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Problem of grey bilevel multi-objective linear programming and its
algorithm

GUO Huan'?, XIAO Xin-ping', Jeffrey Forrest>

(1. School of Science, Wuhan University of Technology, Wuhan 430063, China; 2. School of Mathematics
and Computer Science, Jianghan University, Wuhan 430056, China; 3. Mathematic Department, Slippery Rock
University, PA 16057, USA. Correspondent: GUO Huan, E-mail: guohuan.2007@ 163.com)

Abstract: Based on the bilevel multi-objective linear programming and the characteristic of grey system, the general gray
bilevel multi-objective linear programming problem with its relevant definition and theorem are given. A globally convergent
algorithm is given to solve the drifting grey bilevel multi-objective linear programming problem. Firstly, multi-objective
programming is transformed into single programming by using linear plus power ideal point algorithm. Then, the grey bilevel
linear programming can be transformed into a grey linear programming problem by its Kuhn-Tucker condition when the
feasible domain is nonempty compact aggregate. So these problems can be solved by using the particle swarm optimization
algorithm to obtain the solution of the gray bilevel multi-objective linear programming problem. Finally, an example shows
the effectiveness of the proposed algorithm.
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1194 = 1 5 * % 09 %
NG ) s I R BB AT AR s, AT B AR 2 i
BT B AR DGR e B B AT Bl H AT 7 5K DL A e i o AT G = {(z,y)|A®) -z + B(®) -y < r(®), 2,y > 0}
% £k M3 Stackelberg X} 518, 1% v 2 — A #1L Y f) )

BN HIE ASRINAIS  nF U I=E ASE 732 581!
AU ) L — R R AN ] S e S AR K (HH AT A
P BTt I 1) 55) 76— Yo AR AR, BLEA K 8
REAEN4, S b, ASCHIESE T K0 2 2 H bR et
Xl ) 8L (GBMLP), # t — i HLA7 4 Jay e Sl Jo 1) Kk
RS

1 KR % Btk

EX 1 — KB 22 H obr et BRI A
(GBMLP) 1] A7~ Ky

Py : max §'(z,y) = CY(®) -w+D'(®) y
(yA2 2 m )
Py : max S?(z,y) = C*(®) -z + D*(®) - y;
y

st. A®) v+ B(®)- -y <r(®),
220,430 )
Hd: @ & KSHE, SY(r,y) : R™ x R — R L
JZH AR, S?(x,y) : R™ x R™ — RZFZHbn
B o € R™ o BEYGRAZ R, y € R™ 2 N AR
A, AARRE AR

/ /
St = [3}7557"' ’571711] ) S? = [557857"' )812712} ;
1 _ 1.l 2 1.2 .
C'(@) =@, @)= @),
1 _ 1 2 192 .
Di(@) = [d (@), D) = [ (@),
A(®) = [ai(®)]y,,,» B(®) = [bi;(®)],,;
Czlj(@) € [Qlljva}jL
i:1727"' 7m17j:1727"' , N
C?j(@’) € [Q?jvé?jL
i:1727"' 7m27j:1727"' , N
1 1 71
d;;(®) € [d;;,dj;],
i:1727"' 7m17j:1727"' , N2,
2 2 72
di;(®) € [d3;, di;],
i:1727"' 7m27j:1727"' , N2,
aij(®) € [a;;, aijl,
i:1727"' 7k7j:1727"' , N3
bij(®) € [bijﬂgij]ﬂ
Z:1727"' 7k7j:1727"' , 23
T(®) - [7"1(@),7“2(@)7 ’rk(®)]l7
TZ(®) € [tiﬂFl]v 1= ]-727 7k;
T = [I,Cl,fEQ, 7mn1] Y= [ylvy% o 7yn2]/~

> GBMLP [ 255Uk, [ | )2 P 3 23 [ B L Ak G
AT ={z: (z,y) €G}; FNEMBIR N —A[E zeT
LIHRIEN 2(z) = {y|B(®)-y < r(®) - A(®) 2,y >
0}. #ng =ng = LI, —FORENEXUZ Hi K GBLP.

EX2 VaeT, £y RN T 2 1
R (BPAAEAE 1 € 2(x), i (2,91) € G, S%(z,y) <
S*(x,y1), S*(2,y) # S*(x, 1)), WFK (2, y) & GBMLP
(RIRIATHR, PIATAREEIC N R.

EX 3 VY(z,y) € R, HAHAE (2, y') € R AL
SY(z,y) < S (', '), WIFK (z,y) & GBMLP ({145 AL fit,
HRIRELN E.

EX 4 Bp,B,0c[0,1] B 1 REL, K
EX(CIBGEUN S MEE e

&;(®) = cij + p(cy — ciy),
i:1727"' vmlaj:]-72v"' ;M5
& (@) = ¢ + p(E; — c),
i:1727"' vaaj:]-72v"' ;M5
71 _ gl 71 1

di;(®) = d;; + p(d;; — d;;),
i:1727"' vmlaj:]-72v"' ;123
72 _ g2 2 2

di;(®) = di; + p(dj; — d;;),
i:1727”' 7m2aj:]-727"' ;123

aij(®) = a;; + B(aij — a;5),
i=1,2,--- ,k,j=1,2,--- ;nq;
bij(®) = by; + B(bij — byj),
1=1,2,--- ,k,j=1,2,-+- no;
(@) =r,+0(F —1r;),i=1,2,--- k.
AR
Pi: max S'(z,y) = CY(®) 2+ DY(®) -y

(y& B )= [ R

Py : max S%(z,y) = C*(®) -z + D*(®) - y;
y

st. A®) -z + B(®) -y < #(®),
r>20,y>0 €)
N (p, B,8) FENL ALK, it GBMLP(p, 8,6). HL 12 H
b B B0 RAE 2 0 max St (p, B, 6), L] 54
G(B,0), a4 R(p, B, 0).
EE 1 (EAATER(p, B,6) T, [HE FIL R
p, BT LA BT 45980 1) X F V6L, B2, 8 € [0, 1), 45 B
< B2, W R(B2,0) € R(B1,0):2) X T°VB, 81,6, € [0,1],
4701 < 02, W R(B,61) € R(B,52).
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g}@g;f 1J);EiIES(ﬂ2, 8) C S(fflmz) BRAMAR k(). 04 DFpy) -y =
ZR % A(B),B(B),r(0) (z,y) € G(Be, k k k k
[Ci (p2) -z + Di(p2) -yl + [CF(p1) - @ — Cf (p2) - 2+
§), HEATT1E A(B2)z + B(B2)y < r(6), WA
Ao );B(;;_ : D¥(pr) -y — D (pa) 3] =
1 1 - _
AB) — AB)]z + [B(B) — B(Ba)ly+ (CFlpa) -2 + Diloa) -l + o1 = p2)(CF = C) -t
1) — 2 1) — 2 _
A(Bo)r + B(Ba)y = (p1 — p2)(DF — DY) - y).
’ | 2Ay . Bl oy < paz >0,y >0,
f(lﬂ_)ﬁi(B(,; ))x o CE(pr) -+ DF(p1) -y < CF(p2) -z + D (p2) -,
2)% 2)Y.

KK B < Bo,z,y =0, H A(B)x + B(B1)y < A(B2)x
+ B(Ba)y < 7(0), FTLA (z,y) € G(B1,0). Mifiy, %[
SE FL BB p, (EB (2%, %) € R(B2,6), H (z*,y*) €
R(B2,0), (x*,y*) € R(B1,6). T

max 5 (z,y) =

max (C'+p(C'=CY)) - w+
gy

max S*(z,y) = S'(a*, y*) =
Y

max (Q1+p(C'1—C1)) . $*+(D1+p(D1—D1)) T
W5 p (AE, AT (2%, y*) 453 B2 BARRE S (z, )
£ R(B1,0) Lﬂz%ﬁm& T (z*,y*) € R(B1,9), I
R(f32,6) C R(p1,9).

DA (z,y) € G(B,61), HIT 01 < b, 7 (61) <
r(d2), 1 A(B)z+B(B)y < 7(01) < 7(02), BTl (z,y) €
G(B,52), i G(B,01) C G(Bi,062). XTI A4k R EL
p, fEW (2%, y*) € R(B,61), WHT (z*,y*) € G(B,61),
I (2%, y*) € G(B,62). t 1) PR AT A, (2, y*) 1
L2 Eﬁ S (x, y) 7E G(B, 62)iﬂzm7ﬁxﬁlﬂ'ﬂ H
(z*,y*) € R(B,62), B R(B,61) C R(B,62). U

ER2 AT R(p, B, 0) T, AIfF FAISEE

D) W p1 < po, W FREEM 8,6 € [0,1], F

(D'+p(D'-D")) -y,

max s¥(py, 8,8) < max s¥(pa, B,0); (€))
2) WK By < Bo, WX T E ] p, 6 € [0,1], 47
max s¥(p, 1,6) < max s¥(p, B2,9); (5)
3) WA 61 = 6, WIXETFE p, 8 € [0,1], 1
max s¥(p, 8,61) < max s¥(p, B, 62). (6)
Horp: M =10Fi=1,2,--- ,my; Mk =21,i=1,
2,- ma.
ﬁEEﬁ H&ct = (ij)mkn17 ch = (Efj)mknl’
DF = (@), DF = (@) WCkp) = CF 4
P(Ci - C7), D¥(p) = Df + p(Df — D). 1k = 11},
i=1,2,--,mq; Mk =2W,0=1,2,-- ,mo. R

18 25 v — i R e R AR OGP ST, X T R
(v,y) € B, 1

JT A
max s; (pl,ﬁ J) < maxs; (pg,ﬁ 5).

2) BN 81 < Bo, HAEHL 15 R(B1,6) C R(Ba,6),
JTLA max s¥(p, B1,8) < max s¥(p, B2, §).

[ F A 3). O

EXS5 Hp=056=1 6= 0K, XMNHEH
%I GBMLP(1,0,1) # & GBMLP [ B AL AR RS L |
JEFE 2 B bR R B AU 5 0 h max 8F; M p =
§=0,8 = LI, 5N 1) 5E A2 AR GBMLP(0,1,0) A
GBMLP [{llf S5 8, H b AT )2 H b ek B0 A

3 max sk, Hod Mk =10, = 1,2, ,may;
Mk =2, i=1,2,- ,ms.
T3 EGBMLP(p,B,aw, 1R 2 H bR

HERIE A L2 B 2T A A, WX TAER p, B,
selo,1, 11
max s¥ < max s¥(p, 8,6) < max3F. @)
Hrp: M =10i=1,2,--- ,my; 4k =20,i=1,
L oee Mo
WEB] SEF max sF <max sF(0,1,0) < max s¥(p,
B3,6). M4 18 T 27 v — ARl i) A AH G P T,
M B2 H AR B A R B Ho,y > 0,p >
0,8>0,8 >0, Mmaxs¥(0,1,0) < max3s¥(p,1,0). X
Kk g€ [0,1],8 >0, HEH 1 715
R(1,0) € R(B,0), R(B,0) < R(8,9).
HER 247
max s¥(p, 1,0) < max s¥(p, 8,0) < max s¥(p, 5, 6).
B BB R R AR AR

max s¥ < maxs¥(p, 8, 9).
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[EEETIENS
max f1(p, 8,0) < max f1(1,0,1) = max f1.
ghig o, U
2 KB _REZHWREBRLEM
21 BRB5EX
EX 6 KO JEZ ARSI, 2
Te A A KB — S0 IR, B4 p =8 =
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6 =0, R RIL Y

Py max S'(z,y) = Cy(®) -z + Di(®) y
(yrt B )z il R
Py : max S%(z,y) = C3(®) -z + D3 (®) - y;

Yy
st. Ap(®) -z + By(®) -y < 19(®),
x>0,y>0,0<0<1. 8)
PR ERBER K 0 58 A RKI, 2 GBMLP(6), H 25 i
h G(0), \TATIECh R(0). BT E B AR RECH T 2,
TEL AT pR £ H L WTAT S R(0) 2 HE A R
22 EBIEKRIESE
221 ZRMEIMACBIER AR VAR AL Z AR D S H AR
X T GBMLP(9) 15 784 (1) R J2 B K 1) 7, AR 4 e

PR3 SR A L H b R B LR (2, *)Xjfﬁﬁﬂgﬁfjﬁﬁ
2 * * N _
(;g?gRS(x y) = si(aty), Wt = si(a*,y),i
1727"'»m2752* = (5%*753*,"‘,8777,2 )%d\jjﬁ*ﬁﬁ
ey B H bR
P, : (Inyl;IéR s Z)\ (z,y) — ), (9)
HrP R R

ved={A= udaree,

ma
i=1

EE 4 HTRMGENN € A, HINA Py
AU AL AL Py (A R

B % (2, y) 2 P AL, X T V(x,y) €
R A
ZA —s7%) SZA( HERNE )
=1
(10)
(2!, y") APy A U, R4 X2, BIfAAE g, €
Q(xz), M (z,y1) € G, S*(2,y1) < S?(2,y') H S*(,
yﬂ#S% y'), WAy
ZA —s7%) <ZA( st(@y') — s7).
=1
(11)
XD HAZEX 10) 7, BTl g e pkoar. U

AR R 2 2 BRI ok s H R R, T2
GBMLP(6) R 7 A R b % 4 A R 2K

Py max S'(z,y) = Cy(®) -z + Dg(®) y
(32 T 2 I S i)
P, : myln 5% (z,y) Z)\ 57°);

st Ap(®) -7+ Be(®) -y < 19(®),

mo

,Mma, Z)\i =1,
i—1

(12)

N>0,i=1,2,

z>20,y>0,0<0<1.
222 FERBRAMHEANENRE

TES5 X7 GBMLP®), 45E F2 MLl o e
R(O) W], y i 2RI B A 1 R 402 Fu > 0

Houw=[uy,ug, - ug), 575y il L0 N 4R &
i/\ivy(s z,y) — s7°)+
Zuj x+B9(®) —r?(@)) =0;
A%)I+B%) - (@) <0; (13)

u;(rf(©) — AY(®)x — BY(@)y) =
,k’;

z,y =0, u; 20, j =12,
mg

X >0, Z/\i=1,¢:1,2,-~-,m2.
=1

W Mo e, RS EEA 2 € RO),
GBMLP(0) 1) N JZ R Ak Oy 1 5 2 e K
) B 40 H AR BRI 52 (0, y) SATRAMAEAE % R
BREg ] i H A N, AT R(0) AR AR, W
PEFRIAE R(0) L3 2 )2 IS se A A 4 1F FLo 78 2 4%
P RIS R o PE e B0, Fiy € R(0) & NIEM
R AR, WAELE w = [ur, s, - ) 545 1) 14
BrgeE R vV, 8% (y,u) <0, A%(@)x+ B?(@)y — 1 (®)
<mmﬁ%m%%ﬁwyW£W%)—0umﬂ®%
Al(®)x — B (®)y) = 0;3) ﬂlkﬁ/ﬂﬁb’z y > > 0.

ot 5% (y,u) = §%(w,y) + Zuz(r?(@@) -
lﬁ@wlﬁﬁiﬁ3A$#%mWﬂ%ﬁ%%[j

IR R0 1 P B 50 4 AR S K ) 0
GBMLP(0) K7 al AL, A 8 . AR
Py i max §'(z,y) = Cg(@) x+ Dy(®) -y,

Z,Y,U,

s.t. ix\ivy(s (z,y) —
Z“J

AW)x+B%)ny@»<m

0 0 .
- Aj(®)z — Bj(®)y) = 0;
20,7=12- k;

Af(@)x —

s+

®)z+ BY(®@)y — (@)= 0;

u; (1 (®)

5U,y>0, Uy

Ai>0, > Ni=1,i=12,
B 15 GBMLP(O) 455 50 B S — 1 (1 % 1 o 40 & 1) B,
FT VST P 2 P I RO AR 0 oK i T 48 5
GBMLP(9) #7 {) E ALfi.
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R E: RE_E S BAFEEN

BN A 1197

FH e 3 al 40, Wi GBMLP(9) i) U7 A1 R,
)R K i 7R b R B A A A S LR {1 k
SE. A 0 BUEA Xt [0 1] X[ 53 %], 4 max S =
max{S(61), S (6s), -, S (0,)},0; = i/n,i = 0,1,

- m, ATAT[0,1] 43 %J@zfﬁi SRAF K H b bR 2008 ez
AT A, T AR &5 ARG 1) LSRR 3 m (F .
23 HBHKBELE

Zi LTIk, GBMLP(0) [n) jUIKI K AR5 SR 40 R

1) £ %} GBMLP [i] #l f4i% BMLP(0) A5 Y, Jf:
A8 L 3 ~ 5 B 5 X R e A Oy B2 B R
RIS, KRG 5 2R e 7y B K n, 4

— inf;

2) %0 = i/n, FIRLFREEILK % BMLP(O,), 14
PRI H (24, i), max S (z,y) = max{S" (21,
v1), SH(@a, y2), -+, S, yi)}, Bi=i+ 1,

3) HWri AN T n, i < o, LK)
Wi = n N, A max ST AR (2, y*).

3 HEISH

FRIAS S 1 T iR At 430491

Py : max {¢{(®) 2 +di(®) -y, 5(®) - at

dy(®) -y} (yre N2 SR,

Py s max {c}(®) - v +d}(®) -y, 5(®) - a+

i =0, max S*

a2(®) - T + b2 (®) -y < 30,
z20,y=20
Hrp
1 (®) =[3,4], d1(®) = [1,3], 3(®) = [2,6],
dy(®) = [3,5], ¢f(®) = [2,3], d}(®) = [2,5],
3(®) = [1,4], d3(®) = [2,6], a1(®) = [4,6],
b1(®) = [2,4], a2(®) = [3,5], b2(®) = [3,4]

iR PR AR
@) =340, dH(®)=1+20,

( é3(®) =2+ 40,
dy(®) =

(

ba(

3420, 3(®) =240, d3(®) =2+ 30,
B(@)=1+36, d2(®) =2+40, 4, (®) = 4 + 26,
b1 (®) =2+ 20, as(®) = 3+ 20, by(®) = 3+ 6.
T 56X GBMLP(0) B 1) J2 R i) 7, AR
IEMWBEPQ% I A o B0 A (4, 6) X6 I () S PR A1
s3°(4,6) = 42, 53*(4,6) = 52; ARG HJIE T ZHURI A
F bR R, B

5% (2,y) =

P,: min
(z,y)eR

M(s3(2,y) = s17) + Aa(s3(x,y) — 557,
A1 >0, 23>0, A1 + X2 =1.
M 52 B 4, ML GBMLP(9) B B4k
Py max {c1(®) -z +d}(®)  y,c5(®) - z+

d3(®) - y}s

P, : (xIIylilelR S (2, y) = M((2+ 0)z + (24 30)y—

42) + X2 ((1 + 30)x + (2 + 40)y — 52);

(4+20) x+(2+20) -y < 28,
ot (34+20)-z+(3+6) -y <30,
20,920,
A1 >0, Aa >0, Ay + A2 =1.
Al & #E 5, WL GBMLP(0) # A4 4k
Py max{c}(®) -z +di (@) -y, ¢3(®) - 7 + d3(®) -y}

A(2 4 30) + X2(2 4 46) + v (2 4 26)+
u2(3+40) =0,
(44+20)- x4 (2+20) -y < 28,
(34+20) -+ (340) -y < 30,

s.b. ¢ up(28 — (4420) -z — (2+20) - y) =0,
up(30 — (3+20) -z — (3+0)-y) =
x20a y>07

A1 >0, A2 >0, A\ + X =1,
up 2 0, ug 2 0.
T b PR3 R E B 4 SR AR Py i R H bR oR BT S A i
NI AE, GBMLP(O) A 4k,
/. : 1 _
Py (11}516135 (z.y) =

(B4 80)x+ (1+20)y —34)+
Y2 ((2 4 40)x + (3 + 20)y — 54);

A (2+30) + A2(2 + 46)+
u1(2426) +u2(346) =0,
(4+20) -+ (2+20) -y < 28,
(34+20)- x4+ (3+6) -y <30,
w1 (28— (44+20) -z —(24+20)-y) =0,
u2(30—(34+20) -2 —(3+0)-y) =0,
z=20,y=0,
A >0, Ao >0, AL+ Ao =1,
up 20, ug =0,
1 >0, 79 >0, v1 +v2 = 1.

4 n = 100, {F Matlab 7.0 555 ' 4 5 F2 )7, 1847
BEY 0 =070, Az =0.3187,y = 7.7291, Kt
ma{gsl(x y) =19.7291, ml%(sg(x y) = 35.5378,

z,Y,

s.t.
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max s2(x,y) = 32.549 8, max s2(z,y) = 38.0876.
x,Y, z,Y,

AAAE LR RS AR RS SRS OU R, & H
b R H R AU W] ASK AT, H AR BB 5 K 0 FAE &R
o R 1R, WEEAE TSR A A R

AT,
///‘//‘7%/.
- S(1,1) == S(1,2) - S(2,1) == S(2,2)

0 0.1 02 03 04 05 0.6 07
SRS

BBIZITER

40

30

ANCERAGEE]

20

H

10

&1

4 4 »

ASCH % E A A B bR RS0 R R
SRS A, P2 T RO IR 2 H ARG AR
] A5, T At P 4 i RS SR ARl ok T AR PRI . A
SCE R PSR K (5 R A 2 H bR 1R, 1
S T e M IS B AR R AL % AR 2
BRI R 5 75 ATAT 0k e A AR RS U F, AU R
VLS 8 4 A0 XU R Al Ay B 2R B R
TR SR A 1 R B R )
LA B ) ML AE. 491 S 2 WA R A 2,
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