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摘 要: 针对二层多目标线性规划问题,结合灰色系统的特性,提出了一般灰色二层多目标线性规划问题,并给出了

模型的相关定义和定理. 针对漂移型灰色二层多目标线性规划问题,提出一种具有全局收敛性质的求解算法. 首先通

过线性加权模理想点法把多目标转化为单目标;然后当可行域为非空紧集时,利用库恩塔克条件把双层转化为单层,

再利用粒子群算法搜索单目标单层线性规划即可得到原问题的解;最后通过算例表明了该算法的有效性.
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Abstract: Based on the bilevel multi-objective linear programming and the characteristic of grey system, the general gray

bilevel multi-objective linear programming problem with its relevant definition and theorem are given. A globally convergent

algorithm is given to solve the drifting grey bilevel multi-objective linear programming problem. Firstly, multi-objective

programming is transformed into single programming by using linear plus power ideal point algorithm. Then, the grey bilevel

linear programming can be transformed into a grey linear programming problem by its Kuhn-Tucker condition when the

feasible domain is nonempty compact aggregate. So these problems can be solved by using the particle swarm optimization

algorithm to obtain the solution of the gray bilevel multi-objective linear programming problem. Finally, an example shows

the effectiveness of the proposed algorithm.

Key words: grey system；bilevel multi-objective programming；ideal point algorithm；Kuhn-Tucker condition；particle
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0 引引引 言言言

二层规划是一种递阶结构系统,该系统由两个决

策者控制,即上层决策者和下层决策者, 每个决策者

有自己的决策变量、目标函数和约束条件[1-2]. 上层决

策者的目标函数和约束条件不仅与上层决策变量有

关,而且依赖于下层决策者的最优解;反之,下层决策

者的最优解又受上层决策变量的影响.目前, 关于二

层线性规划 (BLP)的研究较多[3-8]. 当上层和下层决

策者的决策目标有多个时,二层线性规划将变成二层

多目标线性规划(BMLP)[9-10].

到目前为止,人们对一些特殊结构的BMLP进行

了研究,给出了最优性理论和相关求解算法, 并应用

二层多目标规划的决策思想和优化技术成功地解决

了经济管理、资源分配、交通控制等领域中的实际问

题.在道路交通系统中[11],管理者制定了相关收费政

策和行车规定,以达到高道路通行率和低尾气排放量

的目标;而出行者则在当前收费政策和行车规定下选

择出行方式和出行路线,以达到总体所需时间小、出

行花费小的目标.现在的问题是: 当出行是随机行为

时, 为了实现最优的出行性价比和道路利用率,管理
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者应如何制定收费政策和行车规定, 出行者根据当

前的相关规定选择何种出行方式以及如何确定出行

路线. 根据 Stackelberg对策论, 该问题是一个典型的

主从递阶多目标决策问题,即二层多目标线性规划问

题[12]. 此问题与一般模型不同: 其决策系数 (出行花

费、所需时间等)在一定范围内是变化的,即具有灰色

特征[13-14]. 为此,本文研究了灰色二层多目标线性规

划问题 (GBMLP), 提出一种具有全局收敛性质的求

解算法.

1 一一一般般般灰灰灰色色色二二二层层层多多多目目目标标标线线线性性性规规规划划划

定定定义义义 1 一般灰色二层多目标线性规划模型

(GBMLP)可以表示为

P1 : max
𝑥

𝑆1(𝑥, 𝑦) = 𝐶1(⊗) ⋅ 𝑥+𝐷1(⊗) ⋅ 𝑦

(𝑦是下层问题的解);

P2 : max
𝑦

𝑆2(𝑥, 𝑦) = 𝐶2(⊗) ⋅ 𝑥+𝐷2(⊗) ⋅ 𝑦;

s.t. 𝐴(⊗) ⋅ 𝑥+𝐵(⊗) ⋅ 𝑦 ⩽ 𝑟(⊗),

𝑥 ⩾ 0, 𝑦 ⩾ 0. (1)

其中: ⊗是灰参数集, 𝑆1(𝑥, 𝑦) : 𝑅𝑛1 × 𝑅𝑛2 → 𝑅是上

层目标函数, 𝑆2(𝑥, 𝑦) : 𝑅𝑛1 × 𝑅𝑛2 → 𝑅是下层目标

函数, 𝑥 ∈ 𝑅𝑛1是上层决策变量, 𝑦 ∈ 𝑅𝑛2是下层决策

变量.具体表达式如下:

𝑆1 = [𝑠11, 𝑠
1
2, ⋅ ⋅ ⋅ , 𝑠1𝑚1

]
′
, 𝑆2 = [𝑠21, 𝑠

2
2, ⋅ ⋅ ⋅ , 𝑠2𝑚2

]
′
;

𝐶1(⊗) = [𝑐1𝑖𝑗(⊗)]
𝑚1𝑛1

, 𝐶2(⊗) = [𝑐2𝑖𝑗(⊗)]
𝑚2𝑛1

;

𝐷1(⊗) = [𝑑1𝑖𝑗(⊗)]
𝑚1𝑛2

, 𝐷2(⊗) = [𝑑2𝑖𝑗(⊗)]
𝑚2𝑛2

;

𝐴(⊗) = [𝑎𝑖𝑗(⊗)]𝑘𝑛1
, 𝐵(⊗) = [𝑏𝑖𝑗(⊗)]𝑘𝑛2

;

𝑐1𝑖𝑗(⊗) ∈ [𝑐1𝑖𝑗 , 𝑐
1
𝑖𝑗 ],

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚1, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛1;

𝑐2𝑖𝑗(⊗) ∈ [𝑐2𝑖𝑗 , 𝑐
2
𝑖𝑗 ],

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚2, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛1;

𝑑1𝑖𝑗(⊗) ∈ [𝑑1𝑖𝑗 , 𝑑
1
𝑖𝑗 ],

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚1, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛2;

𝑑2𝑖𝑗(⊗) ∈ [𝑑2𝑖𝑗 , 𝑑
2
𝑖𝑗 ],

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚2, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛2;

𝑎𝑖𝑗(⊗) ∈ [𝑎𝑖𝑗 , 𝑎𝑖𝑗 ],

𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑘, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛1;

𝑏𝑖𝑗(⊗) ∈ [𝑏𝑖𝑗 , 𝑏𝑖𝑗 ],

𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑘, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛2;

𝑟(⊗) = [𝑟1(⊗), 𝑟2(⊗), ⋅ ⋅ ⋅ , 𝑟𝑘(⊗)]
′
,

𝑟𝑖(⊗) ∈ [𝑟𝑖, 𝑟𝑖], 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑘;
𝑥 = [𝑥1, 𝑥2, ⋅ ⋅ ⋅ , 𝑥𝑛1 ]

′
; 𝑦 = [𝑦1, 𝑦2, ⋅ ⋅ ⋅ , 𝑦𝑛2 ]

′
.

记

𝐺 = {(𝑥, 𝑦)∣𝐴(⊗) ⋅ 𝑥+𝐵(⊗) ⋅ 𝑦 ⩽ 𝑟(⊗), 𝑥, 𝑦 ⩾ 0}
(2)

为GBMLP的约束域,向上层决策空间投影约束域𝐺

有𝑇 = {𝑥 : (𝑥, 𝑦)∈𝐺};下层规划对应一个固定𝑥∈𝑇

的约束域为Ω(𝑥) = {𝑦∣𝐵(⊗) ⋅𝑦 ⩽ 𝑟(⊗)−𝐴(⊗) ⋅𝑥, 𝑦 ⩾
0}. 当𝑛1 = 𝑛2 = 1时,为一般灰线性双层规划GBLP.

定定定义义义 2 ∀𝑥 ∈ 𝑇 ,若 𝑦是下层规划对应于𝑥的有

效解 (即不存在 𝑦1 ∈ Ω(𝑥),使 (𝑥, 𝑦1) ∈ 𝐺, 𝑆2(𝑥, 𝑦) ⩽
𝑆2(𝑥, 𝑦1), 𝑆2(𝑥, 𝑦) ∕= 𝑆2(𝑥, 𝑦1)),则称 (𝑥, 𝑦)是GBMLP

的可行解,可行解集记为𝑅.

定定定义义义 3 ∀(𝑥, 𝑦) ∈ 𝑅, 若不存在 (𝑥′, 𝑦′) ∈ 𝑅, 使

𝑆1(𝑥, 𝑦) ⩽ 𝑆1(𝑥′, 𝑦′),则称 (𝑥, 𝑦)是GBMLP的有效解,

有效解集记为𝐸.

定定定义义义 4 设 𝜌, 𝛽, 𝛿 ∈ [0, 1]为模型的白化系数,灰

系数可通过下式白化:

𝑐1𝑖𝑗(⊗) = 𝑐1𝑖𝑗 + 𝜌(𝑐1𝑖𝑗 − 𝑐1𝑖𝑗),

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚1, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛1;

𝑐2𝑖𝑗(⊗) = 𝑐2𝑖𝑗 + 𝜌(𝑐2𝑖𝑗 − 𝑐2𝑖𝑗),

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚2, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛1;

𝑑1𝑖𝑗(⊗) = 𝑑1𝑖𝑗 + 𝜌(𝑑1𝑖𝑗 − 𝑑1𝑖𝑗),

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚1, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛2;

𝑑2𝑖𝑗(⊗) = 𝑑2𝑖𝑗 + 𝜌(𝑑2𝑖𝑗 − 𝑑2𝑖𝑗),

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚2, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛2;

𝑎̃𝑖𝑗(⊗) = 𝑎𝑖𝑗 + 𝛽(𝑎̄𝑖𝑗 − 𝑎𝑖𝑗),

𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑘, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛1;

𝑏̃𝑖𝑗(⊗) = 𝑏𝑖𝑗 + 𝛽(𝑏̄𝑖𝑗 − 𝑏𝑖𝑗),

𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑘, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛2;

𝑟𝑖(⊗) = 𝑟𝑖 + 𝛿(𝑟𝑖 − 𝑟𝑖), 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑘.
则称

P1 : max
𝑥

𝑆1(𝑥, 𝑦) = 𝐶1(⊗) ⋅ 𝑥+ 𝐷̃1(⊗) ⋅ 𝑦

(𝑦是下层问题的解);

P2 : max
𝑦

𝑆2(𝑥, 𝑦) = 𝐶2(⊗) ⋅ 𝑥+ 𝐷̃2(⊗) ⋅ 𝑦;

s.t. 𝐴(⊗) ⋅ 𝑥+ 𝐵̃(⊗) ⋅ 𝑦 ⩽ 𝑟(⊗),

𝑥 ⩾ 0, 𝑦 ⩾ 0 (3)

为 (𝜌, 𝛽, 𝛿)定位规划,记为GBMLP(𝜌, 𝛽, 𝛿). 其上层目

标函数有效值记为max𝑆1(𝜌, 𝛽, 𝛿), 其约束域可写为

𝐺(𝛽, 𝛿),其可行域记为𝑅(𝜌, 𝛽, 𝛿).

定定定理理理 1 在可行域𝑅(𝜌, 𝛽, 𝛿)中, 固定白化系数

𝜌,可以得到如下结论: 1)对于 ∀𝛽1, 𝛽2, 𝛿 ∈ [0, 1],若𝛽1

⩽ 𝛽2,则𝑅(𝛽2, 𝛿) ⊆ 𝑅(𝛽1, 𝛿); 2)对于 ∀𝛽, 𝛿1, 𝛿2 ∈ [0, 1],

若 𝛿1 ⩽ 𝛿2,则𝑅(𝛽, 𝛿1) ⊆ 𝑅(𝛽, 𝛿2).
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证证证明明明 1) 先证𝑆(𝛽2, 𝛿) ⊆ 𝑆(𝛽1, 𝛿). 设模型约束

条件系数分别为𝐴(𝛽), 𝐵(𝛽), 𝑟(𝛿),任取 (𝑥, 𝑦) ∈ 𝐺(𝛽2,

𝛿),由已知可得𝐴(𝛽2)𝑥+𝐵(𝛽2)𝑦 ⩽ 𝑟(𝛿),则有

𝐴(𝛽1)𝑥+𝐵(𝛽1)𝑦 =

[𝐴(𝛽1)−𝐴(𝛽2)]𝑥+ [𝐵(𝛽1)−𝐵(𝛽2)]𝑦+

𝐴(𝛽2)𝑥+𝐵(𝛽2)𝑦 =

(𝛽1 − 𝛽2)(𝐴−𝐴)𝑥+ (𝛽1 − 𝛽2)(𝐵̄ −𝐵)𝑦+

𝐴(𝛽2)𝑥+𝐵(𝛽2)𝑦.

因为 𝛽1 ⩽ 𝛽2, 𝑥, 𝑦 ⩾ 0,有𝐴(𝛽1)𝑥+ 𝐵(𝛽1)𝑦 ⩽ 𝐴(𝛽2)𝑥

+𝐵(𝛽2)𝑦 ⩽ 𝑟(𝛿),所以 (𝑥, 𝑦) ∈ 𝐺(𝛽1, 𝛿). 从而,对于固

定白化系数 𝜌, 任取 (𝑥∗, 𝑦∗) ∈ 𝑅(𝛽2, 𝛿), 有 (𝑥∗, 𝑦∗) ∈
𝑅(𝛽2, 𝛿), (𝑥∗, 𝑦∗) ∈ 𝑅(𝛽1, 𝛿). 由于

max
𝑦

𝑆1(𝑥, 𝑦) =

max (𝐶1+𝜌(𝐶1−𝐶1)) ⋅ 𝑥+(𝐷1+𝜌(𝐷̄1−𝐷1)) ⋅ 𝑦,
则有

max
𝑦

𝑆1(𝑥, 𝑦) = 𝑆1(𝑥∗, 𝑦∗) =

max (𝐶1+𝜌(𝐶1−𝐶1)) ⋅ 𝑥∗+(𝐷1+𝜌(𝐷̄1−𝐷1)) ⋅ 𝑦∗.
固定 𝜌的值,可知 (𝑥∗, 𝑦∗)使得上层目标函数𝑆1(𝑥, 𝑦)

在𝑅(𝛽1, 𝛿)上也是有效值,于是 (𝑥∗, 𝑦∗) ∈ 𝑅(𝛽1, 𝛿),即

𝑅(𝛽2, 𝛿) ⊆ 𝑅(𝛽1, 𝛿).

2)任取 (𝑥, 𝑦) ∈ 𝐺(𝛽, 𝛿1),由于 𝛿1 ⩽ 𝛿2,得 𝑟(𝛿1) ⩽
𝑟(𝛿2),有𝐴(𝛽)𝑥+𝐵(𝛽)𝑦 ⩽ 𝑟(𝛿1) ⩽ 𝑟(𝛿2),所以 (𝑥, 𝑦) ∈
𝐺(𝛽, 𝛿2), 有𝐺(𝛽, 𝛿1) ⊆ 𝐺(𝛽1, 𝛿2).对于固定白化系数

𝜌, 任取 (𝑥∗, 𝑦∗) ∈ 𝑅(𝛽, 𝛿1), 则有 (𝑥∗, 𝑦∗) ∈ 𝐺(𝛽, 𝛿1),

亦有 (𝑥∗, 𝑦∗) ∈ 𝐺(𝛽, 𝛿2).由 1)的证明可知, (𝑥∗, 𝑦∗)使

上层目标函数𝑆1(𝑥, 𝑦)在𝐺(𝛽, 𝛿2)上也是有效值, 有

(𝑥∗, 𝑦∗) ∈ 𝑅(𝛽, 𝛿2),即𝑅(𝛽, 𝛿1) ⊆ 𝑅(𝛽, 𝛿2). □

定定定理理理 2 在可行域𝑅(𝜌, 𝛽, 𝛿)中,可得下列结论:

1)如果 𝜌1 ⩽ 𝜌2,则对于固定的𝛽, 𝛿 ∈ [0, 1],有

max 𝑠𝑘𝑖 (𝜌1, 𝛽, 𝛿) ⩽ max 𝑠𝑘𝑖 (𝜌2, 𝛽, 𝛿); (4)

2)如果 𝛽1 ⩽ 𝛽2,则对于固定的 𝜌, 𝛿 ∈ [0, 1],有

max 𝑠𝑘𝑖 (𝜌, 𝛽1, 𝛿) ⩽ max 𝑠𝑘𝑖 (𝜌, 𝛽2, 𝛿); (5)

3)如果 𝛿1 ⩾ 𝛿2,则对于固定的 𝜌, 𝛽 ∈ [0, 1],有

max 𝑠𝑘𝑖 (𝜌, 𝛽, 𝛿1) ⩽ max 𝑠𝑘𝑖 (𝜌, 𝛽, 𝛿2). (6)

其中: 当 𝑘 = 1时, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚1;当 𝑘 = 2时, 𝑖 = 1,

2, ⋅ ⋅ ⋅ ,𝑚2.

证证证明明明 1) 令𝐶𝑘 = (𝑐𝑘𝑖𝑗)𝑚𝑘𝑛1
, 𝐶𝑘 = (𝑐𝑘𝑖𝑗)𝑚𝑘𝑛1

,

𝐷𝑘 = (𝑑𝑘𝑖𝑗)𝑚𝑘𝑛2
, 𝐷̄𝑘 = (𝑑𝑘𝑖𝑗)𝑚𝑘𝑛2

, 则𝐶𝑘
𝑖 (𝜌) = 𝐶𝑘

𝑖 +

𝜌(𝐶𝑘
𝑖 − 𝐶𝑘

𝑖 ), 𝐷
𝑘
𝑖 (𝜌) = 𝐷𝑘

𝑖 + 𝜌(𝐷̄𝑘
𝑖 −𝐷𝑘

𝑖 ). 当 𝑘 = 1时,

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚1; 当 𝑘 = 2时, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚2. 根据

运筹学中一般规划问题的相关性质[15], 对于任意

(𝑥, 𝑦) ∈ 𝐸,有

𝐶𝑘
𝑖 (𝜌1) ⋅ 𝑥+𝐷𝑘

𝑖 (𝜌1) ⋅ 𝑦 =

[𝐶𝑘
𝑖 (𝜌2) ⋅ 𝑥+𝐷𝑘

𝑖 (𝜌2) ⋅ 𝑦] + [𝐶𝑘
𝑖 (𝜌1) ⋅ 𝑥− 𝐶𝑘

𝑖 (𝜌2) ⋅ 𝑥+
𝐷𝑘

𝑖 (𝜌1) ⋅ 𝑦 −𝐷𝑘
𝑖 (𝜌2) ⋅ 𝑦] =

[𝐶𝑘
𝑖 (𝜌2) ⋅ 𝑥+𝐷𝑘

𝑖 (𝜌2) ⋅ 𝑦] + [(𝜌1 − 𝜌2)(𝐶
𝑘
𝑖 − 𝐶𝑘

𝑖 ) ⋅ 𝑥+
(𝜌1 − 𝜌2)(𝐷̄

𝑘
𝑖 −𝐷𝑘

𝑖 ) ⋅ 𝑦].
因 𝜌1 ⩽ 𝜌2 𝑥 ⩾ 0, 𝑦 ⩾ 0,故

𝐶𝑘
𝑖 (𝜌1) ⋅ 𝑥+𝐷𝑘

𝑖 (𝜌1) ⋅ 𝑦 ⩽ 𝐶𝑘
𝑖 (𝜌2) ⋅ 𝑥+𝐷𝑘

𝑖 (𝜌2) ⋅ 𝑦,
所以

max 𝑠𝑘𝑖 (𝜌1, 𝛽, 𝛿) ⩽ max 𝑠𝑘𝑖 (𝜌2, 𝛽, 𝛿).

2)因为 𝛽1 ⩽ 𝛽2,由定理 1有𝑅(𝛽1, 𝛿) ⊆ 𝑅(𝛽2, 𝛿),

所以max 𝑠𝑘𝑖 (𝜌, 𝛽1, 𝛿) ⩽ max 𝑠𝑘𝑖 (𝜌, 𝛽2, 𝛿).

同理可证 3). □

定定定义义义 5 当 𝜌 = 𝛿 = 1, 𝛽 = 0时, 对应的定位

规划GBMLP(1, 0, 1)称为GBMLP的理想模型, 其上

层和下层目标函数最优值分别记为max 𝑠𝑘𝑖 ; 当 𝜌 =

𝛿 = 0, 𝛽 = 1时, 对应的定位规划GBML𝑃 (0, 1, 0)为

GBMLP的临界模型, 其上层和下层目标函数最优值

分别记为max 𝑠𝑘𝑖 . 其中: 当 𝑘 = 1时, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚1;

当 𝑘 = 2时, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚2.

定定定理理理 3 在GBMLP(𝜌, 𝛽, 𝛿)中, 把下层目标函

数表达式看作上层问题的约束条件,则对于任意 𝜌, 𝛽,

𝛿 ∈ [0, 1],有

max 𝑠𝑘𝑖 ⩽ max 𝑠𝑘𝑖 (𝜌, 𝛽, 𝛿) ⩽ max 𝑠𝑘𝑖 . (7)

其中: 当 𝑘 = 1时, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚1;当 𝑘 = 2时, 𝑖 = 1,

2, ⋅ ⋅ ⋅ ,𝑚2.

证证证明明明 先证max 𝑠𝑘𝑖 ⩽max 𝑠𝑘𝑖 (0, 1, 0)⩽max 𝑠𝑘𝑖 (𝜌,

𝛽, 𝛿). 根据运筹学中一般规划问题的相关性质[15],

由于上下层目标函数均为线性函数且𝑥, 𝑦 ⩾ 0, 𝜌 ⩾
0, 𝛽 ⩾ 0, 𝛿 ⩾ 0,则max 𝑠𝑘𝑖 (0, 1, 0) ⩽ max 𝑠𝑘𝑖 (𝜌, 1, 0). 又

因为 𝛽 ∈ [0, 1], 𝛿 ⩾ 0,由定理 1可得

𝑅(1, 0) ⊆ 𝑅(𝛽, 0), 𝑅(𝛽, 0) ⊆ 𝑅(𝛽, 𝛿).

由定理 2有

max 𝑠𝑘𝑖 (𝜌, 1, 0) ⩽ max 𝑠𝑘𝑖 (𝜌, 𝛽, 0) ⩽ max 𝑠𝑘𝑖 (𝜌, 𝛽, 𝛿).

联立上述关系式可得

max 𝑠𝑘𝑖 ⩽ max 𝑠𝑘𝑖 (𝜌, 𝛽, 𝛿).

同理可证

max 𝑓1(𝜌, 𝛽, 𝛿) ⩽ max 𝑓1(1, 0, 1) = max 𝑓1.

结论成立. □

2 灰灰灰色色色二二二层层层多多多目目目标标标漂漂漂移移移型型型线线线性性性规规规划划划

2.1 模模模型型型与与与定定定义义义

定定定义义义 6 灰色二层多目标漂移型线性规划, 是

指有界灰参数按一致方式取数的规划,即令 𝜌 = 𝛽 =
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𝛿 = 𝜃,其模型表达式为

P1 : max
𝑥

𝑆1(𝑥, 𝑦) = 𝐶1
𝜃 (⊗) ⋅ 𝑥+𝐷1

𝜃(⊗) ⋅ 𝑦

(𝑦是下层问题的解);

P2 : max
𝑦

𝑆2(𝑥, 𝑦) = 𝐶2
𝜃 (⊗) ⋅ 𝑥+𝐷2

𝜃(⊗) ⋅ 𝑦;

s.t. 𝐴𝜃(⊗) ⋅ 𝑥+𝐵𝜃(⊗) ⋅ 𝑦 ⩽ 𝑟𝜃(⊗),

𝑥 ⩾ 0, 𝑦 ⩾ 0, 0 ⩽ 𝜃 ⩽ 1. (8)

称上述模型为 𝜃定位规划,记为GBMLP(𝜃),其约束域

为𝐺(𝜃),可行域为𝑅(𝜃).假设所有目标函数为关于𝑥,

𝑦连续可微的凸函数且其可行域𝑅(𝜃)是非空紧集.

2.2 模模模型型型的的的求求求解解解方方方法法法

2.2.1 线线线性性性加加加权权权模模模理理理想想想点点点法法法转转转化化化多多多目目目标标标为为为单单单目目目标标标

对于GBMLP(𝜃)模型的下层规划问题, 根据定

理 3求解诸单目标函数最优解 (𝑥∗, 𝑦∗)对应的最优值

max
(𝑥,𝑦)∈𝑅

𝑠2𝑖 (𝑥, 𝑦) = 𝑠2𝑖 (𝑥
∗, 𝑦∗), 记 𝑠2𝑖

∗
= 𝑠2𝑖 (𝑥

∗, 𝑦∗), 𝑖 =

1, 2, ⋅ ⋅ ⋅ ,𝑚2, 𝑆
2∗ = (𝑠21

∗
, 𝑠22

∗
, ⋅ ⋅ ⋅ , 𝑠2𝑚2

∗
)称为理想点.

构造单目标规划

P′
2 : min

(𝑥,𝑦)∈𝑅
𝑆2′(𝑥, 𝑦) =

𝑚2∑
𝑖=1

𝜆𝑖( 𝑠
2
𝑖 (𝑥, 𝑦)− 𝑠2∗𝑖 ), (9)

其中权系数

𝜆 ∈ Λ =
{
𝜆 = (𝜆1, 𝜆2, ⋅ ⋅ ⋅ , 𝜆𝑚2)∣∀𝜆𝑖 > 0,

𝑚2∑
𝑖=1

𝜆𝑖 = 1
}
.

定定定理理理 4 对于每个给定的𝜆 ∈ Λ, 相应于P′
2的

最优解必是P2的有效解.

证证证明明明 设 (𝑥′, 𝑦′)是P′
2的最优解, 对于 ∀(𝑥, 𝑦) ∈

𝑅,有
𝑚2∑
𝑖=1

𝜆𝑖( 𝑠
2
𝑖 (𝑥

′, 𝑦′)− 𝑠2∗𝑖 ) ⩽
𝑚2∑
𝑖=1

𝜆𝑖( 𝑠
2
𝑖 (𝑥, 𝑦)− 𝑠2∗𝑖 ).

(10)

若 (𝑥′, 𝑦′)不是P2的有效解,根据定义 2,即存在 𝑦1 ∈
Ω(𝑥), 使 (𝑥, 𝑦1) ∈ 𝐺,𝑆2(𝑥′, 𝑦1) ⩽ 𝑆2(𝑥′, 𝑦′) 且𝑆2(𝑥′,

𝑦1) ∕= 𝑆2(𝑥′, 𝑦′),则有
𝑚2∑
𝑖=1

𝜆𝑖( 𝑠
2
𝑖 (𝑥

′, 𝑦1)− 𝑠2∗𝑖 ) ⩽
𝑚2∑
𝑖=1

𝜆𝑖( 𝑠
2
𝑖 (𝑥

′, 𝑦′)− 𝑠2∗𝑖 ).

(11)

式 (11)与不等式 (10)矛盾,所以定理结论成立. □

可以将下层多目标规划转化为单目标规划,于是

GBMLP(𝜃)模型相应地转换为如下形式:

P1 : max
𝑥

𝑆1(𝑥, 𝑦) = 𝐶1
𝜃 (⊗) ⋅ 𝑥+𝐷1

𝜃(⊗) ⋅ 𝑦

(𝑦是下层问题的解);

P′
2 : min

𝑦
𝑆2′(𝑥, 𝑦) =

𝑚2∑
𝑖=1

𝜆𝑖( 𝑠
2
𝑖 (𝑥, 𝑦)− 𝑠2∗𝑖 );

s.t. 𝐴𝜃(⊗) ⋅ 𝑥+𝐵𝜃(⊗) ⋅ 𝑦 ⩽ 𝑟𝜃(⊗),

𝜆𝑖 > 0, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚2,

𝑚2∑
𝑖=1

𝜆𝑖 = 1,

𝑥 ⩾ 0, 𝑦 ⩾ 0, 0 ⩽ 𝜃 ⩽ 1. (12)

2.2.2 库库库恩恩恩塔塔塔克克克条条条件件件转转转化化化双双双层层层为为为单单单层层层

定定定理理理 5 对于GBMLP(𝜃), 给定上层规划中𝑥 ∈
𝑅(𝜃)时, 𝑦为下层规划最优解的充要条件是: ∃𝑢 ⩾ 0

且𝑢 = [𝑢1, 𝑢2, ⋅ ⋅ ⋅ , 𝑢𝑘]
′,使得 𝑦满足如下约束条件:⎧⎨⎩

𝑚2∑
𝑖=1

𝜆𝑖∇𝑦( 𝑠
2
𝑖 (𝑥, 𝑦)− 𝑠2∗𝑖 )+

𝑘∑
𝑗=1

𝑢𝑗∇𝑦(𝐴
𝜃
𝑗 (⊗)𝑥+𝐵𝜃

𝑗 (⊗)𝑦 − 𝑟𝜃𝑗 (⊗)) = 0;

𝐴𝜃(⊗)𝑥+𝐵𝜃(⊗)𝑦 − 𝑟𝜃(⊗) ⩽ 0;

𝑢𝑗(𝑟
𝜃
𝑗 (⊗)−𝐴𝜃

𝑗 (⊗)𝑥−𝐵𝜃
𝑗 (⊗)𝑦) = 0;

𝑥, 𝑦 ⩾ 0, 𝑢𝑗 ⩾ 0, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑘;
𝜆𝑖 > 0,

𝑚2∑
𝑖=1

𝜆𝑖 = 1, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚2.

(13)

证证证明明明 当 𝜃值给定时, 上层给定某个𝑥 ∈ 𝑅(𝜃),

GBMLP(𝜃)的下层规划转化为关于 𝑦的单层线性规划

问题.已知目标函数𝑆2′(𝑥, 𝑦)与约束条件在非负象限

均连续可微且具有凸性,可行域𝑅(𝜃)为非空紧集,则

此规划在𝑅(𝜃)上满足库恩塔克极值条件且为充要条

件.由库恩塔克充分性定理[16],若 𝑦 ∈ 𝑅(𝜃)是下层规

划的最优解, 则存在𝑢 = [𝑢1, 𝑢2, ⋅ ⋅ ⋅ , 𝑢𝑘]
′使得: 1) 边

际条件为∇𝑦𝑆
2′(𝑦, 𝑢) ⩽ 0, 𝐴𝜃(⊗)𝑥+𝐵𝜃(⊗)𝑦− 𝑟𝜃(⊗)

⩽ 0; 2)互补松弛条件为 𝑦∇𝑦𝑆
2′(𝑦, 𝑢) = 0, 𝑢𝑖(𝑟

𝜃
𝑖 (⊗)−

𝐴𝜃
𝑖 (⊗)𝑥 − 𝐵𝜃

𝑖 (⊗)𝑦) = 0; 3)非负条件为 𝑦 ⩾ 0, 𝑢 ⩾ 0.

其中𝑆2′(𝑦, 𝑢) = 𝑆2′(𝑥, 𝑦) +
𝑘∑

𝑖=1

𝑢𝑖(𝑟
𝜃
𝑖 (⊗)−𝐴𝜃

𝑖 (⊗)𝑥−

𝐵𝜃
𝑖 (⊗)𝑦). 通过上述 3个条件化简即可得到结论. □

用下层规划的库恩塔克条件代替下层规划问题,

GBMLP(𝜃)模型可转化为等价单层规划. 具体形式为

P1 : max
𝑥,𝑦,𝑢,𝜆

𝑆1(𝑥, 𝑦) = 𝐶1
𝜃 (⊗) ⋅ 𝑥+𝐷1

𝜃(⊗) ⋅ 𝑦.

s.t.

𝑚2∑
𝑖=1

𝜆𝑖∇𝑦( 𝑠
2
𝑖 (𝑥, 𝑦)− 𝑠2∗𝑖 )+

𝑘∑
𝑗=1

𝑢𝑗∇𝑦(𝐴
𝜃
𝑗 (⊗)𝑥+𝐵𝜃

𝑗 (⊗)𝑦 − 𝑟𝜃𝑗 (⊗))= 0;

𝐴𝜃(⊗)𝑥+𝐵𝜃(⊗)𝑦 − 𝑟𝜃(⊗) ⩽ 0;

𝑢𝑗(𝑟
𝜃
𝑗 (⊗)−𝐴𝜃

𝑗 (⊗)𝑥−𝐵𝜃
𝑗 (⊗)𝑦) = 0;

𝑥, 𝑦 ⩾ 0, 𝑢𝑗 ⩾ 0, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑘;

𝜆𝑖 > 0,

𝑚2∑
𝑖=1

𝜆𝑖 = 1, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚2.

此时GBMLP(𝜃)模型即为一般的多目标规划问题.

再次采用线性加权模理想点法求解, 便可得到

GBMLP(𝜃)模型的最优解.
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由定理 3可知,如果GBMLP(𝜃)问题存在有效解,

则规划问题中目标函数的有效值有界且由 𝜃值决

定.把 𝜃取值看作是对 [0, 1]区间的分割,令max 𝑆1 =

max{𝑆1(𝜃1), 𝑆
1(𝜃2), ⋅ ⋅ ⋅ , 𝑆1(𝜃𝑛)}, 𝜃𝑖 = 𝑖/𝑛, 𝑖 = 0, 1,

⋅ ⋅ ⋅ , 𝑛, 可知 [0, 1]分割越细, 求得的目标函数值越接

近有效值,故可根据结果精度的要求来确定𝑛的取值.

2.3 模模模型型型的的的求求求解解解步步步骤骤骤

综上所述, GBMLP(𝜃)问题的求解步骤如下.

1)针对GBMLP问题构造BMLP(𝜃)漂移模型,并

根据定理 3∼定理 5把双层规划转化为单层单目标规

划模型,根据精度要求设定分割数𝑛,令 𝑖 = 0,max𝑆1

= − inf;

2)令 𝜃 = 𝑖/𝑛 ,用粒子群算法求解BMLP(𝜃𝑖),得

到最优解并记为 (𝑥𝑖, 𝑦𝑖), max𝑆1(𝑥, 𝑦) = max{𝑆1(𝑥1,

𝑦1), 𝑆
1(𝑥2, 𝑦2), ⋅ ⋅ ⋅ , 𝑆1(𝑥𝑖, 𝑦𝑖)},令𝑖 = 𝑖+ 1;

3) 判断 𝑖是否小于𝑛, 当 𝑖 < 𝑛时, 转到步骤 2);

当 𝑖 = 𝑛时,输出最优值max𝑆1和最优解 (𝑥∗, 𝑦∗).

3 算算算例例例分分分析析析

用本文提出的方法求解如下算例:

P1 : max
𝑥

{𝑐11(⊗) ⋅ 𝑥+ 𝑑11(⊗) ⋅ 𝑦, 𝑐12(⊗) ⋅ 𝑥+

𝑑12(⊗) ⋅ 𝑦} (𝑦是下层问题的解);

P2 : max
𝑦

{𝑐21(⊗) ⋅ 𝑥+ 𝑑21(⊗) ⋅ 𝑦, 𝑐22(⊗) ⋅ 𝑥+

𝑑22(⊗) ⋅ 𝑦},

s.t.

⎧⎨⎩
𝑎1(⊗) ⋅ 𝑥+ 𝑏1(⊗) ⋅ 𝑦 ⩽ 28,

𝑎2(⊗) ⋅ 𝑥+ 𝑏2(⊗) ⋅ 𝑦 ⩽ 30,

𝑥 ⩾ 0, 𝑦 ⩾ 0.

其中

𝑐11(⊗) = [3, 4], 𝑑11(⊗) = [1, 3], 𝑐12(⊗) = [2, 6],

𝑑12(⊗) = [3, 5], 𝑐21(⊗) = [2, 3], 𝑑21(⊗) = [2, 5],

𝑐22(⊗) = [1, 4], 𝑑22(⊗) = [2, 6], 𝑎1(⊗) = [4, 6],

𝑏1(⊗) = [2, 4], 𝑎2(⊗) = [3, 5], 𝑏2(⊗) = [3, 4].

解 构造漂移模型

𝑐11(⊗) = 3 + 𝜃, 𝑑11(⊗) = 1 + 2𝜃, 𝑐12(⊗) = 2 + 4𝜃,

𝑑12(⊗) = 3 + 2𝜃, 𝑐21(⊗) = 2 + 𝜃, 𝑑21(⊗) = 2 + 3𝜃,

𝑐22(⊗) = 1 + 3𝜃, 𝑑22(⊗) = 2 + 4𝜃, 𝑎̃1(⊗) = 4 + 2𝜃,

𝑏̃1(⊗) = 2 + 2𝜃, 𝑎̃2(⊗) = 3 + 2𝜃, 𝑏̃2(⊗) = 3 + 𝜃.

首先对GBMLP(𝜃)模型的下层规划问题,根据定

理 3求解P2各目标函数最优解 (4, 6)对应的最优值

𝑠2∗1 (4, 6) = 42, 𝑠2∗2 (4, 6) = 52;然后构造下层规划为单

目标规划,即

P′
2 : min

(𝑥,𝑦)∈𝑅
𝑆2′(𝑥, 𝑦) =

𝜆1(𝑠
2
1(𝑥, 𝑦)− 𝑠2∗1 ) + 𝜆2(𝑠

2
2(𝑥, 𝑦)− 𝑠2∗2 ),

𝜆1 > 0, 𝜆2 > 0, 𝜆1 + 𝜆2 = 1.

根据定理 4,此时GBMLP(𝜃)模型转化为

P1 : max
𝑥

{𝑐11(⊗) ⋅ 𝑥+ 𝑑11(⊗) ⋅ 𝑦, 𝑐12(⊗) ⋅ 𝑥+

𝑑12(⊗) ⋅ 𝑦};
P′
2 : min

(𝑥,𝑦)∈𝑅
𝑆2′(𝑥, 𝑦) = 𝜆1((2 + 𝜃)𝑥+ (2 + 3𝜃)𝑦−

42) + 𝜆2((1 + 3𝜃)𝑥+ (2 + 4𝜃)𝑦 − 52);

s.t.

⎧⎨⎩
(4 + 2𝜃) ⋅ 𝑥+ (2 + 2𝜃) ⋅ 𝑦 ⩽ 28,

(3 + 2𝜃) ⋅ 𝑥+ (3 + 𝜃) ⋅ 𝑦 ⩽ 30,

𝑥 ⩾ 0, 𝑦 ⩾ 0,

𝜆1 > 0, 𝜆2 > 0, 𝜆1 + 𝜆2 = 1.

根据定理 5,此时GBMLP(𝜃)模型转化为

P1 : max
𝑥

{𝑐11(⊗) ⋅ 𝑥+ 𝑑11(⊗) ⋅ 𝑦, 𝑐12(⊗) ⋅ 𝑥+ 𝑑12(⊗) ⋅ 𝑦};

s.t.

⎧⎨⎩

𝜆1(2 + 3𝜃) + 𝜆2(2 + 4𝜃) + 𝑢1(2 + 2𝜃)+

𝑢2(3 + 𝜃) = 0,

(4 + 2𝜃) ⋅ 𝑥+ (2 + 2𝜃) ⋅ 𝑦 ⩽ 28,

(3 + 2𝜃) ⋅ 𝑥+ (3 + 𝜃) ⋅ 𝑦 ⩽ 30,

𝑢1(28− (4 + 2𝜃) ⋅ 𝑥− (2 + 2𝜃) ⋅ 𝑦) = 0,

𝑢2(30− (3 + 2𝜃) ⋅ 𝑥− (3 + 𝜃) ⋅ 𝑦) = 0,

𝑥 ⩾ 0, 𝑦 ⩾ 0,

𝜆1 > 0, 𝜆2 > 0, 𝜆1 + 𝜆2 = 1,

𝑢1 ⩾ 0, 𝑢2 ⩾ 0.

再由定理 3和定理 4求解P1诸单目标函数的最优解

及最优值, GBMLP(𝜃)模型转化为

P′
1 : min

(𝑥,𝑦)∈𝑅
𝑆1′(𝑥, 𝑦) =

𝛾1((3 + 𝜃)𝑥+ (1 + 2𝜃)𝑦 − 34)+

𝛾2((2 + 4𝜃)𝑥+ (3 + 2𝜃)𝑦 − 54);

s.t.

⎧⎨⎩

𝜆1(2 + 3𝜃) + 𝜆2(2 + 4𝜃)+

𝑢1(2 + 2𝜃) + 𝑢2(3 + 𝜃) = 0,

(4 + 2𝜃) ⋅ 𝑥+ (2 + 2𝜃) ⋅ 𝑦 ⩽ 28,

(3 + 2𝜃) ⋅ 𝑥+ (3 + 𝜃) ⋅ 𝑦 ⩽ 30,

𝑢1(28− (4 + 2𝜃) ⋅ 𝑥− (2 + 2𝜃) ⋅ 𝑦) = 0,

𝑢2(30− (3 + 2𝜃) ⋅ 𝑥− (3 + 𝜃) ⋅ 𝑦) = 0,

𝑥 ⩾ 0, 𝑦 ⩾ 0,

𝜆1 > 0, 𝜆2 > 0, 𝜆1 + 𝜆2 = 1,

𝑢1 ⩾ 0, 𝑢2 ⩾ 0,

𝛾1 > 0, 𝛾2 > 0, 𝛾1 + 𝛾2 = 1.

令𝑛 = 100, 在Matlab 7.0环境中编写程序,运行

得到当 𝜃 = 0.7时,有𝑥 = 0.318 7, 𝑦 = 7.729 1,因此

max
𝑥,𝑦,𝜃

𝑠11(𝑥, 𝑦) = 19.729 1, max
𝑥,𝑦,𝜃

𝑠12(𝑥, 𝑦) = 35.537 8,
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max
𝑥,𝑦,𝜃

𝑠21(𝑥, 𝑦) = 32.549 8, max
𝑥,𝑦,𝜃

𝑠22(𝑥, 𝑦) = 38.087 6.

可知在上层决策者和下层决策者合作的情况下,各目

标函数最优值可以求得, 目标函数值与灰色白化系

数 𝜃的关系如图 1所示, 此算法在计算机上操作简单

可行.
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图 1 算例运行结果

4 结结结 论论论

本文将各层均有多个目标函数的二层线性规划

与灰色理论相结合,提出了灰色二层多目标线性规划

问题,而灰色特性给问题求解带来了很大的难度.本

文主要针对漂移型灰色二层线性多目标规划问题,首

先通过线性加权模理想点法转化多目标规划为单目

标规划; 然后在可行域为非空紧集的情况下, 利用库

恩塔克条件将双层规划转化为单层规划;最后利用粒

子群算法搜索转化后的单目标单层线性规划问题即

可得到原问题的解. 算例实验表明该算法是有效的.
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