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The pythagorean fuzzy Frank aggregation operators based on

isomorphism Frank ¢-norm and s-norm and their application

YANG Yi'?, LI Yan-lai*!, DING Heng"', QIAN Gui-sheng"%, LYU Hong-xia*

(1. School of Transportation and Logistics, Southwest Jiaotong University, Chengdu 610031, China; 2. Department
of Systems Engineering and Engineering Management, City University of Hong Kong, Hong Kong 999077, China)

Abstract: Based on the automorphism on the unit interval, an isomorphism Frank ¢-norm and its dual s-norm are created,
which are applicable to Pythagorean fuzzy environment, and the generalized operational laws with respect to pythagorean
fuzzy set(PFS) are defined and some properties of these laws are also investigated. Then, the Pythagorean fuzzy Frank
weighted averaging(PFFWA) operator and Pythagorean fuzzy Frank weighted geometric(PFFWG) operator are proposed
by using the new operational laws. Some desirable properties of these operators are proved. A new approach to solve the
Pythagorean fuzzy multiple attribute decision making problem is developed by using the PFFWA and PFFWG operators.
By solving the problem of airline service quality assessment, the proposed method is compared with existing methods.
The analysis results demonstrate the feasibility and flexibility of the proposed method, and verify its ability to feedback
the attitude of the decision maker.

Keywords: pythagorean fuzzy number; Frank ¢t-norm and s-norm; PFFWA operator; PFFWG operator

e

0 3l

25 ML PR AR 45 (Fuzzy set, FS)! H 5 & J& %) i)
TCE B TR G BRI L. ME VB R0, B
i B £ (Intuitionistic fuzzy set, IFS)!? [R5 %5 (& T
BB p AR SRR BE o T TS B, B2 & e +
v < 1. IFS BE S0 B0 M 40 ke S5 o8 S5 ) ANl
€1, HAE 2 J& PE 3K (MADM) [n] @ HR A5 2] 1772
{1t L B80S [9-10] £ 73 T MADM [ S s ¢ 451 i
FIBWM TG BIEFMER KB SAERBE L
ART 1, R 8 FE 5 RS 8 B J7 A/ T 1. KT,

Yk BEA: 2017-05-01; 1&[E HEA: 2017-08-23.

=]

HT IFS (20 3 S A4 0] 1, IFS JEANE T R 1E T, A
I, Yager S50-100 3¢ 7 &) JiE # R 4E (Pythagorean
fuzzy set,PFS),PFS & & 5AEH 8 E L 4%
R p? + 0?2 < 1L, HEH T L tE . Yager!! Y gt —
WiREE VAT EMIIFS B APFS. WL A E L&, B
o BRI B 4 e B ) IR SR AR (i R R N = M TR A R
X4 R F DY 73 2 5 29 3R X 3k [R] ks, 76 S B e 35 1)
R, 5] [ B AR R VR AR A TR RS B R R
FEAN T B A B RBR T4tk 8 R R B A2
MUNT 1T HIPEOE, BETT 3G 9 1 AL B 22 Ja 1t o 55 i) it

HEWBE: EXAARFEESIE (71373222,71371156); T 218K =R N A FE G Ui H (A0520502051601-6).
{EEE-N: 2 (1990—-), 5, A4, INSEBHJe sk it 75 s

5 R AT AT,
Tl IAA/EH . E-mail: yanlaili@home.swjtu.edu.cn

ZEIER (1971-), 55, i, W2 00, SR e d2



1472 # % 5

xR ¥33%

[ RE 71, BAF I SR 72 R B T 2) IR BRI R 25 32 K
T, HORERE A7 RA kb fif th 22 & % T 5 1) @122 Zhang
SR 7 0 2 1 ) R ASER TOPSIS 577 %, 644
FORHH T 2) RSO A5 SR 52N 1) 1 5K i) & . Peng
S I T I BRI SR 0 SRR R H T ) ISR 4R
SEET, R R T SRR T A SR ) B
A GREE AR N (1) a) IS 1 3 i) /8, Zhang!'31 1)
JIT R B FRYARABAIN B2 SR B L A R, T A e 6 A A
T AR L ) S B a1 AR AEUSTOL B T A
BRI 45 51 5 8 AR S H 1 W it 4R
SEE N T B N o m IR R P AL 1) 2 8
TR ) P 2R A ST Sy AT ) IR AR £ 1) 4
AR p 4 ) I AR 4 1 2R 25 00 2, £ B)) TOPSIS 77
VEERSL 1T R H PR 0 B A SR T 2, R
D7 VA B T B ) . Ma SISV ER TR R AR
BIIIA SR 465 51, I N T s A\ IR 55 o & 9T
fili 7] /. Ren S5 42 T 0 2 1 /2) IR AR TODIM
PR T 1, 0 LN T JE A % i 5 B AR AT
FETT 0 G S B e 5 1l b 525 AR SO AE AR
P ) o) RSO SO, FE S T8I R 1t B
VA B3 ) jE R . Peng 5521 K 3 HE 0 e (1) /) i A
KIMABAC J7 7%, F-44 H B 110 H #3581k £ I @i v

OB 45 1¥) 32 SN (Operationallaws ) 75 F5R 42 B
TR FR A A 7 v A B A £, X T ) SO £ T
5, HC IR AR IS S U] PR A SR e 2 (18221 R
J7 s RN AR B A2, Frank t-BIF0 s- 45123
VBN s SN i B T2 R R R R e 51 T
1Bk ik Lukasiewicz ¢-15 1 s-15 DL & Algebraic -1 A1
s-H5L, T A 82 FH T 78 S5 SR BOM 42 (138 B, an &L
AR AR X [A] BL BRI AR, TR AB R £ 26T
DX 1) B 1 AT, = A IX () AR AR 8, BT
Frank -1 A1 s- 1558 S 1)ia BRNECNT X, hHE
A DR 2 B8 AN [ BB IR AN (] 143 S ), A1 s
RE % B R i Ak 2 R 5 I . SR, 225 S48 Oy A,
LRI FH Frank ¢-15570 s-158 8 SL72) ISR 42 112 SR
T, 0] 2 5 3503 SRR DA J2 5 PR Dk, 22 st
T AR S AN ) IR SR B 2 [) 1) 0% R, AR SCHZ 9 H B
Az X 18] N B — A B [E 49, 28 05 P % 8 R A 1) H
i T2 OO AR 1R — Al [F) 44 Frank ¢-150 5 06 £
s-15%, T 58 S 70) B B SR 1R ) S BRI, 4 7t
Bria SN A RE AR ORI AR M i

RN R BUN L R e (E
H. YLk R AR S5 11 2 AN PP S B Rl & R
— LR EVFIHE S, TR VRO E I T VR 2R

A B AT HE R, 4 TR A R T R HE T, B
FFA BRI B T &, A B A5 T MADM
1 2 A PR S B B R &5 o), 4 SO 25 T[] 44 Frank
A5 s- A58 SR 32 S5 0 42t ) B4 Frank i
B £5) (PFFWA) 51 F1 /2] 1 A58 Frank fin A3 ~F- 12
(PFFWG) 5.7, TR FRE R T AN AR o, 42
— T PFFWA H1 PEFWG 51 [ /2) R BRI A B T
() 22 & 1t TR S 07 V. AE R0 B IR A 58 T 1 2
PR 0] R AN R SR O BRI R AN G —, H
SR AR A I A — BN AE. T AR TR, R —
Il 7 PR B I AN T, T A B SR O BLURRAE
Re I ARG H 1 BAS U R E . A A
ZH I Frank 5 12 25 T4 AR Frank 12 50 e S,
FEREE 26 T T OB A7 B 7, HR A& X
PR R 1. ) T R th ok 5 D7 6 A A IR
25 R HEAT VT 5 AR, LASS UE Frank 51 (1) iX 2644
Jz, FHIRN 3 A 1 i SO0 T PP A #2152 e,
2 8020 1 P56 35 O BERRE. O T i — PR %
D7 BTSRRI AR I SR T R S T i
TEREAT X EE AT
1 &R
1.1 AREMERE XS

25 H B AU £ 5 ) ISR £ 1A D% L.

EXIP B X = {xy, 20, , 2, } NG ERIEE
G0 X ERTESEBOIER T E R

I = {{z, pr(zs),vr () |z € X},

Forb g () Moy (z) 3 N TG R 2 JB T HRE TR
JE AR B . —u (ur (), v () FRON E
BOMI £ (IFN), 8 7 7 i, B BEM B wiid h B =
(pr,vr), HeH v € [0,1], pp + 07 < 1

EX 2010 F X = {n, 20, -+, 2.} NEER

A X A AR A P g SUR
P = {(x;, pp(z:),vp(z:)) |z € X},

ot pp(z) Mop(z) NG ER o JB TG P
SIREMIAEREE. — 0l (up(z;), vp(x;)) FRNA
JBC AR H (PEN), 4 1 07 8, 2) IR B B ik N a =
(up,vp), HH up,vp € 0,1], u% + v3 < 1.

Wa = (u,v), a1 = (1, 01) Maz = (u2,v2) N3
ANE) JRBEREY, Yager S519-101 5 ST 0 N IR A 5

D) a1 oz = (max{py, g2}, min{vy, va});

2) a1 (a2 = (min{py, g2}, max{vy, va});

3) af = (v, p).

i — 0 Hh, ) AR E 2 TR B AR R T O &R E
XA iy < po,v1 = v, MFR . < . Gy HITEE

ar < ag, las < af.



%8

M F: A TR AMFrank t-B 5 5809 2 IEE M Frank 8 £ HF 2 &£ 9 A 1473

/'_‘E_')‘(3[12] VXLO@ = (,ui,ﬂi)(i = 1,2) jﬂ%/l\/gﬂﬁ
BOBIEL A1) B s(an) < s(ag), Way < ag;2) &
(a1) = s(ag),h(ar) < h(az),Ma; < g 3) #
(1) = s(az),h(ar) = h(an),May ~ . Hr
s(a;) = pf —vi Mh(a;) = pf +of BN ai(i = 1,2)
(R 70 R AR RRS A T e 2

HENIGH, o < a, Moy < agBia; =

S (%)
S (6 %)

.
1.2 Frank s-#E5¢-#&

EXAD Fo o [a,b] — [a,b), 3 @& A%
W ES R, B R p(a) = a,¢(b) = bR p &
[a, b] L1 E R

EXS5PT N [0,1] — [0,1],25 N i, H
N(0) = 1, N(1) = 0,JUFR N N7 E R 2. 47 75 & iR
K N PR 3 ek HL T 22, MIAR N P 75 7 R AR A5
B RN W R EM R Ve € [0,1], N(N(z)) =
o, WIFR N A5 A E R AL

FOETRERBIN (2) = 1 — o, MFAARER T 2R
H, fRC N Ny RS E R B N(z) = v1— 22,1
FRAB) [ 15 5 B 10, fai e A Np.

E1B N S Y AU AR
M e @ [0,1] — [0,1, 15 Ve € [0,1],N(z) =
O N (N (@(x))), Herf Ny RFRET & 5630

E PR 1 R AR B R TS E B HCES vT LUl i A
DX [8) = P [ [ A 2

EX6P FT ¢ [0,1] x [0,1] — [0, 1] 2:
D) X FRPE: Ve, y € [0,1], T(z,y) = T(y,x); 2) Hif
Ve < 22,1 < yo, T(@1,11) < T(x2,92); 3) &
GV, y,2z € [0,1], T(z,T(y,2)) = T(T(z,y), 2);
4) W SAE Ve € [0,1], T(2, 1) = . MFRT Fyt-HE.

EXTP #S 0 [0,1] x [0,1] — [0,1] 3 2:
1) XFRPE: Ve, y € [0,1),S(z,y) = S(y,x); 2) I
P:Var < za,y1 < 2, S(z1,y1) < S(2,y2); 3) 4
GV, y,2 € [0,1],S(z,S(y, 2)) = S(S(z,v),2);
4) WA Ve € [0,1],8(z,0) = 0. WFKS Hy s
(t-RH).

George BN 1 7 XHE = oo H I & (T, S,
N), BIT RIS 5T NS, 3 X RE ) = To AR 55
—JG4.

E X 8B TS 43 5 Ay t-HE A -4, T F S
KT 75 72 R BN W 24 H A Y

T(z,y) = N(S(N(z),N(y))),
S(z,y) = N(T'(N(z),N(y))).
Frank > £ Hi T Frank ¢~ o158, & SCAH

Tr(x,y) = by (hr(z) + he(y)) =

(=1 -1y

T—1

logT(l + 1)

Sr(,y) = g5 (gr(x) + gr(y) =
(rt== — 1) (rt7Y — 1))

1—logT(1+
T—1

(2
Hrp:r e (1, 00), IrES E R BN, (z) = 1— 2, hp(x)
= log((T — 1)/(7% — 1)) AL k& # )k R EL, g (z)
= hp(Np(z)) NIES A% 6 G R AL hp M gr 53 AN
Frank t-F 0 s-#5 f{ A4 i 76, 4R, Frank -4 01 Frank
s-HE Sp KT N B, AR € 9, %% (Tr, Sp, N1) N
Frank % i = o 4H.

e, 247 — 18, Frank ¢t-153B 164 Algebraic
t-#T(z,y) = wy,Frank s-BLB A Algebraic s-1%
S(z,y) =z +y— ay.

2 HREMERT XU EIEN

B AR Frank -1 A0 -5 CUIh B H 8 XE SR
BER 12 BRI R 22 5245 43 A FL IR ANIE F T2 JROASE
£ I, AR T AR UHE S 18 B 25 ) 1 8 R Uy
M T B AR £ 5 0] ISR B < [R] 50 R, 1 1 R
A7 DX TE) P B — A B [E A4, 338 17 R % A )
& FH T B AR 4R 1) — B[R] 44 Frank ¢-158 15 H 048
5155, I8 ST B BRI AR ) ) S s AR
2.1 —F[E# Frank t-18 5 H 3B s-1&

511 Yoy = (0.6,0.8) Flay = (0.8, 0.6) NF
ANE) B RS R . 35 K FH Frank -5 5 s-45 8 /2] A
B i 5, A

ar®pay = (Sp(p1, p2), Tr(vi, v2)).
B, M7 = 20, F a1dbras = (0.933, 0.467). &
4%, (0.933)% + (0.467)° > 1, It ay @ pas 24 K
BORIHL, R 1208 SO0 AN T 2 3 A1

151l 1 B, B T~ Frank ¢85 o152 58 S 2) AR
48 1) 32 BRI AS 5 A2 3 P, DRI Frank ¢-155 5 s- A%
ANTE FH T /0] ISR 2.

NG FRALIX A B A 3 [E A R i
T 0) I B B (1) — i [F] 44 Frank ¢-152 5 HOOHE -5,
FE b2 T, [ 6t (R 44 - A5 5 s- A5 ) B A o L.

BN WTR—tH, o2 [0,1] Er—1
[, 25 BR AT, S T, - [0,1)% — [0, 1], Hili 2

Tp(z,y) = ¢~ (T(p(2), ¢(y))), 3)
W T, ATy N -, FFRR T, 9T IR -5

EX 102 S — s, o4& [0,1] L1 —
A H FIR, %5 R $0S, AW S, 2 [0,1)° — [0,1], A
i 2



1474 ¥ % 5 & K %33%
Se(z,y) = ¢ (S(e(x), 0(y))), @ o (Sr(e(Np(2)), 9(Np(y)))) =
WIT, 9573 5-88, IR 5, 0 5 I -1, o ¢ (Sr(p(e™ (Ni(p(@)), (¢ (N1 (o)) =
‘Fﬁ%ﬂ:ﬁ‘{ﬁ N E glﬁN[ E@HX IZT/—\EIZ[ﬁ 90_1(SF(NI(90(15)),NI(SO(y))))

N p 3%F B AR H5OR0 2 R ASOR 250 2 18] 1) 58 R kAT 8
W = (pr,vr) N ESERBOR L, H R % +
vr < VATV N pur < Np(vr). X T2 BRI 2L
P = (up,vp), LT (up)” + (vp)® < 1A A%
MR pp < Np(vp). HEB 1045, 2 75 7€ oR En]
TE AR UHER R BN [0,1) LI B R o(z) = 22
&, BINp(z) = ¢~ (N1 (p(2))).

E1 XRS5 o WMAE AR p(z) = 22

HETHREM o(z) = 22 3 HE— M xHE =T
M (Tr.p, Sk Np), T, N AR Frank ¢-152, Sp, 4[]
4 Frank s-A5, T [ 25 HAH O E L.

EXI #HTr, :[0,1] x [0,1] — [0, 1], Hi# 2

Tre(z,y) = ¢ (Tr(p(x), 0(y))), ©)

MR T, H9 Frank ¢-HE Ty 1 FV 9 o488, 9K M Frank
t-BE b o(z) = 22 8(0,1] B H FEM.

FR 2 11 AR (1), AT 5

Trp(z,y) = hp,(hrp(@) + heg(y)) =
(= =) - 1)
\/logT(l—i- — ), ©)
Hrp hie(t) = hp(e(t)) j‘jTFW HIAE G,
EX12 # Sk, [0,1] x [0,1] — [0, 1], i 2
Sk, y) =0 (Sre(z), ¢(y))), (7)
W #R Sp,, 9 Frank s-15 Sp (1) [F] ¥4 s-15E, 147 B [7] #)
Frank s-15, o po(x) = 22 5[0, 1] L/ H A,
AR E 12 /1202), AT 15

Sre(,Y) = 9ro(9re(2) + gre(y) =

T—1
Hrbgp,(t) = gr(e(t) Sk, KA KTT.
EM2 Wk, M Sk, 70 8 E L 11 HE X
12 I 45 19 6] %4 Frank -5 A1 [5] #) Frank s-#5, 0] 45
1) TF,¢(907y) = NP(SF,w(NP(m)aNP(y))); 2) SFAP('%
y) = Np(Tro(Np(z),Np(y))). £ H Np(t) =
V1 — t2 N B E PR AL
WEB 1z B FEUERA 1) BRI AT, 240 AT DAIE B
2). WR¥EE 12,8
Sre(z,y) = ¢ (Sr(e(z), 0(y))),
Np(z) = ¢ (Nr(p(x))).
UK
Sro(Np(x), Np(y)) =

). ®

¢ (Tr(p(2), 0(y)) = Trp(@,y)- O

MR 2 BE 2 Fl 5 L8 W43, T, 1 Sk, KT8 1T
5 7€ B EUN p X8, B (T, Sh,p, Np) TIXHE =
TGZH, W HAR A R4 Frank X 4% = 7G4,

Frank Xf & = 64 (Tr, Sr, Nr) 55 [F] #) Frank X}
B=J0H (T, Sk, Np) IR RN

D Tre(2,y) = 0~ (Tr(p(z), 0(y))):

2) Sp(,y) = ™ (Sre(@), ¢(¥))):

3) Np(z) = ¢~ H(N1(p(@))).

IR =T R RAE T TR~ Spp M Np B 5T
H R p(z) = 2? Hid.
22 QRRIEMERT GEEEN

EX13 o, = (ug,v)(i = 1,2) AN AN
BRI, T € (1,00), A > 0. 2T [F] #) Frank % =
T (Th,p, Su,p, Np) 12 RASH 5 138 SR 5E
H:

1) a1@rras = (Spp(pr, p2), Tre(vi,v2)) =

(\/1_10gT(1+ o -1 _1)>’
\/log7<1+ (va _1)) )7

2) a1®@pras = (Tpu(p1, p2), Srp(vi,v2)) =

(\/IogT (1+ (" _71)_(71#@ - 1)),

\/1 ~log, (1+ (" _:)_(711702 — 1)) ).
3) A1 = (97, (Agre (1)), i, (Ahpp(v1))) =
(V1 —log, (14 (7148 — 1) /(r — 1Y),

Viog, (1+ (7 — 1) /(r = 1)*1)),
£) 0 = (WL Vg (12)), 7L (g (01))) =

(Vlog, (1 + (74 — 1) /(r — 1Y),

V= tog, (14 (710 = )Y j(r = 1)),

_ 1)(7-1*@

_ 1)(Tv§
T—1




%8

M F: A TR AMFrank t-B 5 5809 2 IEE M Frank 8 £ HF 2 &£ 9 A 1475

SFaHL, 2 — 1,005E SC13 i E AR A
D a1@pras = (/1 — (1= p3)(1 — p3), v102);
2) y®@prag = (e, /1 — (1 —v})(1—v3));
3 dar = (/1= (1= p3)" 0d);
Hat = (pd 1= (1 —vd)).
5y, L IRIE FE N A Zhang 250 58 SR B
S pe RPN
EE3EH M) o = (wi,vi)(i = 1,2) MW
ANE) RO E, 78 SC13 FR (1) 38 S T 35 36 A2 5 1
B o D pros cn @ proo Aoy Ml ag 154 2] BRI AL
WER NTHE oo @ pros A Ao 78] ISR AL,
HARM T ULRRER. HT o = (s, v:)(i = 1,2) 8
) JERERAEL A s < Np(vs) (i = 1,2). i35 E LT
E X8, H
Sre(pr, p2) <
Sre(Np(v1), Np(vs)) =
Np(Tr(Np(Np(v1)), Np(Np(v2)))) =
Np(Trp(v1,02)),
R oy @ provg 72 AR 2K
MR A2 BT i B 1,
Iro(Mgre (1)) <
9 (Agre(Np(1))) =
NP(h;‘,lcp()‘hF,w(NP(NP(Ml))))) =
Np(hgy, (Mg (11)))-
(Rl Aoy 72 IS4 O
EI4 By = (i, v) (i = 1,2) NP2 B
RI% WA

1) a1@rrog = aa®pron;

2) 1®@proe = a®@praq;

3) A1 @rrdas = M@ rrag), A > 0;

4) atdpray = (041®F10z2)’\, A>0;

5) M@ prAaar = (A1 + Az)ar, A, Ag > 0;
6) o' @pras? = (a) A, Ae > 0.

MRIEE X 13 GiF 2 F 14, LA AR iER.

3 AW Frank TACF X H T 528 R

W Frank 0 L7 &+

N T EE S A EE IR ) I BB A, AT BT
€ SUI A B ASOR Frank 12 5000 00 42 H /) AR Frank
HRALF-£41 (PFFWA) 5 -7 Fl1 /2] AR Frank AL L ARl
(PFFWA) &7,
3.1  GRAER Frank IIAEE T

EX14 Hoy = (uipv)i = 1,2,---,n) N5
JS R K 2, 2) B ASORY) Frank AT 15 (PFFWA) 51

N O™ — O, /2

PFFWA(OQ, g, ,Oén) = @T;?] (wlaz) (9)

=1
Forbi: © i A OO B A A (o, -
wn)Ty\j(alonu"' )an)%*liﬁi,jﬁj/%wl > 0,

=1
':‘&E-EES _‘L&O‘i = (,uiavi)(i = 172;"' 7n)j'\j/z~’ﬂﬁ
BRI E A, W

PFFWA(aq, g, - ) =

(9;110 ( i wigF,cp(,UJi)) , h;}w ( i wth#,(vi))) =
(J 1~ log, (1+ H (ot =)™,

i=1

JlogT(l et 0m),

BT 13 iy aE Bk, R B 13 ahin]
PAUEBH € B 5. N IR I 5 B SR APE T 5 A E L
VAT RS H A

FHE6 Wa; = (pi,v)(@ = 1,2,--- ,n) Ml
Bi = (poi,v2) (i = 1,2, ,n) JyPI 2 2) BB 2
H A

1) #HAVE: PFFWA (o, g, - - - o) 972 B

#

2) IR oy < Bi(i = 1,2, ,n), U
PFFWA (o, a9, ,ay) <
PFFWA(B1, B2, -+, Bn); (10)

) WEM:F o =a=(u,v)(i=1,2,---,n),0

PFFWA (a1, a0, -, ) = 1)

4) B FHE AL

Qmin = (ml.in {pi}, max {v1i}),
max = (max {1, }, min {v1:}),
)
omin < PFFWA (o, g, -+ y ) < aax-  (12)
I T4 7 /) AR Frank AT 24 581 (0 4R R
.

EIRT Baip = (mi,vi)(i = 1,2, ,n) NAR
TR, A
1) lim PFFWA (o, a2, -+ ,a) =

T—1

(Jl— i <1—u§>wi,ﬁ<v7i>);

=1 i=1




1476 # % 5 &k Rk #33%
2) lim PFFWA (o, a9, ,ap) = n
T—00 12 1_Zw7(1_uf):
(\J ZU}Z,U,?, \l szul ) =1
‘ =1 ‘ =1 szuf
W D) RIEHEHKEN LTS D, b — 0, =
z ~1In(l+2),a® — 1 ~xlna(a > 0),FHk, 47 — 1 [ 3 AT E
Hﬂ-,ﬁ n n
. 2 w; . 2 w; li I ‘r]‘+ v?_]-wi = 112
ln (1 + H (TI—Hi _ 1) ) ~ H (Tl—Hi _ 1) ) Tl—>r20 Og < E (T ) ) ; wiv
=1 =1 JH:

Floni ] = o-pd)nT
BEIMA

71_1_>H11 J 1—log, (1 + ﬁ (Tl—uf _ 1)wi) —

i=1

i=1
BRI
llﬁm1 J log, (1 + lj[l (Tv — 1)wi) = 1l (v;’").

Al
lim PFFWA (o, ag, -+ ,ap) =
T—1

(J 1-TLa- ). H (v1"))-

i=1 1=

—

2) MR L ILIEI, A

TILH;O J 1- logT<1 + ﬁ (ri-mi — 1)wi> =

i=1

n

wi(l—pf)T_“l2 L 2 w;
(Z—Tlﬂt? — ) H(Tl mi—1)

i=1 i=1
2

1—lim
T—00

lim PFFWA(aq, a9, ,ap) =

T—> 00

(\liwluf,diwlvf) O
i=1 i=1

FiREHEY. X8 r — 18, PFFWA & FiE
A S IRAT- (1) /2 5 A48 I AP 3] (PRWA) B - -100; 2
ZH T — ooltf, PFFWA B 1B A INAF (1) 2) ISR
AR F 15 (PEWPM) S -19-101,
3.2 BIRGHERA Frank AL EF

EX15 Foy = (us,v)(i = 1,2,--- ,n) N4
JEE AR B 2, 720 AR Frank A J LAl (PFFWG) 5.1
R er — 6, 2

PFFWG(ay, as, -+, ap) = @7}11 ().
Hrb: 0 N A A R EEA RS (wr, we, -
wp)T A (e, an, - o) FUBUE ) &, 3 2 w; > 0,

i=1
EIES
B,
PFFWG(a1,ag, -+ ,ap) =

(hF,lga(iwth#’(W))’ gF’}p(iwigF,w('Ui))) —
(J log. (1 + ﬁ (1 — l)wi)’

i=1

(13)

_&ai = (Miavi)(i =12, 7”)%@}1&

J 1—log, (1 + ﬁ (r1-vF — l)wi) )

EI9 %o = (p,v)(i = 1,2,---,n)
Bi = (pai,v2:) (i = 1,2,--- ,n) P4 72) B %
HNA:

1) H AT PFFWG(aq, ag, -« -, o) A A) R
#

2) WP H 0 < Bi(i = 1,20 ,n),
PFFWA (a1, a2, ,a) <
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PFEWG(B1, B2, -+, Bn); (14) L2, n.
3T A o == (pv)(i=1,2,--,n). 0 Step LARFEEPEREITE W = (wy, ws, -+ wn),

PFFWG(O[h Qg, -
4 I RS

Otmin = (miin {1}, max {v1:}),

, Q) = (15)

Omax = (mzaX {Mli}a miin {Uli})7
|
Q'min < PFFWG(OQ, Qg, - - aan) < Qmax- (16)

FRALLT- PFFWA 581, 7T AR PFFWG 51 41
TR IE.

EEEIO VX-LOQ' = (:ulavl)(z = 1a27 Ty
JECROR 4, A

1) lirri PFFWG(a1, a0, - ,a,) =

(ILe ;”>,¢1—f[<1—u3)’“);

i=1 i=1

n) Na)

2) lim PFFWG(a,ag,- - ,ap) =
T—>00

SE 10 [IE B R0k B 7, LA A TR IR,

FiRERE: S4SHr — 1, PEEWG & TiB
A IRAF () 2] B B DAL L ART (PFWG) 51197100 24
ZH T — oo, PEFWG 5T 1B b N INAT (1) /2] AR
IAURF- 1) (PEWPM) 570101,

ik 5 P g IR T PEFWA 57 5 PEFWG H 72
] PR 9% 2R

EFE11 ®a, = (u,v)(i = 1,2,
/) AR K 2, U A 1) PFFWG (v, g, - - -
(PFFWA((1), (a2)¢, -+, (an)9))*
g, yap) = (PFFWG((aq)¢, (Ckg)c,"'
Hiaf = (v, pi), i =1,2,---

4 %?ﬁﬂﬁﬁﬁﬂFrankﬁ?ﬁ@%%‘ﬁy&%
PR
AR ) A B AR Frank 555 B T2 %
PR PR B2 T 11 22 J8 4 U 5 1) il A 7E 22 J& 1 U SR 1)

,n) AN
7an) -
.2) PFFWA(a,,

 (em)))*

i B ETRENX = { X1, Xo, -, X, ) B
HEMNENC = {C1,Cy, -+ ,C, ). REFHRYEEVE
Ci(j = 1,2, ,n) WM HRX;(i = 1,2,--- ,m) BT
PR, B2 HURSRFERE D = (auy),, 00 FeH iy =

(1rig, vig) R IR EL. BYERBE B AW =

,wn),ﬁﬁ/@ij = Lw;, > 0,j =
j=1

(Wi, wa, -+

) FH /2) AR R Frank AT £ (PFFWA) 55 8 2] i
R Frank AL L7 (PFFWG) &1

®F1( ’) (17
i

Xl = 1,2+ ) B BEAOF
%ﬁﬁﬁm%éﬁmﬁ%@:

@FI (wja;), o

AR ETR
aij(j = 1,2,---,
1,2,---,m).

Step 2: FIl FH & 3 HE T T iR 25 A VRN E
a;(i=1,2,--- ,m) AT

Step 3: *E?E?? PPME ;i = 1,2, ,m) HE
X AREX = (X1, Xy, -, m}zﬁﬁﬁtr?,ii%‘é
S WIS
5 ST

7 RS o = B R S5 R s VR i) AL PR A X
RRNAFEAMEAT X = {X1, Xo, X3, X}, VP
Ja M CHE ) B4 ML RS O v RRE RN S Co
BREAR GG Cs MR Cy. 44N B E R VERS WCHR [11].
PN Z R agh BB HEIAUE & W = (0.15, 0.25,
0.35, 025), P X R X, (0 = 1,2, 3, 4) FEJEIEC;(j
=1,2,3,4) FWIMME i = (pij,vij)(i,5 = 1, 2,
3, 4) N m) AR L, R R OE M L BE D =
(0ij) 4o go PEILZE 1. R FH BT HH 1) 22 Ja8 2 R 3 125
AR 25 o B e A R S A )

*1 RKERED

Cl CQ 03 04

X;  (0.9,0.3)
X, (0.4,0.7)
X; (0.8,0.4)
X, (0.7,0.2)

(0.7,0.6)
(0.9,0.2)
(0.7,0.5)
(0.8,0.2)  (0.8,0.4)

Step 1: HR4E AL 7] 52 W = (0.15, 0.25, 0.35, 025)
MM HFED = (vj) 4 M PFFWA BT (1 = 2)
Lo (j=1,2,3,4),H

ai:(¢1—10g7<1+£[1 TiTHG 1) j),
7))

(0.5,0.8)
(0.8,0.1)
(0.6,0.2)

(0.6,0.3)
(0.5,0.3)
(0.7,0.4)
(0.6,0.6)

log.. (1 + H

BRI ER A VEE

L

0.6778, 0.5112),

= ( )
= (0.756 2, 0.2120),
as = (0.6888, 0.3336),
( )

ay =

0.748 3, 0.3384).
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Step 2: F| FH 5 X3 I 7 77 350 5 & VFA B 1,2,3,4) 5282 WK% R E 3 s,
ai(i =1, 2, 3, 4)ATHEF . i R EUE 0.22
Ay L
s(ar) = 0.1980, NI
= 0.14f
s(az) = 0.526 8, B
s 0.10f
s(as) = 0.3631, S o006k
s(aq) = 0.4454, 0.02

Htas = ay = as = a;.

Step 3: B LEAVFME s (i = 1,2, -+ ,m) FIHE

PRI REEMHET B
Xo = Xy = X3 = Xy,
AL e A T R X .

N T IRFSEOT RS R R, 2% [ 240
N1 e (1,50] 77 BHHEFAE LR & 53 #r.

FIFH PFFWA H TR TR X(i = 1,2,3,4) %}
REIPEIME i (5 = 1,2,3,4) SREUEEE VPN o
PFFWA (i1, o, i, g ) (i = 1,2, 3,4), FLXT R
W EEEs(aM6 = 1,2,3,4) 5358 € (1,50]

Z AR & a0 B 1.
0.6
0.5F TT T
st -
H 041
& 03f el
0 (X))
0.2} —= (X))
0.1 : - - :
0 10 20 30 40 50
T
E1 EFPFFWAETFTHIEH EHE

FIHPFFWG BV AT R X (1 = 1,2,3,4) %}
PPN S i (5 = 1,2,3,4) SREUZE BN E of
PFFWG (a1, o, iz, aig) (i = 1,2,3,4), F X R
AR s(af) (@ = 1,2,3,4) 558 ¢ (1,50]

Z AR R W E 2 f .
04—
037 — s(X)
3 —-— s(X,
2 o02f I i
& —— s(X)
o 0.1f
0.
0 10 20 30 40 50
T
&2 ETPFFWGEFTHIICH EE{E

KL BN o (0 = 1,2,3,4) X BN iE 5 B
B s(aM( = 1,2,3,4) 5af (i = 1,2,3,4) XM
HAC S BB s(F) (i = 1,2,3,4) 1F 2248, 3 3R
As; = s(a) — s(af)(i = 1,2,3,4), A H As; (i =

%

%3 PFFWA 5PFFWGETF NWIZHREEZE

43 3% H PEFWA %+ . PEFWG .7 . PFWPA £
-+ PFWA B FIPFWG & 1 XJ 75 %8 X %f B PF A
B, (j =1,2,3,4) BATEEL RT3 X X M5 &
M E ol af - olFWPA [ GPFWA | (PEWG p 5% 42
AIFMMERIE 2 R BUE s(af') s s(af). s(alTWPA),
s(alFWA) (s(aPFWC) 5540 2 8] Ik R WK 4 s,

0.3
s(PEFWA)
- —-_s(PFEWG)
F I 1 16028 NG s(PFWPA)
§
& 01}
i
e U
Ot ]
0 10 20 30 40 50
T
4 ETAREFTHARX Mo EHE

HHE T~ E47] 0

D) RIEE 1,247 € (1,50) 8, i Aa KT N
Xo = Xy = Xy - X0, TEX;(1 = 1,2,3,4) X K]
W BREE s(a) (i = 1,2,3,4) KT SHr Ridj
#.

2) RIEE 2, 47 € (1,50 i, s A\ R A
Xy = Xo = X3 = Xq, REFIERMKA TN Xy,
HREX (i = 1,2,3,4) XN IE 5 BB EE s(af) (i =
1,2,3,4) KT ZHr LiiGEss.

3) R4 & 3, PFFWA 5 7 3R EU ic 73 ok B 5
PFFWG 53R B 10 73 SR BB 2 8] 1) 2508 Asi (i =
1,2,3,4) % T S8 ¢ (1,50] 380, K 1 RTE 2/
w0, s(ad) (i 1,2,3,4) KT ZHH W, s(af ) (i
1,2,3,4) kT SHu#E.

4) Y7 ¢ (1,50]0F, As; > 0@ = 1,2,3,4),%
BH tH PFFWA 5 73R BUR 286 PR (K T PEFWG B
THRBMMLZEETFNE o = of (i = 1,2,3,4). H
%} PFFWG 5 711 5, PEFWA 5 T 35 B 25 & BE
EEOR, 1& TSR Y sk o, 2 50mT LA Z) i AR W 7K
P, PEFWG 57 H0E H T A5 v sk 38, Z40mT LLZ
1) R 55 PR B KT
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5) WRAEEI4, 2 € (1,50) 1,
5(afFVE) < 5(af) < s(alFWPA) <
s(af') < s(a™h),

HEBETHERI0RFF— 2 IREEH T, A

lim s(ad') = s(afFWA),
T—1
lim s(af) = s(a} TVPA).
T—r 00

MR E B 10,4

. Gy _ PFWG
ll_}lnls(al) = s(ay )

Tlgr()lo s(af) = s(a

N T B RUE A BT SR T R AT AT
FIRTAEE, B Fr et 7 v S EAF B U 5 7 iR T X b
I3 M. F F AT 10 2) e B 45 05 ANk SR 7 v A ok b
IR v 22 i R SR I i, SRR HE e A SR an e 2 i
TN, 20T L, B TR v 8 R Pk 7 By
NXy = Xy = Xy = Xy, M7 RN X, FH Zhang
LU TOPSIS T k3R I 77 SR HEF N Xy - X3 -
Xy = Xy, BARTT 5 X, M X5 B HE P s A A2 4k, 1E B
MTT AN Xo, 7850 R W] T A4 ¥ PEFWA 5
T HIPFFWG H 1 BA — @ K AT PE. F58 B RE
I3 M TR, Yager S 1°-101 £ H1 1 PEWPA 5.1~ PEWA
HAFPFWG B AT IR =, &
B AR SR 4 AR B IR AR . R X 3 b A B
T F, A 7 BA —5E 1 RGP, PEFWA &1
()2 H0RT DLRAE SR o 38 2 1) SR LS B2, PFFWG 5
TS EOT DLRAE IS P 36 5 AR AR

®2 REFESHRHFER

BT SUTIE

PFWPA
1 )-

TrE Y

3L ¥ PFFWA 5 PFFWG 5.7
Yager™ 1% [{] PEWPA 51

Yager®'% f) PFWA 5 PFWG 5.1
Zhang il Xu!'Y {) TOPSIS J7 1%

X L4510 g PRIWA 5 T

Ma 1 Xul'®! (¥ SPEWG/SPFWA 51 1-

6 & ®

% T Frank ¢4 5 s- ] A 208 T L% 2
WISE I SOS SR, A SO HH & T /A IRt
W17 SLIZ SN ) — o [7) 1) Frank -5 55 16 565 48
L. /) JRORSOR B ) 1 SCIZ SN L e, R
B B SCHR [11] 52 SIS BRI HE— 25 3, 4 e
HLEE i 85 0 ) IR MR L, 5 T 7 1438 SR U 2 s 755
SR/A) JBEREM] Frank 48 45 507, JFRT U SLHE AT R, 189
TR B TR E 1 R T LU AL R SR [9-10]

Xo = X4 = X3 = X1
Xo > X4 = X3 > X1
Xo > X4 = X3 > X1
Xo = Xz = Xa = X1
Xo = Xu > X3 > X1
Xo > X4 > X3 > X1

JIT$i 4 1) 2 JBASOR S 25 5 1. A 2 T8 5 4R
K3 PR TT IR L2 28 7] AR 55 o B EAT PP A, R 7
B 1 S ZHOS T R AGLRR R, IF EIAT 1R
SRS Y A AR SRR
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