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Large-scale Gaussian process classification via Laplace’s method
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Abstract: Scalable variational Gaussian process classification based on KL divergence(KLSP) is generaly plagued by the
fact that both the mean and covariance matrix of inducing variables need to be optimized, therefore an improved algorithm
is proposed by using the Laplace’s method. Firstly, a lower bound of the posterior distribution of inducing variables is
constructed, which can be computed easily. Then a Gaussian approximation of this lower bound is computed, which is
by using the Laplace’s method taken as the approximation the posterior distribution of inducing variables. As a result,
the objective function of the proposed algorithm is a concave function with respect to the mean of inducing variables
only, which can be solved easily. The experimental results show that, compared with the original algorithm, the speed
and accuracy of the proposed algorithm are improved obviously.
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f(@) ~ GP(0, k(z, ")), (1
Horb k(, o) R0 T7 22 BB AR SR FH BP0 J7 22 o5
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S MR 4 A, B
p(Fp|D) = N(Fp|0, Kp),
p(Fy|D) = N(Fy|0, Ky),
p(Fp|Fy,D) = N(Fp|Kpu Ky ' Fir, Kp—
Kpu Ky Khy),
p(filFu,D,x,) = N(f*|K*UK51FU,K**—
KoK KL).
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B.WFp = [fi,fo,-  fal "o fi = flas); Kp 2
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BRI EUE M B 1) By Ky R W7 Z ek 8k (v, 2/ ) EEU
L E R B 77 B K py s D AU WA 2 [8] 1)
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p(Y|Fp) AT ATE XN
- 1
p(Y|Fp) = Hp(yl|fz) T Trewh 3)
i=1

1.3 HEREEEER
1AL G S R SR, Fop 105 B T ey OO
LTS
p(Fp|D,Y) = p(Y|Fp)p(Fp|D)
| p(Y|Fp)p(Fp|D)AFp
THEAR 2. T K b, SR R p(Y | Fp) 72
— Al 1 7 B B, IF R B A9 B p(Fp | D, V) 14 B %
325 5%, T BB R RSB 1 )7 33 5 p(Fp | D, V) 75
BRI R AR O T BRI R 2B, TT LS A
— MR Fy, M Fy KSR p(Fy|D,Y) K
THESEE p(Fp|D,Y), B
p(Fp|D.Y) = [ p(Fp|Fyr, D)p(Fy|D,Y)dFy. @)
Hrhp(Fy|D,Y) ZERI0F:
p(Fy|D,Y) = p(Y|Fy)p(Fu|D) ,
IP(YIFU)p(FU|D)dFU (5)
p(Y|Fu) = [ p(Y|Fp)p(Fp|Fyr, D)dFp.
1T p(Fy|D,Y) L & JE B T B K p (Y| Fp ).
TH SR AN REAF B E (1) 43 By R ik . KLSP B Bk A%
FH

I q(Fy) = N(Fy|p, X), BV iz /MM KL #U%
L(q(Fv)|lp(Fu|D,Y)) Rit H q(Fy) = N(Fylp,
). W T R A 2 BT A, T LR 2
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A& e 1 78 B, 70 AR R SR AR S A — 2 I . AR SR
FH RS $7 1 7 1k H p(Fy | D, Y) I — AN m Wi i
q(Fy) = N(Fy|p, X), B
0= ar%:maxlogp(FﬂD,Y),
{ Y =—(VV logp(FU|D,Y)|FU:H)*1.

B 3K (6) 7] LU 1, R 3 47 8 5 0k B q(Fy) =
N(Fy|p, X) R FiEidfib argFmax log p(Fy|D,Y) ik
L R 4531 3, B, 18 A B R PR S
FELTRY SR fige A B AR T KLSP &y, T i xof Hed fry FeoR
AT HEAT VEAR IR

B 2 (5) 7T LA H, log p(Fy|D,Y) R XX E
@ logp(Y|Fy). log [ p(Y|Fy)p(Fy|D)dFy il
log p(Fy| D) =3, Hrh log p(Y| Fyy) B BAR R IR AN

log | p(Y|Fp)p(Fp|Fu, D)dFp.
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log [ p(Y|Fu)p(Fy|D)dFy >
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IOgP(FU\D)—IOgIP(Y\FU)P(FMD)dFU @)
T 1ogjp(Y|FU)p(FU\D)dFU A E Fy, AT L%
. R TR g(Fy) = N(Fylp, 2):
{ j = argmax ¢ (Fy),
F ®)
X = ~(VV(F) )
Horpop(Fy) B R
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=1
1 T 7-—1
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H 2 (10) 7] LAE i AE A OB R, H AR R AU
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FEKLSP 5L, BARRE — ) A E R R S
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THEE I BAK T KLSP HIE.
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5 = Fy = 2(VVY(Fy)) " Vi(Fy), (1)
g KN N—ToR L

P(\) £ $(Fy = NVV(F0) T V() (12)
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p="Fy, ¥ =—(VV(Fy)lp,—p,) "
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fﬁp(f*m,y,x*)df*. (14)
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Hermite SRR A 2015 HAH.
2 BRSEI
A SCH AL W AR W SR 1 B . LR IR R S
B B AT 75 L A0 b FH B 7 25 FE R K B0 T R,
T AE SE B 0] fi v Ky A B2 — AN ar R e, o~ T
PROUE B £ e 1, 75T 5 Ky (R0 56 B I N — A
W T10 "L K;' = (Kp+10771)7L X\ =
argm&xw(ﬁb + AAFy) 72— —4E MR Ak n) 2, A
(Fy + MAFy)

PEGECTHE il EFIPE
Kt H DK N\, HE4F, Gauss-Hermite SR A PR AE
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U,

Step 2: 1HE W 77 Z5 M Kp. Ky Kpu, iHH
K;'=(Ky +10771)7}

Step 3: ¥IUHAL Fyy N &

Step 4: IR4E 2 (10) 1+ 5 H AR B o () 78 Fy ALY
BEEEV(Fy), VVY(Fy);

Vo(Fy)) TV (F
Step 5: W% \/( VL)) VYY) < & 3|

Step 9, 7 M) Step 6, A S 5c 3t = FUHUE 40,01
Step 6: i & T — HIERHIE R ITT RN AFy =
—(VV4(Fp)) " Vi (Fp);
Step 7: FIFI AP BE K g = argmaxyp (Fy
+ ANAFy), 85 WA 2 X K FE /N T 0.001 B 25 5

b

Step 8: T Fyy, Fy=Fu+ o AFy, 5| Step 4;
Step 9: u=Fy, X= — (VVo(Fy)) .

2) TR B

BINU, u, X, Kt 2, o, B

it e B ELSERRIC S +1 B,

Step 1: THE I 7 ZHFE Koy~ Ko

Step 2: iR #E (13) HH 5 p(f.| D, Y, 2..);

Step 3: H 4 3 (14) 15 2, W B SZhRIC A +1 10K
3 fiEskh

AATEAE 10D KA — 70 B854 EIREA T
Frde i BE I PERE. X 10 MR AR 3k B T UCT
i e, FoH: Minist0 08 48 42 75 J5 46 1) Minist 2 2544
PG F UL FE5E T ORI IR, HARE
ARSI B — 7 28 £ Covtypel « Connectl
SensIT Verhiclel Al Shuttle1 £ #& £ /& 43 7l LA J5 45
Z R PHIEE 1 RFEA YIRS HAREA 171
RIS — 53 5 E 4 42 ; Poker Fll Poker2 245 48 /2 77
A LA 46 ) Poker-hand 22 R H A2 1 58 1 MIEE 228
TR HARZE R ST L — o R R . R T iX
e AR B TEAR(E B LR 1.

x1 EXAWIEFRARES

Ky se FHENC EREADM L SRR
Protein 357 11310 13077
Pendigits 16 1143 9849
Covtypel 54 211840 369172
Connectl 42 44473 23084
Mnist0 780 5923 54077
Skin 3 50859 194 195
SensIT Vehiclel 100 22841 75687
Shuttlel 9 45586 12414
Poker2 10 433097 591913
Pokerl 10 513702 511308

AR AE SCHR [13] 0938 45 vy 20 ik 75 73 R vk
(KLSP) () B fith b £ H 1 — i i A% ey 0 i 2
Gy JE L, TR, I T A X AR ST BT i L (LASP) 5
KLSP 53k 3k 47 ¢ L Ao 4. v 7 A P2 WL, 34
BEHR k(x,2) = ae =2 IP/8 45 Jgth )7 2
BREL, b, P O 2 R B S 8 o B0 B BUAE 43 il
EHEA{107°,1074,- -+ | 10%) 1 {37%d,, 3 3d,, - - - ,
34, H(dy N T PRSI MR AR 2 8] )~ 35 1
B b I A2 YIS IE S B T . DA SR 5 SR
T BEALE B 172 BIREAAE ISR E s, 172 IR AR
DR E A, SR 5 BT S URSE IR B 45 3,
24T % % N CPU E£453.2 GHz. 178 GB [ 4135 PC
#L.

T2 T PIANEIRAE 10 M B4R 24935 S48
IREA A H 50 100+ 150+ 200 PYAS A [FIE I ) 45
R Horh: Ace R TR B2, Time 2275 T S ] (I
RIS [ 4 LM B (] ).
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72 LASPFNKLSP BJE7E UCIHUIESE LRV RELLER
TR
Hidde Hik 50 100 150 200
Acc Time Acc Time Acc Time Acc Time
LASP 66.51 0.6 70.02 0.9 71.31 1.2 72.65 14
Protein
KLSP 66.50 4.5 70.09 54 71.49 6.3 72.93 8.0
LASP 99.75 0.7 99.83 0.9 99.90 1.1 99.91 1.3
Pendigits
KLSP 99.56 129 99.76 10.4 99.86 9.6 99.87 10.2
LASP 67.46 31.5 71.62 42.0 73.40 52.4 75.05 62.4
Covtypel
KLSP 65.10 45.6 67.51 59.4 71.05 78.0 73.03 99.2
LASP 77.25 2.5 79.07 35 80.38 4.7 81.08 5.6
Connectl
KLSP 74.69 11.6 77.62 15.66 79.07 20.2 80.80 22.1
Mnisto LASP 98.35 1.3 98.81 1.8 98.89 2.6 98.98 3.0
nis
KLSP 98.35 4.4 98.80 7.2 97.61 11.7 98.94 14.0
Ski LASP 98.18 13.6 98.34 16.4 98.57 20.2 98.61 232
mn
KLSP 95.65 19.6 96.43 24.4 96.64 32.5 96.39 41.7
LASP 87.01 5.0 88.19 6.6 88.81 8.0 89.28 94
SensIT Vehiclel
KLSP 86.48 21.1 86.42 20.8 86.07 223 85.01 25.5
LASP 98.31 2.8 99.06 35 99.27 4.3 99.43 5.6
Shuttlel
KLSP 96.42 49 96.74 6.8 97.18 9.9 97.36 13.2
Poker? LASP 59.42 29.6 59.67 36.5 59.97 46.7 60.23 57.4
oker’
KLSP 58.41 102.5 57.89 154.4 58.76 204.2 59.02 254.5
Pokerl LASP 60.12 40.0 60.31 54.3 60.99 69.0 61.37 79.9
oker
KLSP 59.09 100.8 57.60 134.7 59.13 192. 58.54 237.6

HH 3 2 7] DU Y, T 0 iy 8 B8 ), AR SC BV LASP
() SR TRV LE BT 2580 4 AR T KLSP 5k, f i
FAARK T 2910 1% (W1 {E Pendigits £ 38 4 b, A 5551
TR (A1 Z9 1s, T KLSP 57520 10s), (K K T
29 15 Ak, A N33 1002, A8 AV LASP [ il
¥ J 7F Covtypel+ Connectl. Skin. SensIT Vehiclel .
Shuttle1. Pokerl 557 M4 45 F3E/R LL KLSP HVE &
TR E S R ARERRRIERI3AE 5 A

T 3k — 1 B e 7 e B R TR B 2 [ RS
AT B 22 B, A SR FH 5% 3 PR AT (0 ¢ K56

VR P M RLRAE &N RO AR B B TIIKS B2 R AT T 4
M, 4N 3 ffrs. R 3T AT S 1 L R iR oA
W REREE AT EES TR X e TH
% B TNRS B, WHEAE A > By RES = X -
PR ARV PR FRUINRS i — R ), WAEAE A = B.3R3
[ 45 5L 3% B, B2 7E Protein. Pendigits F11 Minist0 = ™%
P AR PR R B TS FEAE S 2 S R — )
Z A0 AE FH A A HOE £ AR SO B TR B M Bt
it EFE )& T KLSP &L,

%3 LASPAIKLSPEAMTUNEE Mt RIGEL G R

FPEREAN
50 100 150 200
Protein LASP = KLSP LASP = KLSP LASP = KLSP LASP = KLSP
Pendigits LASP > KLSP LASP > KLSP LASP = KLSP LASP > KLSP
Covtypel LASP > KLSP LASP > KLSP LASP > KLSP LASP > KLSP
Connectl LASP > KLSP LASP > KLSP LASP > KLSP LASP > KLSP
Mnist0 LASP = KLSP LASP = KLSP LASP = KLSP LASP > KLSP
Skin LASP > KLSP LASP > KLSP LASP > KLSP LASP > KLSP
SensIT Vehiclel LASP > KLSP LASP > KLSP LASP > KLSP LASP > KLSP
Shuttlel LASP > KLSP LASP > KLSP LASP > KLSP LASP > KLSP
Poker2 LASP > KLSP LASP > KLSP LASP > KLSP LASP > KLSP
Pokerl LASP > KLSP LASP > KLSP LASP > KLSP LASP > KLSP

Total

LASP > KLSP (32) LASP=KLSP (8) KLSP > LASP (0)

5 18 BT B S 06 Hodie B 1 SRS A (K AP A 1k
BUK, Ace TR bR IF AN RE 2 WL WA A FEIAE IX S
e ERITERE, A SCRIN AER 4 P4t 1 AN IEAEIX

L4 2 | ) AUC. F-score A1 G-mean =M 48 #5{H.
H¢ 4 0] DLE H, fEIX 3N 4845 b, LASP Bkt B i
HUA5 T EE KLSP 5592 5 4 1 45



> <~ K5 N
1324 #= # 5 kxR #32%
#4 LASPFKLSPEAELRT TEEIRE LAVERELLER
7 FEREARANEL
H e A7 50 100 150 200
AUC F-score G-mean AUC F-score G-mean AUC F-score G-mean AUC F-score G-mean
g LASP 1.000 0.987 0.989  1.000 0.993 0.994  1.000 0.993 0.994  1.000 0.995 0.995
Pendigits
KLSP 1.000 0.976 0.985 1.000  0.990 0.991 1.000  0.989 0.991 1.000  0.992 0.994
LASP 0981 0914 0942 0986 0.938 0959 0990 0.944 0.967 0990 0.949 0.969
MnistO
KLSP 0981 0.881 0945 0986 0.923 0960 0985 0.916 0.965 0988 0.935 0.968
Sk LASP 0998 0.957 0988 0.999 0.965 0.990 0999 0.964 0.990 0.999 0.970 0.992
m
KLSP 0.995 0.899 0968 0.996 00917 0976 0996 0.916 0976 0996 0.925 0.978
LASP 0892 0.719 0.807 0.909 0.740 0.822 0920 0.757 0.835 0927 0.767 0.843
SensIT Vehiclel
KLSP 0.870 0.715 0815 0.863 0.718 0.817 0.859 0.716 0.817 0.861 0.708 0.816
Shuttl LASP 0999 0.990 0970  1.000  0.995 0.985 1.000  0.996 0.988 1.000  0.996 0.989
uttlel
KLSP 0.990 0.979 0932 0992 0.980 0.940 0995 0.982 0.941 0.993 0.982 0.945
4 ?S '[@ [71 Bonilla E, Chai K, Williams C. Multi-task Gaussian

ARSI T by 77 ST T AT DUA Rk
BEORRUASE (1 vey nd A 7 2R . AE 10 UCT %
o B Se 0 4 R AR WY, AR SCHEOE AT B [R5
e, M0 H AT DA R e TS L. 498, Rkl
5 LSO R Ty, 9 0 AE Y SR — U R E
P BN Ecdle, TS R 2R T AR e, s — D
JEF FH BE LB 2 i 2 5L — R il 25 2003 5 i 1 B0
BEAt, 2% 8 2 H A T A2 I IEVE L B 77 72 R S
K i) s AN BURCRAR, 0 HASREAS 2 e UL 2 54 Aol
A FHRERL R GAUSR B Sk $E 1) U5 22 B S A 2
TP R R
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