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Abstract: The clustering method is studied under the hesitant fuzzy environment. Firstly, the hesitant fuzzy relative entropy
and symmetric cross entropy are defined. From the viewpoint of information theory, a new similarity measure between two
hesitant fuzzy sets is proposed. Then, a similarity coefficient matrix is constructed, and a netting method is presented to make

clustering analysis for hesitant fuzzy sets. Finally, a numerical example is given to verify the effectiveness of the proposed

method.
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WO AED] 2 BB AR I | B0 2 AR 2 R X 1) 5
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BIAEE T, 45 T PUIEAORI A 1 R 2 I 2 2 5K 53 4L,
N T el e DR Bt IS B 22 0k o SR 5 R KSR, T
TA PR A, IR T EE B A 4 AR M A 74
ORI A1 PR AR ALE 2 2. SCHR (8] K5 ASORI 4R 14 L 28
RSHES BIPCIEBORI AL R, 52 SC T M0 IRAOR A 14
XA, R TS T IR0 A AL L 55
AR IR RO 2R, I de 24 JE N ] 31 22 s e s,

TR W e F SR 1) 5 R TR 25 T8 FEAS )
I3 I8 I e, ACREAEAS AR AL A D 2R i) 23 s ), i
e P65 T8 HRE A AU B 8 T M SR T i e TR
3 KT R AR R P A EE L H AT, O% TR
RIS SR ARBAE B 7 VR R 2R OT VR TR D . SOk
(21745 H T B (A0 RO AT AL 2 5K, EAE S
TR B AR B I, A7 A5 2 R 45 R A I S s Al i
T 3 HER AN i S T SCHR [22] T4 ST K EER
)2 IR 5 2K 712 (agglomerative hierarchical clustering)
X PR SR BEAT BRI M, B I AL FR AR~ 1) 5
TN D, THAE RO SOk [24] #
— PP AR B¢ /)N 2E O (minimal spanning tree) 5§
AR, AR T SO 217 Hp i s A A5 B A AR T
BIER IR B [ REARAE 70 R AN, EE A I 5 S BRANAT
SRR B STHR [10] 52 T HUEBBOBISE 1 R R B 5K,
H ISR I 28 B A SR P BB SR R BGERE, %
TAEN R RN WG VEAT IR IO M, AE R IL
RO TRASTR) S IBE 2 3CJE B AR AR AR LR N, A7 A1 2R
& ARG A Rl 73 B0 I Ly i S AN 45
B TIAN, N T ARG G I, S0 ORI R B
B ANIBTIRAR, IX RS 3 i B 25 2%, Hok e k),
BEXS I T A7 AR ) 8L, AN SO SR A A 4 H
e T BRI AR 0 A 6 R4S HA, 45 & TOPSIS 45 J7 12
F107 S5 ARELHR EE T ARG EORORN AR A2 A 8 R A () A A
P, JERE TR Ge I 2 19 SR 2VEI20 45 th 5 In b7 2
PBA 5 BRI k.
1 FEAWE

EXI WX = {z, 29, ,am} B — A
LS, WIFR M X 2 [0, 1] 1 —AN T2 11 & B 4
BOMIAE, W AE

ha(X) = {{z,ha(x))|z € X}. (1)

Ho ha(a) f2 [0, 1] LA RERI BN SR, £oma e
X B THE AN R,

TE X 2012
ARG, WIFR

h(X) = {(z, b (2))|z € X} 2

TR ha(X) 104N, Hhhg () = () {1-

YEha(z)

WX = {z1,29,

s} R

7}
EXAEr € X EHIBIHMILE ha(z)s hp(z), T

JCE MICE AN BT RN, A T AT 8005 4
WIF A2 Bt b ()~ () 50 35 2 326 16 5T
He ), B A9 () R AT () 43 WK ha () B hp ()
B N TEE. 2 HACY B (2) = h (2) (5 = 1,
2, ,n) N, T ha(z) = hp(z). Wi Wi 73 0K
ha(x) Fl hp(x) P ICEBANEL, | = max{la,lp}, fETC
FOMEE RN INCE LA T RN EOL S,
N0 Y JE D S5z 7 e 5 3 RIS i e, 55 e PRI P e 5
S0P 45 AT LU AR A o, WA I i
KT ZR, T PR KU 1 e 35 3 IE B AH R AN 2R —
P, AL R 1 RS In e 2. wlin CAnT AN B
RO ha(z) = {0.3,0.5,0.6}, hp(z) = {0.2,0.4}, K
TAETIE5, ¥ hp(z) TN hp(x) = {0.2,0.4,0.4}.

Bl WX = {21, 20,25}, BB ha(X) =
{(x1,{0.1,0.3}), (x2,{0.6,0.7}), (x3,{0.4,0.5,0.8})},
HAR B 4 (21, {0.1,0.3}) KRk NA L 1T
F o JBTHES AR REEE. Yesk /N AT P o
5 BT 2y BTG AR TREMFLNE, 209045 0.1,
0.3 Py Ff, 2 BH w35 /N AL AN — B, A 72 40 4
ha(X)IEN R b (X) = {(21,{0.7,0.9}), (z2,{0.3,0.4
1, (x3,{0.2,0.5,0.6})}.

P R G o AR 4 B S BT 9 H 14 FE P 4%,
FEZ @S BT i A QU 4 L 2 15 3
J TR WV L SCHR (21 45 T W R ARSI
PR A AL 23 B AL i L.

E X3PY B ha(X) hp(X) N E XX =
{1, 0,y EHIPIAD LRI S, W B 2500 52

d(ha(X), hp(X)) 201~ &AM
10 < d(ha(X),hg(X)) <1;
2) 4 HAL Y hoa(X) = hp(X) I, Hdha(X),
hp(X)) = 0;
3) d(ha(X),hp(X)) = d(hp(X),ha(X)).
E XA e hy(X) hp(X) N E XAEX =
{m1, 20, ,2nt LA I GBI A, W) AR BL
s(ha(X), hp(X)) W20~ 444
D0 < s(ha(X),hp(X)) < 1;
2) B HAH ha(X) = hp(X) W, Hs(ha(X),
hp(X))=1;
3) s(ha(X), hp(X)) = s(hp(X), ha(X)).
BT X3 08 X4, SCHR [210 45 B AR B B 1)
PR B HAALE G RN
s(ha(X),hp(X)) =1—d(ha(X),hp(X)). (3)
DA b 2 R FH P B R AERARR B2, AR SORE M
FOES A B, B X BT I R AR A AR B 1 2
FAWNE R DA EPOR T s
EX 5262 JPFWARGE M = { My, Ma, - - -,
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2 B PRI AF T hh BTS2 B2
IINAEER

2 EREGWRITIL

2.1 FIRERE S
FET 8 S5, T 5 LG AN IR T A .
E X6 Bha(x) (Y (@), 02 (@), -,
W @)} hp(e) = (WY (@), by (@), by (@)}
R HL AR B, WIFR
R(ha(z), hp(z)) =
[, 0) W (@)
; [hA (x)logh;(j)(x)-i-
: 1
(- h;%))loglmz(j)&;] ®
hE XAEx € X b, G4 hA(x) X hp(x) (I
. 240 (@) =0 (@)(G = 1,2, ,n), Bl hy(x)
= hp(z) i, R(ha(z), hp(x)) = 0. EXEMA’%/\X
= (a1, 39, 2} LI IZERIEE ha (X)X hp (X)
HIAH R Ry
R(ha(X),

(6)

WAR, R(ha(X), hp(X)) ANEXFRYE. Ak, ASCH
TE ORI (1) AH %) .

EXT ®X {a1, 20, ,xp}, ha(X)H
hp(X) R E XAEX EMADM BB, R(ha(X),
hp(X)) M R(hp(X),ha(X)) 73 A T 7Nha(X) R
hp(X) Fl hp(X) XF ha(X) HIADH, WIFR

C(ha(X),hp(X)) =

R(ha(X),hp(X)) + R(hp(X),ha(X)) =

1 m n iy h (4 )( 1)

" 3 (; {hA(])(xi)loghf(J) +

i=1 B (z:)

- 1—h9 ()
(1- hT(j)(xi))log#.])-&-
A 1— h;(J)(a?Z)

HMTEBRIEE ha (X)) AT b (X)) FIREFRAS HLA.

YT XA HI C(ha(X), hp (X)), 7555 uFSL
TR DU M

MR1 ®X = {z1,20, ,2n}, ha(X)H
hp(X) A58 XAE X EIIWN P B0 AR, W) ) #K
HS C(ha(X), hp(X)) WL WF Z&A

D) C(ha(X),hp(X)) 2 0;

2) M HA M ha(X) = hp(X) B, 5 C(ha(X),

hp(X)) = 0;
3) C(ha(X),hp(X)) = C(hp(X), ha(X)).
UWEB &% f(t) = —logt, W f"(t) = t% >0, f(z)

I IUTRR AL HH M RR E R P BT, AR AR R GRS f( At
+ Aot2) < Aif(tn) + Azf(tz) A+ A2 = LA €
(0,1), M HAL Mty = to B, 555 07, BB

—log(A1t1 + Aata) < —Arlogt; — Aqlogta,
h/B(j)(-ri) . l—h‘];(J)(xi)
@) 1 (@)
Ao =1 A (@) AN B, 45
h;(j)(zi)
hz(j)(xi) B

i =

M= 0 (@)

)

0< —hz(j)(xi)log

. 1— hT(j) i
(1= W9 () log 1 (21)
1 - hAj (z:)

)

i=1,2,---,m, j=1,2,---,n.
Ta) 7(3)
(x;) 1—hpg (x;)
Eﬂélﬂméu T(])( " hT(j)(:vl-) i, R(ha(X),
hp(X)) = 0, 419 (2;) = h;“)(xn(z‘ = 1,2, ,m,
j o= 1,2,---,n)i, R(ha(X),hp(X)) = 0, MK
ha(X) = hB( )-

[] 3 7 43 R(hp(X),h
ha(X) = hp(X) B, H R(hp(X )
A3 1) 2) oz, 1 C(ha(X), b
SRy, O
22 ETXHHEIZBHOMBEMBE

SCHR [21] 251 BE 2 45 R AL A A AL 22 5K (3),
T T B R R ASOR AR T R AABLRE B2 S B, R
TGN, ARABLRE B, T TR TR AR AT LR 4 A R
BRI BAHALRE 23 =X

E X8 WX {1, 22, ,xm}, ha(X) F
hp(X) AEXAE X ERPAPEBRIEE, WFR

S(ha(X),hp(X)) =

A(X)) = 0, M H ALY
ha(X)) = 0. Z5 1
X)) MARIES, 3) 2
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C(ha(X),h3(X)) 8)
C(ha(X),hp(X)) + C(ha(X),h3(X))
M ha(X)5 hp(X)FIABLE, b (X) R hp(X) BN
BIHEAL, S(ha(X), hp(X)) WAL N R

MR2 WX = {z1,22, - ,Tm}, ha(X)AH
hp(X) A AE X LR A0 4, ) AR ABLRE

NS (ha(X), hp (X)) WL R 44

10 < S(ha(X),hp(X)) <1;

2) S(ha(X), hp(X)) = S(hp(X), ha(X));

3) B HAMNHha(X) = hp(X) I, 7 5(ha(X),
hp(X)) =1;

4) M H AN HCha(X),hp(X)) = C(ha(X),
hy (X)) I, A S(ha(X), hp(X)) = 1/2;

5) M HAL M ha(X) = hG(X) I, H S(ha(X),
hs(X)) = 0.

H 52k, (8 & T TOPSIS & A2 42 11,
S(ha(X),hp(X)) K, ha(X) 5 hp(X) BIFLIEEEE
. 5 STk [21] TR TR B A AL A A B, A
AT AR B hoa (X)) 55 hp (X)) FORH AL BR 22 73 )%, 6
AT ha (X)) 5 hS (X)) (10 25 55 B, I HLAE e e
R, S(ha(X), hp(X)) PTA3H) 45 3 HE T 0 2 A
ABLRE S N A B, S 5 4 .

B2 WX = {x, 22}, EXLEX LR3I MNZ
BOWIEE ha(X), hp(X), ho(X) 73900

ha(X) = {(z1,{0.2,0.3,0.5}), (x2,{0.4,0.6})},
hp(X) = {(z1,{0.2,0.4,0.5}), (2, {0.4,0.7})},
he(X) = {(21,{0.3,0.4,0.6}), (x2,{0.5,0.7})}.

z JBT A B, C W RERIFEE 3 K ha(ze) =
{0.2,0.3,0.5}, hp(z1) = {0.2,0.4,0.5}, he(x1) = {0.3,
0.4,0.6}. WL LB TS, hoa(xr) 5 hp(z) T HIHE
FE SEFIT, A0 I (1) P A EE 2 A [ ), AHABURE FE
B, X Fag i — . FTELE W L ha(X) 5 hp(X)
() H L BE bE 5 he(X) . BIS(ha(X), hp(X)) >
S(ha(X), he(X)).

A FAHALRE A 2K (3), 26 T30k (211 0T~ X4
FRIGA 57 00 T8 K B 2

di(ha(X),hp(X)) =

1 & G
[mizzlmjaxmA(J)(m
WITT45 51 (ha(X), hp(X)) = s1(ha(X), he(X)), 5H
MONRAEF; 57 ARSI, W43 S(ha(X), hp(X))
=0.934> S(ha(X), he(X))=0.787, 5 EMINH 2L,
A BT SCHR [21] ) SURA GG IR 2, WA K
R, O = 2.

1
O —h @) A, A >0, )

da(ha(X), hp(X)) =

wi

3 2 (-

i=1 =1

T(J)( i)|)\+

1
mjax|hz(j)(xi)—h7m(x)| )P A>0,  (10)

) s5(ha(X), h(X)) = 0.916 > sy(ha(X), he(X)) =
0.9, HAICITEA B30 Jish, I Bk g Jn] Bk
IR, FHE T E B SR A B ARARLRE 7 P AN TR A
SCITVESRAG I ARACLEE 0 S 25 5 43 3% =5 b, 3K Fif
DT VEAE SR ARARACURE W0 T fAS 7], w2 55 T UART A B2
A PR SRR R 22 5, Jia 3 2 15 R 1) A FE O HE o
FAE BN FE. 28R, 7 SEBR ) 88 o 35 7 Wk — Fef
J7VERT LIS A 1S B, BRI nT DK AN IR (1 7 V45
A AT, B ARG, PR | A 3 A e i)

SEBR N, AR ICE 2 € X A fH AR )
AF, NI T A [] R AL i’iﬁ?z-(i =1,2,---,m) %}

FMﬂEﬁwl%Eiymflwi[QmW%ﬁ
(8), %Jﬂéﬂiaﬁifﬁur“ /\tjv
Sw(ha(X),hp(X)) =
Cu(ha(X), h% (X)) an
Cuw(ha(X),hp(X))+ Cyw(ha(X),h% (X))’
Hrp

, —_ 3@
(1- hg(”(xi))logWD. (12)

Mwy = wy = - = wp, = 1/mI, A1) F(12) 4
SR (8) F (7). 25 55 36 UFAHARLRE (11) 96 i PE R 2.
23 ETHBEMBOUENERNA
o W T e A BRI A 2 T N, B

HAREFE QR0 6 FA LR B P, ﬁ%ﬁa%’um
X € [0,1), M EENBAERE Py, XAk BT E
FF5. AR XM e e B O R 5o lUARe1, 4072
Pl FF T B AE I PR O 45 0, b 45 AR S L 2k,
JIT V8 2 I gl A2 4 ek 45 a5 Ak (1 8 45 2 5 B 1) T 4R 4
K, SR %’é WIS AT S e HAHBCES 1) pl 8 T — 2K,
S I SR SIS 13 ok T A I (1 AR R B < 9T LA R J A
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R SRAF RIS LE R, TS R BORMIPRBE T 1) 4 I
RIS TIE, BB RR T

D BY = {¥1,Y2, , Y} G = {G1,Ga, -,
G} W= (w1, ws, - ,w,)" 73077 4 B
JE AR ) . PSRN BT AT 7 4% 4% SR M A T
£, 1B B R ED = (hij)mxn, PR
AN HR BB HUR B EP = (Sy(ha,
hB))mxn-

2) ERANLL R P EXH AL TR, K
AL LG RA T REY =V, Ya, -, Yo } TR,

3) Bk EAREIKCE A € [0, 1], M N EAEFE Py, 7F
XS LT J7 AR5 B 1, 07 de s, LU fip
TEIRLE A 4 i, 45 VR 2 e, 1931 9 b ], ik
SV YOI NAI 22 o NP E B ReE
3 SIS

B3 LTI THARK T Y =
1,2, 1) TR, WEHE AN M G, W)
fE Go, B IRSS Gs, it Gy WS/ TR Y i
BN G IR EERIEE by 27N, K6 R S 5E B
D = (hij)rxa, WK1 PT7R. b1y = {0.4,0.6} RRTEM

I T3 1T, PR/ PRI AL, BT 05 5 Y7 WA 1%
JEVEIFLRE 2 5145 0.4 F10.6 Pk, 246 W P i /N2 7 WL
A—F wEPERE S (0.3,0.25,0.2,0.25)T.
F 1 RBARRR R IE S
G1 Go Gs Gy

Y1 {0.4,0.6} {0.3,0.5,0.6} {0.2,03} {0.4}

Y,  {02,030.5} {0.2,0.4} {0.2,04,05}  {03,04}

Ys  {02,03,04,} {0.2,0.4} {0.2,0.3,0.5} {0.3}

Y, {0.3,045,0.75} {0.3,0.6} {03,0.6,075}  {0.45,0.6}

Ys {0.8} {0.4,0.6,0.7} {0.3,0.4} {0.6,0.8}

Ys  {0.4,0507} {0.4,0.6} {0.40.6,07} {0506}

Y, {0.6,0.7,0.9} {0.6,0.8} {0.6,08,09}  {0.7,0.8}

1) A (D) TP AR AR (Bl 3R 2O B

[ 1 07141 07329 0.4221
07141 1 0.9777 0.5019
0.7329 0.9777 1 04716
04221 05019 04716 1  —
0.5287 0.2432 0.2179 0.5064
0.3038 0.3226 0.3243 0.7121

| 0.2465 0.0630 0.0327 0.5511

0.5287 0.3038 0.2465 |
0.2432 0.3226 0.0630
0.2179 0.3243 0.0327
< 0.5064 0.7121 0.5511
1 0.5657 0.746 4
0.5657 1 0.658 3
0.7464 0.6583 1

2) LHAAMIRBUER: P Bl BT E, ¥
XA EICEHTTREY = (1, Y,, -+ Y7} &
7, B

P=

Y
0.7141 Y,
0.7329 09777 Y
0.4221 0.5019 0.4716 —
0.5287 0.2432 0.2179
0.3038 0.3226 0.3243
0.2465 0.0630 0.0327

—~ Y,
0.5064 Y
0.7121 0.5657  Yg
0.5511 0.7464 0.6583 Y7 |

3) B e EIAKCE A € [0,1), M N RE Py, 1E
w1 1, )

® 209777 < XA < 1B, o873 () {Ye),
(Yo}, {Ya}, {¥5}, {Y6}, {¥Y7}s

@ M0.7464 < X < 0.977TH}, 734635 {v1],
1Yo, Yo}, {Ya}, {Y5}, {Ys}, {¥Y7};

® 20.7329 < A < 0.7464 1}, 53 4 535 {11},
{Y2, Y3}, {Ya}, {Y¥5, Y7}, {Ys }

@ 40.7121 < A < 0.732915F, 43k 4 25 {Y1, Vs,
Yo}, {Ya}, {Y5, Y7}, {Ys }s

®40.6583 < A <
Yo}, {Va, Yo}, {Y5, Y7 }s

® 40.5287 < A <
Ys}, {Y4, Y5, Y6, Yo }s

@ 340 < A < 0.5287HF, H K13
Y3, Yy, Y5, Ye, Y7}

L R STHR (107 HJE T 254 56 R ISR 2R U7 VA,
JUE SRR PR R /A W)

0.712 1 I, 434 35 {Y1, Vs,
0.658 3 I}, 73 A 22K {11, Ys,

{Y173/27

pPAB = (13)
Z ( ZhT(J) T(J) ))/
i=1
{[z":wi(lli(hm( ) )]1/2X
i=1 tj=1
(S 0 w0)] ) s

J

i=1 =1
THHRICREOERE O, 15



5510 3] XS B B T AEAR R I I BAR R SARLE R R K A 1821
[ 1 09513 0.9577 0.9513 [ 1 09657 0.9657 0.9657
09513 1 09920 1 09657 1 09920 1
0.9577 0.9920 1  0.9920 0.9657 0.9920 1  0.9920
C=109513 1 09920 1 — C*=109657 1 09920 1 —

0.9787 0.9370 0.9340 0.9370
0.9636 0.9938 0.9917 0.9938
| 0.9657 0.9865 0.9872 0.9865

0.9787 0.9636 0.9657 |

0.9370 0.9938 0.9865

0.9340 0.9917 0.9872

< 0.9370 0.9938 0.9865

1 09554 0.9606

09554 1  0.9986

0.9606 0.9986 1 ]

(AP RN N 7 o WO ORI GCLIRRRN |: 41
C8 = C4, C* RS RHRFE R, B

0.9787 0.9657 0.9657 0.9657
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