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Group decision making approach of weighted hesitant fuzzy sets
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Abstract: In this paper, we introduce the concept of weighted hesitant fuzzy set, in which different weights are designed
to these possible membership values, and the weights indicate that the decision maker has different confidence in giving
every possible assessment of the membership degree. Then we define some basic operations such as union, intersection,
complement, multiplication and power operation of weighted hesitant fuzzy elements and weighted hesitant fuzzy sets,
discuss their operation properties, and propose the score function and variance function of the weighted hesitant fuzzy
element to compare two weighted hesitant fuzzy elements. Furthermore, we present two aggregation operators such as
the weighted hesitant fuzzy element weighted averaging (WHFWA) operator and the weighted hesitant fuzzy element
weighted geometric (WHFWG) operator to aggregate weighted hesitant fuzzy information, and build the mathematical
model of group decision making based on the expert weights (known and unknown). Finally, a numerical example is
given to illustrate the effectiveness and feasibility of the proposed method.
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EX 1 iRl X, K E = {(z, hg(z))|z €
XA X BB — AN B B 4E (Hesitant fuzzy set,
HFS), 3 H, hp(z) C [0,1] R4 Ra X THBESE
() TG ] e SR & FEAE A R B &, 3 HAR b (2) N —
TG AR TG (Hesitant fuzzy element, HFE). 415
T8, — Bk hp (o) fi1E N h(z).

%5 %€ 31NHFE, Bl h(z)« hy(z) Fl ho(x), Torra® &
ST TR AN

ENX2W 455 34NHFE h(x)hy (x) fl hy(z), M
1) h~(z) = min h(x), h*(z) = max h(x);
D)= U {1-7k

v€Eh(x)

3) hi(z)Uhe(z) = {v € hi(z)Uha(2)|y
max(hy (), hy (7))}

4) hi(z)Nha(z) = {7y € hi(x)Nha(z)]y <
min(hy (z), hy (z))}.

AT AN [R) B TG AR £E R IR B8 7T, Zhu
GBS T e

EX 3B & h(2) BRI, MR
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Edhe 8

2 E AR IC hy ()~ ho(z), 47 s(ha(z))
> s(he(z), W hy(z) > he(z); & s(hi(x)) =
s(ho(x)), M hy(x) = ha(x).
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D) W  s(hi(x)) > s(he(x)), MW hy(x) > ho(z).
2) W s(hy(x)) = s(ha(x)), N
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BT RA ~ A5, B4 LK e ~ e iHHE—
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£1 ER el WIFHER

Ai Cl CQ Cg C4 Cs CG C? CS CQ C'10 Cll

A; 08 06 09 07 06 08 07 09 08 07 0.6
Az 07 09 06 08 07 05 06 09 04 07 06
Az 09 06 05 08 07 04 06 05 07 08 09
Ay 08 05 06 09 07 09 08 04 06 07 05

As 06 08 05 09 09 08 06 05 07 05 08

®2 EBR e HITEIER

A Cp Cy C3 C4 Cs5 Cg C; Cg Co9 Cio Ci1

A; 08 05 07 08 09 04 08 06 07 09 05
Ay 09 08 09 05 04 06 07 05 09 08 07
Az 08 06 05 07 09 06 08 07 08 06 07
Ay 09 06 05 07 08 06 05 05 08 06 08

As 07 08 06 05 09 07 06 08 07 08 0.6

®3 ER e BOITERER

Ai Cl Cz C3 C4 Cs CG C? CS CQ ClO Cll

Ay 08 06 09 07 08 06 05 09 06 08 07
A, 08 07 06 06 08 09 07 06 08 06 038
Az 09 05 06 08 07 06 08 09 05 07 0.6
Ay 08 06 09 07 07 08 06 05 08 06 07

As 08 06 09 07 08 06 08 09 06 07 06

x4 THK e, BOTFAERER

A; Cp Cy C3 Cy Cs5 Cs C7 Cg Cy Cio Cna

Ay 09 08 06 07 09 06 05 08 07 09 07
A, 08 05 07 06 09 08 05 07 09 05 038
As 08 06 07 05 09 05 07 06 09 08 07
Ay 09 05 07 06 08 07 09 05 07 08 06

As 09 06 08 07 05 06 08 09 07 06 08

Step 1: F) F 20 (5) M3 AL BRI R A =
(<Tijywrij>),%%U?%‘§Ujj7%A1\ AQ\ Ag\ A4\ A5%
TITEER TP A5 R (R 5 ~ 3K 9).

x5 WERHMNGR A BT IRGEMTAITEHER

Cy {(0.8,0.75), (0.9,0.25) }

Cy {(0.5,0.25), (0.6,0.5), (0.8,0.25) }
Cs {(0.6,0.25), (0.7,0.25), (0.9, 0.5) }
Ca {(0.7,0.75), (0.8,0.25) }

Cs {(0.6,0.25), (0.8,0.25), (0.9,0.5) }
Cs {(0.4,0.25), (0.6,0.5), (0.8,0.25) }
Cr {(0.5,0.5), (0.7,0.25), (0.8,0.25) }
Cs {(0.6,0.25), (0.8,0.25), (0.9,0.5) }
Co {(0.6,0.25), (0.7,0.5), (0.8,0.25) }
Cio {(0.7,0.25), (0.8,0.25), (0.9, 0.5) }
Cui {(0.5,0.25), (0.6,0.25), (0.7,0.5) }

®6 WERMEGR A BT IRGEMTAITMEHER

Cy {(0.7,0.25), (0.8, 0.5), (0.9, 0.25) }

Ca {(0.5,0.25), (0.7,0.25), (0.8,0.25), (0.9, 0.25)}

Cs {(0.6,0.5), (0.7,0.25), (0.9,0.25) }
C4 {(0.5,0.25), (0.6, 0.5), (0.8,0.25)}
Cs {(0.4,0.25)(0.7, 0.25), (0.8, 0.25), (0.9, 0.25) }

Co {(0.5,0.25), (0.6,0.25), (0.8, 0.25), (0.9, 0.25) }

Cr {(0.5,0.25), (0.6, 0.25), (0.7, 0.5)}
Cs {(0.5,0.25), (0.6, 0.25), (0.7, 0.25), (0.9, 0.25) }
Co {(0.4,0.25), (0.8,0.25), (0.9,0.5)}

Cio  {(0.5,0.25), (0.6,0.25), (0.7,0.25), (0.8, 0.25)}

Cia {(0.6,0.25), (0.7,0.25), (0.8, 0.5) }
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®7 WERMNGRE A BT IRBEMTHITAHER

Cy {(0.8,0.5), (0.9, 0.5)}

Ca {(0.5,0.25), (0.6,0.75)}

Cs {(0.5,0.5), (0.6,0.25), (0.7,0.25) }
Ca {(0.5,0.25), (0.7, 0.25), (0.8, 0.5) }
Cs {(0.7,0.5), (0.9, 0.5)}

Cs {(0.4,0.25), (0.5,0.25), (0.6,0.5)}
Cr {(0.6,0.25), (0.7,0.25), (0.8,0.5)}

Cs  {(0.5,0.25),(0.6,0.25), (0.7,0.25), (0.9,0.25)}
Co  {(0.5,0.25),(0.7,0.25), (0.8,0.25), (0.9,0.25)}
Cho {(0.6,0.25), (0.7,0.25), (0.8,0.5)}
Cis {(0.6,0.25), (0.7,0.5), (0.9,0.25) }

*8 WMERMNFR Ay BT HEEMITHITMEER

Cy {(0.8,0.5), (0.9, 0.5)}

Ca {(0.5,0.5), (0.6,0.5)}

Cs  {(0.5,0.25),(0.6,0.25), (0.7,0.25), (0.9, 0.25) }

Ca {(0.6,0.25), (0.7,0.5), (0.9, 0.25) }

Cs {(0.7,0.5), (0.8,0.5)}

Cs  {(0.6,0.25),(0.7,0.25), (0.8,0.25), (0.9, 0.25) }
)5 ¢

Cr  {(0.5,0.25),(0.6,0.25), (0.8, 0.25), (0.9, 0.25)}

Cs {(0.4,0.25), (0.5,0.75) }
Co {(0.6,0.25), (0.7,0.25), (0.8, 0.5) }
Cho {(0.6,0.5), (0.7,0.25), (0.8,0.25) }

Ci1 {(0.5,0.25),(0.6,0.25), (0.7,0.25), (0.8,0.25)}

R9 WMERHMHER A BT RERMTHITMELER

Cy {(0.6,0.25), (0.7,0.25), (0.8, 0.25), (0.9, 0.25) }

)
A

Ca {(0.6,0.5), (0.8,0.5)}

Cs  {(0.5,0.25), (0.6,0.25), (0.8,0.25), (0.9, 0.25) }
Ca {(0.5,0.25), (0.7,0.5), (0.9, 0.25) }

Cs {(0.5,0.25), (0.8,0.25), (0.9,0.5)}

Ce {(0.6,0.5), (0.7,0.25), (0.8,0.25) }

Cr {(0.6,0.5), (0.8,0.5)}

Cs {(0.5,0.25), (0.8,0.25), (0.9, 0.5) }

Co {(0.6,0.25), (0.7,0.75)}

Cio  {(0.5,0.25),(0.6,0.25), (0.7,0.25), (0.8,0.25)}
Cn 1(0.6,0.5), (0.8, 0.5)}

Step 2: M| Fl WHFWA 57~ Z5 5 I B o (5 B
W = 1.2, 1), 38R A As. As. Ags
A ETARIHBTCHIT L R A (A= 1,2, |
5), BN il LT A SUE K %, WA I 22, F .

Step 3: UM (1) ), S AT (As) Ko 97
B BRI B UL,

s(h*(A1)) = 0.7602, v(h*(A;)) = 0.033 1;
s(h*(Ag)) = 0.7347, v(h*(Az)) = 0.0446;
s(h¥(A3z)) = 0.7152, v(h¥(A3)) = 0.0324;
s(h*(A4)) = 0.7111, v(h™(A4;)) = 0.0332;

s(h*(As)) = 0.7424, v(h*(A1)) = 0.040 3.

Step 4: AR 4 &5 A~ 77 2 VT il 45 B 10 15 43 oR BT
s(h (A)) FTEEUE v(h* (A) G = 1,2, ,5) X7
FATHE AR

I 5N 19 70 R 2O SR AR A, Bl A5 40 R H R
A HEATHEF L. B s(h@(Ay) > s(h¥(45)) >
s(h*(Ag)) > s(h“(As)) > s(h¥(Ay)), tHEF45 %
NAL = As = Ay = Ag = Ay

T8I 2: AL SR S .

SRy U0 B AR ST R B A R R 2 A, AR ST R FH
IS S PO T e B Z M E R R w = (0.35, 0.25,
0.2, 0.2).

Step 1: F F =X (6) i B BRI 4 A =
(rij,wy,, ), AR RITT R Ay Aoy Agy Ay Az Bt
TRBER TP R (R 10~ F 14).

Step 2: F] FH WHFWA 8.1 £5 & IR A o5 B
hE(C) (G = 1,2,--- ,11), 3 FIT7 5 Ay Ay Ass Ags
As BT ARG TP 45 R hv (A) (@ = 1,2,

-, 5).

Step 3: A H 3 (1) #1(2), 7 AT R (A;) BIAF 53

ERAG I OS]

F10 NECSHRFTR A ETRERMTHTMEER

Cy {(0.8,0.8),(0.9,0.2)}

Ca {(0.5,0.25), (0.6, 0.55), (0.8, 0.2)}
Cs {(0.6,0.2), (0.7,0.25), (0.9, 0.55) }
Cy {(0.7,0.75), (0.8,0.25) }

Cs {(0.6,0.35), (0.8,0.2), (0.9, 0.45) }
Ce {(0.4,0.25), (0.6,0.4), (0.8,0.35)}
Cr {(0.5,0.4), (0.7,0.35), (0.8,0.25)}
Cs {(0.6,0.25), (0.8,0.2), (0.9,0.55) }
Co {(0.6,0.2), (0.7,0.45), (0.8,0.35) }
C1o {(0.7,0.35), (0.8,0.2), (0.9, 0.45) }
Cia {(0.5,0.25), (0.6, 0.35), (0.7, 0.4) }

x11 NECHEFTR A, ETRERMTHTMEER

Cy {(0.7,0.35), (0.8, 0.4), (0.9, 0.25) }
Ca {(0.5,0.2), (0.7,0.2), (0.8,0.25), (0.9, 0.35) }
Cs {(0.6,0.55), (0.7,0.2), (0.9,0.25) }
Cy {(0.5,0.25), (0.6,0.4), (0.8,0.35)}
Cs {(0.4,0.25)(0.7,0.35), (0.8,0.2), (0.9, 0.2) }
Cs {(0.5,0.35), (0.6, 0.25), (0.8, 0.2), (0.9,0.2) }
Cr {(0.5,0.2), (0.6,0.35), (0.7,0.45) }
Cs {(0.5,0.25), (0.6,0.2), (0.7,0.2), (0.9,0.35) }
Co {(0.4,0.35), (0.8,0.2), (0.9,0.45) }
Cio {(0.5,0.2), (0.6,0.2), (0.7,0.35), (0.8,0.25) }
C1s {(0.6,0.35), (0.7, 0.25), (0.8, 0.4) }
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®12 WECHRTR A; ETRERMTHTAES

1 {(0.8,0.45), (0.9, 0.55)}

Cs {(0.5,0.2), (0.6,0.8)}

Cs {(0.5,0.6), (0.6,0.2), (0.7,0.2) }

Cy {(0.5,0.2), (0.7,0.25), (0.8,0.55) }

Cs {(0.7,0.55), (0.9, 0.45)}

Cs {(0.4,0.35), (0.5,0.2), (0.6, 0.45) }

Cr {(0.6,0.35), (0.7,0.2), (0.8,0.45) }

Cs {(0.5,0.35), (0.6,0.2), (0.7,0.25), (0.9, 0.2) }
Co {(0.5,0.2), (0.7,0.35), (0.8,0.25), (0.9, 0.2) }
Cho {(0.6,0.25), (0.7,0.2), (0.8,0.55) }

Cia {(0.6,0.2), (0.7,0.45), (0.9, 0.35) }

®13 WMECHRFTR A ETRBERMTHITMEER

ol {(0.8,0.55), (0.9, 0.45)}

Cs {(0.5,0.55), (0.6,0.45)}

Cs {(0.5,0.25), (0.6, 0.35), (0.7, 0.2), (0.9, 0.2) }
Cy {(0.6,0.2), (0.7,0.45), (0.9, 0.35) }

Cs {(0.7,0.55), (0.8,0.45)}

Cs {(0.6,0.25), (0.7,0.2), (0.8,0.2), (0.9, 0.35)}
Cr {(0.5,0.25), (0.6, 0.2), (0.8,0.35), (0.9, 0.2) }
Cs {(0.4,0.35), (0.5,0.65) }

Co {(0.6,0.35), (0.7,0.2), (0.8,0.45) }

Cho {(0.6,0.45), (0.7,0.35), (0.8,0.2) }

Cis {(0.5,0.35), (0.6,0.2), (0.7,0.2), (0.8,0.25) }

®14 WECHNAGR A BT IRBGEMTAITHER

C {(0.6,0.35), (0.7,0.25), (0.8,0.2), (0.9,0.2) }
Co {(0.6,0.4), (0.8,0.6)}

Cs {(0.5,0.35), (0.6,0.25), (0.8,0.2), (0.9,0.2) }
Cy {(0.5,0.25), (0.7,0.4), (0.9,0.35) }

Cs {(0.5,0.2), (0.8,0.2), (0.9,0.6) }

Cs {(0.6,0.4), (0.7,0.25), (0.8,0.35) }

Cr {(0.6,0.6), (0.8,0.4)}

Cs {(0.5,0.35), (0.8, 0.25), (0.9, 0.4) }

Co {(0.6,0.2), (0.7,0.8)}

Cio {(0.5,0.35), (0.6,0.2), (0.7,0.2), (0.8,0.25) }
C11 {(0.6,0.45), (0.8,0.55)}
s(h*(Ay)) = 0.7588, v(h*(A;)) = 0.0337;
s(h*(Ay)) = 0.736 4, v(h*(As3)) = 0.0456;
s(h*(As)) = 0.7132, v(h*(A43)) = 0.0319;
s(h*(A4)) = 0.7108, v(h*(A;)) = 0.0338;
s(h*(As)) = 0.7413, v(h*(A;)) = 0.0413

Step4: R ¥ & A~ 77 EVE AL &5 R 15 o R L
s(h® (A) BB o(h* (A)) (i = 1,2,---,5) %77
RIATHE P IEAR.

BT 5415 7 2R A A [, 43 29 ok i B
AT AT HER AR, I s(hv(Ay)) > s(h*(A5)) >
s(h”(A)) > s(h®(A3)) > s(h*(Ay)), HeHER: 45

AL = As = Ay = Ag = Ay.

L HASTE R PR HE Y TV A 2 4
RATHN, LT 08 Ay, L4518 5 B IS0 1 45
A — B AB A ST 77 7% e 30 v G A 000 i S Bt i U
12 S O T AT IS A 00 R P 4 EURE TR R B
SR, BRI HEAT 1000 CGEAR. AEHL 20 kTl iE
B AT 1902 A B, 1R As AL

W2 A MR RN R IR TS B
R K A A HEERTPIAL R S BE, A5 ik 5
0 NG 5500 (i & SRR e i A P ) 5 SR AH — B 58
MG RO R R ) I A5 C T 1 VA, A 20 00T
IS, A 15006 Ay NEAR, 51K As L.

3 RSO IE— 2 SR P R IR TR
W S IR J7 10T S br it SR oy, BLaE— DI IE A L
JiERIA R
5 & ®

MBEBHEE RV 2 A R L E A ERE T
Wb PR E 2% AN 58 1 DR SR ) AL B, DR 9 AS [ ) 3R
o FEAB AR T AH [ 1 2 4 X S SO AN RE B L sK
b 5 R 3R SEZ ) R A AL 0 25T SR S A B
R (5 . BRI, AR SCHE Y T IO TR SR S AN AL
WG 7o AR, mT DA BE D 75 (58 1 Ak 2 S SRR 5
Sl S AR o 2 18] da B U A HE R
I, IR TER A T O e B B IR R AR R
FLhh b AR T PR INBOR RSO 7T 1 4R UG T
(WHFWA 5. F WHFWG 5.7), {8 InBUIE 550 4
R BE T2 AL B BRI A B AN S

PR AR R HE— B TF AN IR 4R
B BT AU TSSO TE 5 (8 AT 5, T ik — 22
TRONTT 8 35 1 TNBCHE TR ASH) 52 B 1 PR AR R SR 1K) TV
BT, I B T SEBR sk S, 1 — 0 Oy B SR B 1R
5774 R 5 kA,
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