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Recent development of Boolean networks with constraints
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Abstract: The Boolean network is an effective tool to characterize dynamic discrete models established on finite sets.
However, as the research goes deeper and new demands of some practical issues come into being, traditional Boolean
networks fail to model suitably. In this case, Boolean (control) networks with constraints (B(C)NWCs) are proposed. By
resorting to semi-tensor product of matrices, the network can be converted equivalently into its algebraic representation,
which is convenient to analyze. In this paper, the sources and the types of BNWCs are summarized. Subsequently, the
development and status of typical problems including normalization and solvability of BNWCs, are presented. Moreover,
some relative results about topological structures of BNWCs are outlined. On the other hand, we pay more attention
to controllability of BCNWCs, which are Boolean networks with constraints and inputs. The analysis procedures of
controllability in BCNWCs are recommended in term of two categories, which are the Dimitriy-Michael approach and
the pre-feedback approach, respectively. Finally, common approaches to design controllable and stabilizable controllers
and optimal input signals, the input-state incidence matrix method and the Floyd’s algorithm, and some other research
orientations such as pinning control and disturbance decoupling, are summarized.
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3.2.1 Dmitriy-Michael /5%
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FERefE ), 2 HAYY

«

> (@Qs)F -0, (24)
k=1
Horp
QS:JT(LD( 12m)Jj\€ Ea)(a' (25)

3.2.2 Wik (Pre-Feedback) J7i%

Dmitriy-Michael 77 %% &b BRACIR S 52 B 1) A7 7K
e o] ) 286 DA % i N R R 5 052 IR 49 A 7R 428 | o) 246
AR A R, AEL 2 21 PR A B o) R N PR 1) 5 72— i
I, IX PP ITVE A L ANE T XTI L, SRR [39-
4918 H T — Pl AR BRI i — TR 5 7 V.

T Ik 51N HT 0 A o (¢), R S PR 2% 1R
M,z (t)u(t) = 03 M MR 5t T2
u(t) = Ux(t)v(t). (26)
HU = [U1,Usz, -+ ,Usn],U; € Rom yom , i /&

Col(U;) = 27
{{0}, = =0.
j‘JF‘E_El = {5 (S AQm|€T =< Rowl(Mwégn)}
H I, Y n = r I, 52 BRAG R ¥ 1 9 26 (20) 1T BASE
il 5 N

{x@+1):L%AUMﬂ, o8

u(t) = Ux(t)v(t).
7E3 (28) W, 4 w(t) AR\ LR B8 75 #2, AT LAAR 3 R
T W e A i 4 1
EIRAD 7E A MOBURAS (1 5 N\ B i 5= i A
IRFEHIRI L 20) oL WIEIR S o = 63, B kB BIIEH
R g = 0L, 4 HALY
[(Lylgm)¥)i; >0, (29)
H Ly = L'UWign gmn®(27) Wizm 1.
3.3 EHlESEIt
B R ERGET T R AT R R Y 2
BN 52 BR AT 2R 428 1] 90 8% [ e 428 12k, (F A X 6 077 2 B
A T EIR T, 1& G AE R a6 264 DU E 52 BRA 7R
W28 2 75 Re A%, & T T A IE 98, A R T8
%
P A5 5 BT B R 1) E B R ) IR 2
s ] o 8L ) S BB AE T BT S 5, Wnpe i i B
SE ), e AR L AR 3 ) 0 AN ), S S S
(8 T 77 A A A [F), E AR AN 2 A2 SR TE 5%, 4 1)
RO S e A2 1) (428 1A 5 B T 8 AR M 2 DA G
TE A 7R 32 1l W 2% R, & 8] DL E B — A
W&, B HMNHZRE &) g%, mH 2 A3
R S4SSTTR] v o E R I S  OCE A E T IR
THSEI e I HINE 5.
Ty b 0T BA W R YR A R AL Mayer 2 fR AL 4%
i) :
P(u) = ATz (20, u(N)), (30)

HPN € Ronyy NAESEERE, 40K N S50, M 2o H
RN B RIR I AT AT R A gk B B (o) WS
PR, SR 5 BT HIME =, 145 2o 7258 N B ik 1%
AR RIAT; W2k N A ARFNHIAF BTt &, W 2o ATIA ]
PR ikt BAT e/ (k) Wz KPR, 2R A 15
THEHNE T, 815 2o BIKIZIRA, B P EE



966 # % 5

N BB I, Wit 52 B Mayer B A 4% 145 5 1 9%
A AR TR SEEL AR 2 B4 (5 5
331 BRI KREBRAEREE

By N TR FE RV 2 SR [56] 32 H 1) — a3 AT A
IR ) 2% Be 4 P, W HEHIE 5 M ZR G T E.
R [35] 4 1 B AR SRR B VA, 52 th T S
IR S R BCAE 5 (Generalized input-state incidence
matrix) ¥ DL 73 AT 85 5 A5 2K W0 45 (1) g 34 A F0AH 2 4%
il a5t

SCHR [34] 1 B0 T B N -IRAS SRTRAE B T7 V%, 1)
it 57 R 2% BX 4 FF (Constrained incidence matrix) PA 4y
AT 30 N ARIER 25 XSZ B PR 70 46 A1 7Rk 43 1 X 4% (23) T B
I
332 Floyd &

TE 52 B A 7Rk 428 il 9 2 v, SR [57] 2585 T
% R 1) B /) B 7 9% 1] (Constrained minimum energy
control) 7] B, B} -4 4% il F7 41 w(-), A58 45 7 R 245 B A1)
R B AR R FEE ] X 45 (20) R WTEEARES 2(0) = oo FEFA
I 20 s B35 HARRE zq, A0 T B8 B R P (u) HL
(ER= 2T

s—1

P(u) =Y _u"()Qpul(t), (31)

t=1
Hrh Qp NIk EH M.
3T Floyd 559508, SClk (57142t T D 3R
o281 5 91 (K 55925, Ho v D RS HERE D ot R C, =
{i|M,.6%, = 53} AT FIFI I G 3R AR il oo, FF H.

2
[D]i; = r]?:]?{[Dk]wL (32)
) Lékm i, — ]-5
Dol {{Qm I .
oo, otherwise.

B J5 31X B 7 VR AR HE T BB 5T 52 IR ) U 4 A 2R R 2%
[ 55 A TG PR B 4842 1] (Constrained optimal infinite-
horizon control)!**1.

e 73X P Fh B A, A 1R £ 5 3 6 32 R AR IR
i P 28 (R G 5 BTk EAT T RE IR R, e,
X T A RIER 25 X052 IR 0 A 7R 4% 1] 19 4% (20), SCHR
[34,60] 3 3o R4 T AT ()1 F 4 2K (20) 45 47 b
FSG A 7 R A P 4% ] 199 28 SR J W s S 40 0l R
Y AN TE 0 AL W RN T U 8 R G o] B E M, R IR
TE 7 AH R E $E S T, JUH S, AT DA E A
I8 ) BT 18] A /N RS S 1 4% i1l 48 (Mlinimum-time state
feedback stabilizers). B 41, SCHR [49] 1@ T F TR S S
V) AR N 755 1), e B A R 2 40 i N\ R ) 2 P A7 2
323 1] 19X £6% (20) 48 i) R 2 A R G IR i) 322 % 4% o) D)

xR #33%
2510 (R0 ) LR 1) .
34 H b

BF 7052 BRAT 7K () X 4%, o 17 i T 4 31 1Y) 52 PR
A 7K X 265 BRI AK [l L o] g 2 ) R P P 5 44 20 A
2 BRAT IR AR IR 45 () Re 4 v T BEE PR B FTFEAR T
BRI 1) DA B AH I P 42 i s 150 v, 78 At 7 1
AT R GE B N SCHR (48] A1 [61] 73 AT IT 1 A AN
RS XUSZ PR AR 7R 428 i1l ) 4% R 5 72 A7 7R 9 4% 1 7 5 |
i, Hgh T 2R T v SR 35146 H T A
AT R ] X 4% (20) B8 VLI — AN 78 53 56 A4 SCHR [47]
WEFC T 2 TP T AT IR 33 0] X 285 1T I AR ) R
4 & ®

2 PR AT 7K D 28 & AE J5UA A /R I 28 il b B 7R 1Y
TR MAXERRARENEESF:E, 82 EH,
56 Vi 22 BEAR 0] A A5 A . HH T 8077 AR T S B 1)
RO, 52 PRAT R I 28 B 42 1) 5 2 A 2 B B K S
(19, AN it BUAE AR BRI, A SO X 52 BRAT 7K 9 2%
(E A — AN BT B AR B A 6, okt ok AR
IR B A0 7K X 2% FRAR B R (1) B 5T et — AN
(177 7).
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