⩽ 𝑑𝑖

关于 (𝑐1, 𝑐2, 𝜔1𝐿,⋅ ⋅ ⋅, 𝜔𝑁𝐿, 𝑇,𝑅1,⋅ ⋅ ⋅, 𝑅𝑁 , 𝑑1,⋅ ⋅ ⋅, 𝑑𝑁 )是

FTB的,而

𝜔𝑖𝐿 ={
𝑒𝑖(𝑡)∣𝑒𝑖(𝑡)=(𝐴𝑖 + 𝐿𝑖𝐶𝑖)𝑒𝑖(𝑡)+(𝐷𝑖+Δ𝐷𝑖(𝑡))𝑤𝑖(𝑡)+

𝑁∑
𝑗=1,𝑗 ∕=𝑖

(𝐸𝑖𝑗 +Δ𝐸𝑖𝑗(𝑡))(𝑒𝑗(𝑡) + 𝜉𝑗(𝑡)), 𝑒𝑖(0) = 𝑥𝑖0,

𝑤̇𝑖(𝑡) = (𝑆𝑖 +Δ𝑆𝑖(𝑡))𝑤𝑖(𝑡), 𝑤
T
𝑖 (0)𝑤𝑖(0) ⩽ 𝑑𝑖,

𝜉𝑖(𝑡) = (𝐴𝑖 +𝐵𝑖𝐾𝑖)𝜉𝑖(𝑡)− 𝐿𝑖𝐶𝑖𝑒𝑖(𝑡), 𝜉𝑖(0) = 0,

𝑁∑
𝑖=1

𝑥T
𝑖0𝑅𝑖𝑥𝑖0 ⩽ 𝑐1

}
, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁.

同样, 先考虑确定性系统的分散有限时间镇定,

即在系统 (1)中令Δ𝐷𝑖(𝑡),Δ𝐸𝑖𝑗(𝑡),Δ𝑆𝑖(𝑡)均为零矩

阵,则有如下定理:

定定定理理理 3 记

𝑄̄21𝑖 = 𝑅
1/2
𝑖 𝑄21𝑖𝑅

1/2
𝑖 , 𝑄̄22𝑖 = 𝑅

1/2
𝑖 𝑄22𝑖𝑅

1/2
𝑖 ,

𝑈21𝑖 = (𝐴𝑖+𝐵𝑖𝐾𝑖)
T𝑄̄21𝑖+𝑄̄21𝑖(𝐴𝑖+𝐵𝑖𝐾𝑖)−𝛼𝑄̄21𝑖,

𝑈22𝑖 = 𝐴T
𝑖 𝑄̄22𝑖 + 𝑄̄22𝑖𝐴𝑖 + 𝐶T

𝑖 𝑀̄
T
𝑖 + 𝑀̄𝑖𝐶𝑖 − 𝛼𝑄̄22𝑖,

𝑈23𝑖 = 𝑄23𝑖𝑆𝑖 + 𝑆T
𝑖 𝑄23𝑖 − 𝛼𝑄23𝑖.

若存在非负常数𝛼, 正定矩阵𝑄21𝑖, 𝑄22𝑖 ∈ 𝑅𝑛𝑖×𝑛𝑖 ,

𝑄23𝑖∈𝑅𝑙𝑖×𝑙𝑖和矩阵 𝑀̄𝑖∈𝑅𝑛𝑖×𝑝𝑖以及正常数𝜆21, 𝜆̂21,

𝜆̂22, 𝜆̂23,使得如下不等式成立:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑈211 −𝑄̄211𝐵1𝐾1 𝑄̄211𝐷1

−𝐾T
1 𝐵

T
1 𝑄̄211 𝑈221 𝑄̄221𝐷1

𝐷T
1 𝑄̄211 𝐷T

1 𝑄̄221 𝑈231

𝐸T
12𝑄̄211 + 𝑄̄212𝐸21 𝐸T

12𝑄̄221 0

𝑄̄222𝐸21 0 0

0 0 0
...

...
...

𝐸T
1𝑁 𝑄̄211 + 𝑄̄21𝑁𝐸𝑁1 𝐸T

1𝑁 𝑄̄221 0

𝑄̄22𝑁𝐸𝑁1 0 0

0 0 0

→

←

𝑄̄211𝐸12+𝐸T
21𝑄̄212 𝐸T

21𝑄̄222 0 ⋅ ⋅ ⋅
𝑄̄221𝐸12 0 0 ⋅ ⋅ ⋅

0 0 0 ⋅ ⋅ ⋅
𝑈212 −𝑄̄212𝐵2𝐾2 𝑄̄212𝐷2 ⋅ ⋅ ⋅

−𝐾T
2 𝐵

T
2 𝑄̄212 𝑈222 𝑄̄222𝐷2 ⋅ ⋅ ⋅

𝐷T
2 𝑄̄212 𝐷T

2 𝑄̄222 𝑈232 ⋅ ⋅ ⋅
...

...
...

. . .

𝐸T
2𝑁 𝑄̄212+𝑄̄21𝑁𝐸𝑁2 𝐸T

2𝑁 𝑄̄222 0 ⋅ ⋅ ⋅
𝑄̄22𝑁𝐸𝑁2 0 0 ⋅ ⋅ ⋅

0 0 0 ⋅ ⋅ ⋅

→

←

𝑄̄211𝐸1𝑁+𝐸T
𝑁1𝑄̄21𝑁 𝐸T

𝑁1𝑄̄22𝑁 0

𝑄̄221𝐸1𝑁 0 0

0 0 0

𝑄̄212𝐸2𝑁+𝐸T
𝑁2𝑄̄21𝑁 𝐸T

𝑁2𝑄̄22𝑁 0

𝑄̄222𝐸2𝑁 0 0

0 0 0
...

...
...

𝑈21𝑁 −𝑄̄21𝑁𝐵𝑁𝐾𝑁 𝑄̄21𝑁𝐷𝑁

−𝐾T
𝑁𝐵T

𝑁 𝑄̄21𝑁 𝑈22𝑁 𝑄̄22𝑁𝐷𝑁

𝐷T
𝑁 𝑄̄21𝑁 𝐷T

𝑁 𝑄̄22𝑁 𝑈23𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0;

(18)

𝜆21𝐼 ⩽ 𝑄21𝑖 ⩽ 𝜆̂21𝐼, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁 ; (19)

0 < 𝑄22𝑖 ⩽ 𝜆̂22𝐼, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁 ; (20)

0 < 𝑄23𝑖 ⩽ 𝜆̂23𝐼, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁 ; (21)

𝑐1(𝜆̂21 + 𝜆̂22) + 𝜆̂23

𝑁∑
𝑖=1

𝑑𝑖 ⩽ 𝑐2 e
−𝛼𝑇𝜆21. (22)

则系统 (1) (Δ𝐷𝑖(𝑡),Δ𝐸𝑖𝑗(𝑡),Δ𝑆𝑖(𝑡)均为零矩阵时)的

基于输出反馈的分散有限时间镇定问题是可解的,而

𝐿𝑖=𝑄̄−1
22𝑖𝑀̄𝑖, 𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁 .

证证证明明明 记

𝑧(𝑡) = [𝑥T
1 (𝑡), 𝑒

T
1 (𝑡), 𝑤

T
1 (𝑡), 𝑥

T
2 (𝑡), 𝑒

T
2 (𝑡), 𝑤

T
2 (𝑡),

⋅ ⋅ ⋅ , 𝑥T
𝑁 (𝑡), 𝑒T𝑁 (𝑡), 𝑤T

𝑁 (𝑡)]T,

𝑃 = diag(𝑄̄211, 𝑄̄221, 𝑄231, 𝑄̄212, 𝑄̄222,

𝑄232, ⋅ ⋅ ⋅ , 𝑄̄21𝑁 , 𝑄̄22𝑁 , 𝑄23𝑁 ),

则
𝑁∑
𝑖=1

(𝑥T
𝑖 (𝑡)𝑅

1/2
𝑖 𝑄21𝑖𝑅

1/2
𝑖 𝑥𝑖(𝑡)+

𝑒T𝑖 (𝑡)𝑅
1/2
𝑖 𝑄22𝑖𝑅

1/2
𝑖 𝑒𝑖(𝑡) + 𝑤T

𝑖 (𝑡)𝑄23𝑖𝑤𝑖(𝑡)) =

𝑁∑
𝑖=1

(𝑥T
𝑖 (𝑡)𝑄̄21𝑖𝑥𝑖(𝑡)+

𝑒T𝑖 (𝑡)𝑄̄22𝑖𝑒𝑖(𝑡) + 𝑤T
𝑖 (𝑡)𝑄23𝑖𝑤𝑖(𝑡)) =

𝑧T(𝑡)𝑃𝑧(𝑡) =: 𝑉 (𝑧(𝑡)).



第 7期 傅 勤: 具有干扰输入的大型互联线性系统的分散有限时间镇定 1071

将 𝑀̄𝑖=𝑄̄22𝑖𝐿𝑖代入式 (18),得⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑈211 −𝑄̄211𝐵1𝐾1 𝑄̄211𝐷1

−𝐾T
1 𝐵

T
1 𝑄̄211 𝑉221 𝑄̄221𝐷1

𝐷T
1 𝑄̄211 𝐷T

1 𝑄̄221 𝑈231

𝐸T
12𝑄̄211 + 𝑄̄212𝐸21 𝐸T

12𝑄̄221 0

𝑄̄222𝐸21 0 0

0 0 0
...

...
...

𝐸T
1𝑁 𝑄̄211 + 𝑄̄21𝑁𝐸𝑁1 𝐸T

1𝑁 𝑄̄221 0

𝑄̄22𝑁𝐸𝑁1 0 0

0 0 0

→

←

𝑄̄211𝐸12+𝐸T
21𝑄̄212 𝐸T

21𝑄̄222 0 ⋅ ⋅ ⋅
𝑄̄221𝐸12 0 0 ⋅ ⋅ ⋅

0 0 0 ⋅ ⋅ ⋅
𝑈212 −𝑄̄212𝐵2𝐾2 𝑄̄212𝐷2 ⋅ ⋅ ⋅

−𝐾T
2 𝐵

T
2 𝑄̄212 𝑉222 𝑄̄222𝐷2 ⋅ ⋅ ⋅

𝐷T
2 𝑄̄212 𝐷T

2 𝑄̄222 𝑈232 ⋅ ⋅ ⋅
...

...
...

. . .

𝐸T
2𝑁 𝑄̄212+𝑄̄21𝑁𝐸𝑁2 𝐸T

2𝑁 𝑄̄222 0 ⋅ ⋅ ⋅
𝑄̄22𝑁𝐸𝑁2 0 0 ⋅ ⋅ ⋅

0 0 0 ⋅ ⋅ ⋅

→

←

𝑄̄211𝐸1𝑁+𝐸T
𝑁1𝑄̄21𝑁 𝐸T

𝑁1𝑄̄22𝑁 0

𝑄̄221𝐸1𝑁 0 0

0 0 0

𝑄̄212𝐸2𝑁+𝐸T
𝑁2𝑄̄21𝑁 𝐸T

𝑁2𝑄̄22𝑁 0

𝑄̄222𝐸2𝑁 0 0

0 0 0
...

...
...

𝑈21𝑁 −𝑄̄21𝑁𝐵𝑁𝐾𝑁 𝑄̄21𝑁𝐷𝑁

−𝐾T
𝑁𝐵T

𝑁 𝑄̄21𝑁 𝑉22𝑁 𝑄̄22𝑁𝐷𝑁

𝐷T
𝑁 𝑄̄21𝑁 𝐷T

𝑁 𝑄̄22𝑁 𝑈23𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

<0.

(23)

其中𝑉22𝑖=(𝐴𝑖+𝐿𝑖𝐶𝑖)
T𝑄̄22𝑖+𝑄̄22𝑖(𝐴𝑖+𝐿𝑖𝐶𝑖)−𝛼𝑄̄22𝑖,

𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁 . 由 𝑒𝑗(𝑡) + 𝜉𝑗(𝑡) = 𝑥𝑗(𝑡),联合式 (14)∼
(16), Δ𝐷𝑖(𝑡),Δ𝐸𝑖𝑗(𝑡),Δ𝑆𝑖(𝑡)均为零矩阵时,有⎧⎨⎩

𝑥𝑖(𝑡) = (𝐴𝑖 +𝐵𝑖𝐾𝑖)𝑥𝑖(𝑡)−𝐵𝑖𝐾𝑖𝑒𝑖(𝑡)+𝐷𝑖𝑤𝑖(𝑡)+
𝑁∑

𝑗=1,𝑗 ∕=𝑖

𝐸𝑖𝑗𝑥𝑗(𝑡), 𝑥𝑖(0) = 𝑥𝑖0;

𝑒𝑖(𝑡) = (𝐴𝑖 + 𝐿𝑖𝐶𝑖)𝑒𝑖(𝑡) +𝐷𝑖𝑤𝑖(𝑡)+
𝑁∑

𝑗=1,𝑗 ∕=𝑖

𝐸𝑖𝑗𝑥𝑗(𝑡), 𝑒𝑖(0) = 𝑥𝑖0;

𝑤̇𝑖(𝑡) = 𝑆𝑖𝑤𝑖(𝑡), 𝑤
T
𝑖 (0)𝑤𝑖(0) ⩽ 𝑑𝑖.

(24)

因此,由式 (24)对𝑉 (𝑧(𝑡))求导,并利用式 (23)可得到,

对于一切 𝑡 ∈ [0, 𝑇 ], 所有 𝑒𝑖(𝑡) ∈ 𝜔𝑖𝐿(𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁),

Δ𝐷𝑖(𝑡),Δ𝐸𝑖𝑗(𝑡),Δ𝑆𝑖(𝑡)均为零,有

𝑉̇ (𝑧(𝑡)) < 𝛼𝑉 (𝑧(𝑡)). (25)

对式 (25)从 0到 𝑡积分,得

𝑉 (𝑧(𝑡)) < 𝑉 (𝑧(0)) e𝛼𝑡. (26)

由𝑉 (𝑧(𝑡))的定义及式 (19)∼(21),可知

𝑉 (𝑧(𝑡)) ⩾
𝑁∑
𝑖=1

(𝜆min(𝑄21𝑖)𝑥
T
𝑖 (𝑡)𝑅𝑖𝑥𝑖(𝑡)+

𝜆min(𝑄22𝑖)𝑒
T
𝑖 (𝑡)𝑅𝑖𝑒𝑖(𝑡)+

𝜆min(𝑄23𝑖)𝑤
T
𝑖 (𝑡)𝑤𝑖(𝑡)) ⩾

𝜆21

𝑁∑
𝑖=1

𝑥T
𝑖 (𝑡)𝑅𝑖𝑥𝑖(𝑡), (27)

𝑉 (𝑧(0)) e𝛼𝑡 ⩽
( 𝑁∑

𝑖=1

(𝜆max(𝑄21𝑖)𝑥
T
𝑖 (0)𝑅𝑖𝑥𝑖(0)+

𝜆max(𝑄22𝑖)𝑒
T
𝑖 (0)𝑅𝑖𝑒𝑖(0)+

𝜆max(𝑄23𝑖)𝑤
T
𝑖 (0)𝑤𝑖(0))

)
e𝛼𝑡 ⩽[

(𝜆̂21 + 𝜆̂22)𝑐1 + 𝜆̂23

𝑁∑
𝑖=1

𝑑𝑖

]
e𝛼𝑇 . (28)

由式 (22)和 (26)∼ (28),得
𝑁∑
𝑖=1

𝑥T
𝑖 (𝑡)𝑅𝑖𝑥𝑖(𝑡)⩽𝑐2

对一切 𝑡∈ [0, 𝑇 ]均成立. 2
同上节,由Schur补引理,可得:

定定定理理理 4 若存在非负常数𝛼,正数 𝜀𝑖, 𝜀𝑖𝑗 , 𝛿𝑖, 𝛿𝑖𝑗 ,

𝜂𝑖, 𝜂𝑖𝑗 ,正定矩阵𝑄21𝑖, 𝑄22𝑖 ∈ 𝑅𝑛𝑖×𝑛𝑖 , 𝑄23𝑖∈𝑅𝑙𝑖×𝑙𝑖和

矩阵 𝑀̄𝑖∈𝑅𝑛𝑖×𝑝𝑖 ,使得如下的LMI成立:[
𝑌11 𝑌12

𝑌 T
12 𝑌22

]
< 0.

其中

𝑌11 =⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑈̂211 −𝑄̄211𝐵1𝐾1 𝑄̄211𝐷1

−𝐾T
1 𝐵

T
1 𝑄̄211 𝑈̂221 𝑄̄221𝐷1

𝐷T
1 𝑄̄211 𝐷T

1 𝑄̄221 𝑈̂231

𝐸T
12𝑄̄211+𝑄̄212𝐸21 𝐸T

12𝑄̄221 0

𝑄̄222𝐸21 0 0

0 0 0
...

...
...

𝐸T
1𝑁 𝑄̄211+𝑄̄21𝑁𝐸𝑁1 𝐸T

1𝑁 𝑄̄221 0

𝑄̄22𝑁𝐸𝑁1 0 0

0 0 0

→
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←

𝑄̄211𝐸12+𝐸T
21𝑄̄212 𝐸T

21𝑄̄222 0 ⋅ ⋅ ⋅
𝑄̄221𝐸12 0 0 ⋅ ⋅ ⋅

0 0 0 ⋅ ⋅ ⋅
𝑈̂212 −𝑄̄212𝐵2𝐾2 𝑄̄212𝐷2 ⋅ ⋅ ⋅

−𝐾T
2 𝐵

T
2 𝑄̄212 𝑈̂222 𝑄̄222𝐷2 ⋅ ⋅ ⋅

𝐷T
2 𝑄̄212 𝐷T

2 𝑄̄222 𝑈̂232 ⋅ ⋅ ⋅
...

...
...

. . .

𝐸T
2𝑁 𝑄̄212+𝑄̄21𝑁𝐸𝑁2 𝐸T

2𝑁 𝑄̄222 0 ⋅ ⋅ ⋅
𝑄̄22𝑁𝐸𝑁2 0 0 ⋅ ⋅ ⋅

0 0 0 ⋅ ⋅ ⋅

→

←

𝑄̄211𝐸1𝑁+𝐸T
𝑁1𝑄̄21𝑁 𝐸T

𝑁1𝑄̄22𝑁 0

𝑄̄221𝐸1𝑁 0 0

0 0 0

𝑄̄212𝐸2𝑁+𝐸T
𝑁2𝑄̄21𝑁 𝐸T

𝑁2𝑄̄22𝑁 0

𝑄̄222𝐸2𝑁 0 0

0 0 0
...

...
...

𝑈̂21𝑁 −𝑄̄21𝑁𝐵𝑁𝐾𝑁 𝑄̄21𝑁𝐷𝑁

−𝐾T
𝑁𝐵T

𝑁 𝑄̄21𝑁 𝑈̂22𝑁 𝑄̄22𝑁𝐷𝑁

𝐷T
𝑁 𝑄̄21𝑁 𝐷T

𝑁 𝑄̄22𝑁 𝑈̂23𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

𝑌12 =⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑄̄211𝐹1 𝑄̄211𝐻12 ⋅ ⋅ ⋅ 𝑄̄211𝐻1𝑁 0

0 0 ⋅ ⋅ ⋅ 0 𝑄̄221𝐹1

0 0 ⋅ ⋅ ⋅ 0 0

0 0 ⋅ ⋅ ⋅ 0 0

0 0 ⋅ ⋅ ⋅ 0 0

0 0 ⋅ ⋅ ⋅ 0 0
...

...
. . .

...
...

0 0 ⋅ ⋅ ⋅ 0 0

0 0 ⋅ ⋅ ⋅ 0 0

0 0 ⋅ ⋅ ⋅ 0 0

→

←

0 ⋅ ⋅ ⋅ 0 0 0 0

𝑄̄221𝐻12 ⋅ ⋅ ⋅ 𝑄̄221𝐻1𝑁 0 0 0

0 ⋅ ⋅ ⋅ 0 𝑄231𝑊1 0 0

0 ⋅ ⋅ ⋅ 0 0 𝑄̄212𝐻21 𝑄̄212𝐹2

0 ⋅ ⋅ ⋅ 0 0 0 0

0 ⋅ ⋅ ⋅ 0 0 0 0
...

. . .
...

...
...

...

0 ⋅ ⋅ ⋅ 0 0 0 0

0 ⋅ ⋅ ⋅ 0 0 0 0

0 ⋅ ⋅ ⋅ 0 0 0 0

→

←

⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ 𝑄̄212𝐻2𝑁 0 0 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ 0 𝑄̄222𝐻21 𝑄̄222𝐹2 ⋅ ⋅ ⋅ 𝑄̄222𝐻2𝑁

⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅ 0

. . .
...

...
...

. . .
...

⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅ 0

→

←

0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0

0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0

0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0

0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0

0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0

𝑄232𝑊2 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0
...

. . .
...

...
...

...

0 ⋅ ⋅ ⋅ 𝑄̄21𝑁𝐻𝑁1 𝑄̄21𝑁𝐻𝑁2 ⋅ ⋅ ⋅ 𝑄̄21𝑁𝐹𝑁

0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0

0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0

→

←

0 0 ⋅ ⋅ ⋅ 0 0

0 0 ⋅ ⋅ ⋅ 0 0

0 0 ⋅ ⋅ ⋅ 0 0

0 0 ⋅ ⋅ ⋅ 0 0

0 0 ⋅ ⋅ ⋅ 0 0

0 0 ⋅ ⋅ ⋅ 0 0
...

...
. . .

...
...

0 0 ⋅ ⋅ ⋅ 0 0

𝑄̄22𝑁𝐻𝑁1 𝑄̄22𝑁𝐻𝑁2 ⋅ ⋅ ⋅ 𝑄̄22𝑁𝐹𝑁 0

0 0 ⋅ ⋅ ⋅ 0 𝑄23𝑁𝑊𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

𝑌22 =

diag(−𝜀1𝐼,−𝜀12𝐼, ⋅ ⋅ ⋅ ,−𝜀1𝑁𝐼,−𝜂1𝐼,−𝜂12𝐼, ⋅ ⋅ ⋅ ,
− 𝜂1𝑁𝐼,−𝛿1𝐼,−𝛿21𝐼,−𝜀2𝐼, ⋅ ⋅ ⋅ ,−𝜀2𝑁𝐼,−𝜂21𝐼,
− 𝜂2𝐼, ⋅ ⋅ ⋅ ,−𝜂2𝑁𝐼,−𝛿2𝐼, ⋅ ⋅ ⋅ ,−𝛿𝑁1𝐼,−𝛿𝑁2𝐼,

⋅ ⋅ ⋅ ,−𝜀𝑁𝐼,−𝜂𝑁1𝐼,−𝜂𝑁2𝐼, ⋅ ⋅ ⋅ ,−𝜂𝑁𝐼,−𝛿𝑁𝐼);

𝑈̂211 = 𝑈211 +

𝑁∑
𝑖=2

(𝛿𝑖1 + 𝜂𝑖1)𝐿
T
𝑖1𝐿𝑖1;

𝑈̂221 = 𝑈221;

𝑈̂231 = 𝑈231 + 𝛿1𝐽
T
1 𝐽1 + (𝜀1 + 𝜂1)𝐺

T
1 𝐺1;

𝑈̂212 = 𝑈212 + (𝜀12 + 𝜂12)𝐿
T
12𝐿12+

𝑁∑
𝑖=3

(𝛿𝑖2 + 𝜂𝑖2)𝐿
T
𝑖2𝐿𝑖2;
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𝑈̂222 = 𝑈222;

𝑈̂232 = 𝑈232 + 𝛿2𝐽
T
2 𝐽2 + (𝜀2 + 𝜂2)𝐺

T
2 𝐺2;

𝑈̂21𝑁 = 𝑈21𝑁 +

𝑁−1∑
𝑖=1

(𝜀𝑖𝑁 + 𝜂𝑖𝑁 )𝐿T
𝑖𝑁𝐿𝑖𝑁 ;

𝑈̂22𝑁 = 𝑈22𝑁 ;

𝑈̂23𝑁 = 𝑈23𝑁 + 𝛿𝑁𝐽T
𝑁𝐽𝑁 + (𝜀𝑁 + 𝜂𝑁 )𝐺T

𝑁𝐺𝑁 .

𝑄̄21𝑖, 𝑄̄22𝑖, 𝑈21𝑖, 𝑈22𝑖, 𝑈23𝑖同定理 3,且式(19)∼ (22)成

立, 则系统 (1)的基于输出反馈的分散有限时间镇定

问题是可解的,而𝐿𝑖=𝑄̄−1
22𝑖𝑀̄𝑖, 𝑖=1, 2, ⋅ ⋅ ⋅ , 𝑁 .

5 结结结 论论论

本文考虑了含干扰输入的大型互联线性系统的

分散有限时间镇定问题.与文献 [5,15]相对比,本文的

主要贡献是: 将 [15]中分散有限时间镇定的概念和控

制设计方法推广应用到含干扰输入的不确定大系统;

也是将 [5]中的系统组合成大系统,并基于LMI设计

得到系统的状态反馈和输出反馈控制律.当反馈控制

律作用于该系统时,闭环系统是有限时间稳定的.
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