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Abstract: To the optimal control(OC) problems whose optimal solutions are weakly discontinuous, an adaptive algorithm
is introduced. The time interval is divided into several subintervals. The piecewise polynomials are used to approximate the
solutions of OC problems. In each subinterval, the considered OC problems are discretized by using the pseudospectral
method and the Chebyshev-Gauss-Lobatto points are the collocation points. According to the numerical solutions, the
adaptive algorithm divides the subintervals into new subintervals, and increases the degrees of the approximating polynomials

in some subintervals. Finally, several examples are given to demonstrate the high accuracy and effectiveness of the proposed

algorithm.
Key words: optimal control problem; spectral element method; pseudospectral method; weakly discontinuous solution;
adaptive

0 3 = HOH S5 I, Sakawal W5 T H i1 GATHLE AP IS

IR (OC) ) A EAT iz (KN T 15 5, Ferp
IR )R] A H &5 A SCHIE ST R Bolza B OC i) 7.
S o T 1 g DAV HH A A A7 75 58 W) T, 90 PR
XIFRATR #5 OC il il | G S W ¥ OC 7] 2L H
KATHLE AP IRIZ B OC [n) JB). 71 Jaddul R fif 11
MR AR XS R R A% OC T, SR 4847 3 42160 7
TN 3 AN TSE, JEAOGHT I s AR A0 A fh 1
Jtn T ANSE A AR, AR A% ] T 2 H L8 A T
Zhao ZEPILL OC [ 78 4 A58 BRI ST 17 G 8 28 400 Jit
PRI PN ARl H 0 B, JEHE S B, AEHE 2t
PR AT AR AN, TR G 8 S 7 47 i

) (1) OC )il 7 il bR F s~V e 2 (R 3E 77, th 4
WAL 11w 40 I S o [P o il o T v B
PTG T3 EAS T e U6 T 1K OC il e SR
PRI TGS T AN (0 B DU, H T A A T BT 5
[B] W7 s, JUTE T VA KR B W] BE A2 22, Gong SEPIEST T
AU 5 V5 Ak A 9] W A £ OC T3, BE v ) S5 4
Or B EAEBUE S BUE BRI &, AEFT T X (8]
Py 388 e 30 22 IR K. AT 99 1) BT 0 OC i)
R, SRRSOV Tl > B Tk, s e
AT (RSB R e AR ) DX i) 5 55 ) BBl e, 3K
SERHE 7 DRI N, ot T e PR A A 5 AN RO, L g

SR IRBBCAR (38 3 22 390K, 1R B 1 D) A

Igts B EA: 2011-06-30; f&[E HHA: 2011-10-27.
HEWH: ERARRPEILGTH (60874039); M #ZE SR H (J50101).
1EE @I ZER0982-), B, 4, MIERsr 5 RE S e i ) i BB ARV 9, RIS (1955—), B3, #4%, 1+

AT, AT 23 7 RSB AR S5



314 = 1 5 * % 08 %
O B AT M) MlulN () e VE (G =1,2,-- , M,), 5
m‘uﬁ»ﬂg Gongtr a%15) ‘/J%x?%‘ﬁ" ﬁﬁﬁaﬁﬁm il min JN (@M (), uN () =
a)ﬁiiﬁzﬁﬁﬁ%é&ﬁzﬁ, uﬁtﬂ%&m%ﬁ%ﬁﬁﬁuﬁ p
FH1 T 58 60 T 5 BT A SO — e Fi%ﬁr‘/\ﬁ\ Zt'f — e ZF N (¢N) N (N6 )N
L AR T 5 1 X ) 22 55 T T . % k=1
T K S — R R T T il wmﬂm@ 1f @™ (83), uN (t%) — &N ()|l <6,
(R T B, A S 1R 1 3 I A A8 K 1 T ) Ay 4 n=1,2, e (No—1), k= 1,2, K;
ST 22 3505 A 8, 0 0 X 1 A M s S — 1F @ (), (b 1)) — &N () <6,
AN TE SR, AT H, A SCHEH 100 1 38 17 5 3 A g
P T 0 T B R 3 1 T R T B, BV o N o
180136307 2 392X 11 VKK I f (2™ (te), u™ (t)) — ™ (t;)]loo <0,
1 rﬂiﬂé\.’ijﬁﬁ k=12,--- | K;
N (4N N (N _
B0 M, M, M, FIM, 2 apries ze  PETED)u5") <01, =01, N,
101N Bolza T b4 1 5 (17 4 B): k=12, K;
min J[z(-), u(-)] = le(@™ (a), 2™ (b))l < 6.
SR
[ F(2(), u(t)dt + E(x(a), 2(b)), .
‘ 5 (Ni+1)
() = F((t), u(t)) 1=[L,1,- " e R,
h(z(t), u(t)) < 0, e(z(a),z(b)) = 0. N (t) = Jim le(tL &N () = Jim &N (1),

Hrb: 2(t) = (21(8), 22(t), -+ 20, (1) BARH My A
1E [a, b D] 13 22 A IRPIR A B2 w(t) = (ua (),
uz(t), -+ un, (8) RANH My, ANTE [a, b] X [H) F 3 S
R a4, RELE - RM> x RM» — R, E : RM= x
RM: 5 R, f: RM= x RM« - RM= e : RM= x RM-
— RMe filh : RM= x RMv — RMn J& 0 HLi% 4
AL O Ay AH I A HE ) 2 ) B a T 43 ) Dk AR IR AN 2%
1E I TH].

H T NG CYE, iR T = (a,b), BIX ] T 433K

KANTXE Ly = (tp_1,th), a=tg <ty <--- < tg =b,
I= ot Iy. B8 N = (N1, No, - -+, Ng¢) JE 1ETE50 41 i 1)
mé:xltm (1) R ut) ORCAR A

e (t) = (a7 (8), 237 (1), -, 23y, (1)),

ul (1) = (uf’ (t),ug (1), ,ujy, (1).

FEREAN XA T, = [th—1, te] P, 50D UK 25 46 ]
Nj.+1 4 CGL(Chebyshev-Gauss-Lobatto) s {0, 1V,
JENE A BLE A, S
tNe =t 1 4 (tr — tp_1)(1 — cos(nmt/Ny))/2,
n=20,1,---, Ng.
WM AT E 48 I IEHEE, A Py (1) Bon I
B M AR E X Ak, C(T) For X H] T

J:m LA XTSIV = {0 €

ﬁ*ﬂ%iﬂﬂ‘J%%ﬁtlﬂ%ﬂBN: FHF 2N () € V]{f(i =1,2,

€| oo 7 M) L € (R85 KA, & > 0924 T itk BN (1)
AT PRI 1 B0, {wd wiE - wE Y
T AE XA I, [te—1,te] W UF SR 23 i AT 1
Clenshaw-Curtis K323 20 FL 404
2 HENHEEDE

(EPCIVA- 772 3/

Step 1: HI4GA. 3872 IEEEEL Ninidal, Ninins Nmax G
S Niin < Nmax), 0GR 0 < 0 < 1), e Fl§ AR TEN
%’;& WHE K = 1FWIEE M R {to, tr }, H to = a,

=b. ﬁﬁ N = ( ), 'T' Nl mmal

Step 2: HIUCK AR ) . ¥ & N M uN WA
A2, SRAE B B BN, H Jhew 105573 21 11 B b
1H.

Step 3: VAL RE R s B T AW AT N A1

BT (b, tr)(k = 1,2, K) WIHE

d; =

d N d N, N,

t k 7t k
(el )~ (G leea, )0 = 650,
n:2737 7(Nk71)1
dk
‘(d N|7N,c) lim —uN‘(tJlV"—tk_l),
dt t=t tot, d
dy, =
d N d N N

BT U | (O]




2 AR 5 BARdsd) 7R 58 0 wRe — /> B iE R Ak 315
K N, K N \
- g9 AT At = 0.12 FT ¢ = 0.88 .
A= §§ d" E N ).
(k1n=1 >/<k1 )

LERFAS T XA (t—1, te) N, XEF AR € {1,2,
co NG IR EAEX dE > AP M, MAE
3 A — AL, WIE £ = (6% + ¢ ) /2 db i —
ANB A 53 R

Step4: JERUINES J5 1) B A ) 8 BN . T 4 IH
(PN 3 R0, GEvl 1 B (080 N 20 0 19 208716 K RUETN
WA AL {to, b1, -+ s tx ), WE N = (Ni, No, -+, Ng),
HA Ny = Ny =+ = Nk = Npin.

Step 5: HIE A1 X 1] Py 30 2 IR E vy
AT E=12 K, W%ty —tp_1 >00b—a)/K,
WY E my, = 2, HWEE my = 1.

Step 6: AN I I 25 ) BN ¥ B T UR A5 .
WE N MuNfEty = afltx = b RILEFE I IH
AR AE 1% A B, B 2N Rl ulN 758 N 43 05
t= (tNe % ) /2 AR DI A TH A A ¢
Al ERAMER S AT AR R € {1,2,
o K WCE 2N N AT IXA] (1, ) P
WIUEHE WA B AT 1% DX TA) 20 A7 bty A R0 0 0 1
LR PEAG(Y.

Step 7: SR IN% 5 1) B R BN G A ot 15
P IEFR T, W Jog = Jnew. B ESHUA BN, H Jnew
WWRAF BN HFRE. 3 [ Jnew — Jowal /| Joal < &, WL
F# 75 47 max{ N1, No, -+ , N }>Nmax, WH % Step 3.
WE Ny = miNg, k=1,2,--- K. #If] b—f# BN
R 45 FAE N — i BN WG A W, R
Step 7.

3 Ffahlr

AU B BT 1) B N SRR AT B S g A
SNOPT®Ifi# 25§ 1] % BN, {F Matlab 6.5 #3855 T
AT 9aRE, HAER —& PCHL BTl 5.

i1 A SCRDE AR SRR (91 i 2, oF Srpik
5E Ninitial = 32, Niin = 4, Nyax = 8,0 = 0.6, & = 2 x
10710, § = 1016,

R VB T ARSI U ) 8 BN g 3, 1
t JN JEARSCERAT RN S H AR, fR BT R0 B 1)
HERMEP R J,=4/0.36. 3CHR [9] 1) TABLEL 41 T
EITEAE SIA s 3 B i /NRZE |JN — J,| = 4.0 x
1078, 1 WoR, ARSCHEVES 4 Kk BN I, H 45 A
B TG BTN R 2, d 21 B 1 4 i ek K
s, B A O R R EE AR AE {to, t1-+ ,tx}
A, <o R AR A G R A, o RO B
FRALE T B IR, P2 A2 3 1 TR SO T 2 1 A6
{to,t1, -+ tr b AHEG H, BIEKKE N 7 B

F1 AKXEEME 1 HER

FIX T4 e A EE RN
L K
K K+ Ng IN — Ja|
k=1
1 1 33 4.609 x 1073
2 9 45 9.561 x 10™4
3 9 49 9.619 x 1074
4 9 45 2.995 x 10~°
5 9 57 1.411 x 10~°
5
O L
_5 L
=
_10 L
-15
-20 s - s s
0 0.2 0.4 0.6 0.8 1
t/s

1 RCEZRED] 152 asHl s i

5

4% = .
3 3 mmm coo o

2 @ oon ooo o

1

0 0.2 0.4 0.6 0.8 1
t/s

B2 %1% LR BN ERAEEE (o b b}
B2 fEan B R SS Sedas i in) git:
. 1o, o, »
min _ifo (U1 +u2+u3) ;
wr = (—(
we = (—=(I1 — I3)wiws + uz)/ Iz,
w5 = (—(

(=2 — I)wiwa + us)/I3,

Is — I)wows +uy) /14,

wy(t) — (5 x 107%2 — 5 x 107*¢ + 0.016) < 0,
w1(0) = 0.01rad/s, wz(0) = 0.005rad/s,
ws3(0) = 0.001 rad/s,
w1 (100) = w5 (100) = ws(100) = 0.
Ho

I, = 86.24kg - m?,
I, = 85.07kg - m?,
I3 =113.59kg - m?.

AL TE Ninitiar = 32, Nmin = 4, Niax = 8, 6
=0.6,e =2x 1070 HI5 = 1016, L2457 ALK
RIS R, Horh A H FRE S Jaddut S
(1) H A5 4H 0.005 309 02 K EAH [F]. &3 e «“O” LR



316 F Ll

* e 28 &

TEARAE {to, t1, -+ tr} EIOE; <7, “o” Fll “+” LI HL
EARAETC A BRI, 18] 4 02 3 2 IR AR 0T 9 (17 1Y
M {to, te, -+ Lt ). NEI 3R 4 0] LB H, ASCH
TR N 23 ROBECE AR AR R O] R AR A IR A B M

R2 AKXEEMEI2 LR

TIX LR HFrE
L K
K K+ Ng av
k=1
1 1 33 0.005 307 943 220 408 989
2 14 70 0.005 308 661 656 280 864
3 14 86 0.005 308443 556312941
4 28 140 0.005308455036376 677
5 28 176 0.005308449391 65105
0
L R TIr-ENE—————— |
’é\ *4 o o o0 oD 0 O O O O EIEEETE
z e m———
> -8t f
E —u,
-12¢ o U,
| s Uy
0 20 40 60 80 100
t/s
B3 ANELRE 2[R eEH R
5
4w momo o o om g
~N 3 mm LN o
2 mm ooo ey
1

0 20 40 60 80 100
t/s
B4 FR2HELREBY BRIRBRIMIES {to,t1,-- ,tx}

4 4 »

T AR AR A E 59 101 19 OC 1) 18, A% 32 4 B
2 35 AE A BB, 758 T IX 1] 9 CGL A 4 fi
B, OC i) UG Ak — A AR 22 P MR i) B K S
FRY T3 7 B9 50 5 5 S8 5 1 X T A
7L IR KW, A K A PR S A s R L
S e T SR TARAE 7 DX 6 A PRI I R EE, Ay 1] 1 1
TEAE % T O K T R, %S K X ]
A B84 13 T 2 TR P VB, A R T e DR A R

JEHT RIS Fh B 1R X 1) P S L A mT REAN S D'
1, 22 O I AR AE A, A AN SR L 2
TR e Ja, MR AU SR S B
SCHREEAT LA, S0k T 52 th B 3008 55 ml BUORE 73
B AE 55 A W7 BT, BEL PR AT B FRA L

£ % 3 ik (References)

[1] Jaddu H. Direct solution of nonlinear optimal
control problems using quasilinearization and Chebyshev
polynomials[J]. J of the Franklin Institute, 2002, 339(4/5):
479-498.

[2] Zhao X P, Yang R T, Zhang M J, et al. A computational
approach for understanding immune response to multiple
epitopes based on optimal control formulation[J].
Communications in Nonlinear Science & Numerical
Simulation, 2010, 15(12): 4209-4218.

[3] Sakawa Y. Trajectory planning of a free-flying robot by
using the optimal control[J]. Optimal Control Applications
and Methods, 1999, 20(5): 235-248.

[4] Gong Q, Kang W, Ross I M. A pseudospectral method
for the optimal control of constrained feedback linearizable
systems[J]. IEEE Trans on Automatic Control, 2006, 51(7):
1115-1129.

[5] Gong Q, Fahroo F, Ross I M. Spectral algorithm
for pseudospectral methods in optimal control[J]. J of
Guidance, Control and Dynamics, 2008, 31(3): 460-471.

(6] sKA. A de DL il e MUF) — A BB AL L. R
FAEC #2441, 2009, 24(2): 207-220.

(Zhang W. A numerical method for solving nonsmooth
optimal control problems[J]. Applied Mathematics J of
Chinese Universities, 2009, 24(2): 207-220.)

[71 Gong Q, Ross I M, Fahroo F. Costate computation by
a Chebyshev pseudospectral method[J]. J of Guidance,
Control and Dynamics, 2010, 33(2): 623-628.

[8] Gill P E, Murray W, Saunders M A. SNOPT: An
SQP algorithm for large-scale constrained optimization[J].
SIAM Review, 2005, 47(1): 99-131.

[9] Jain S, Tsiotras P. Multiresolution-based direct trajectory
optimization[C]. Proc of the 46th IEEE Conf on Decision
and Control. New Orleans: LA, 2007: 5991-5996.



