% 34% 5 8 ¥ # 5 x K
20194 8H Control and Decision

NEHS: 1001-0920(2019)08-1601-08

T =B Pythagorean i B Z ENPR R 774

AR, B E, 2ER
(TR 5 58 2R, KI5 030006)

# ZE: Pythagorean FEMIZETE BLOCHOMISE BRI b4 K T 3 A VS I, = A ORI BU7E e SIS AR AR mT DUER B sk o
BEZMAHERSE. ST, 12648 1 = Pythagorean Hi#I 2 10E X KK KB B £, REEX =4
Pythagorean # M I35 (TPFWA) B |7 L = ffi Pythagorean &R AL 14 (GTPFWA) 5.1 = ffi Pythagorean
BRI I LA (TPFWG) 57 F1 T 3 = ff1 Pythagorean f IEL L] (GTPFWG) 57, FXF 51 i A2 10 7 5 1k
A SRR AR T DOIE B f i i — AN B 2 AR R A% BRI 22 1 U e S5 1) RBURN R BRE 43 AT SR T AR H T ) A B
PERNA B,

K H#iR): = A Pythagorean BERIEE; BRINEEES; =4 Pythagorean BOBIEELS H T | L = Pythagorean 5 i SE 45
Ty SN )
HhE 532 S: TP273 SCHERFRESRS: A

Triangular Pythagorean fuzzy set and its application to multicriteria
decision making
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Abstract: Pythagorean fuzzy sets expand the range of application based on intuitionistic fuzzy sets, triangular fuzzy
number reserves more uncertain information in the decision making process. Firstly, a triangular Pythagorean fuzzy set
and Euclidean distance are defined. Then, triangular Pythagorean fuzzy weighted averaging (TPFWA), generalized
averaging (GTPFWA),
geometric (TPFWG) and generalized triangular Pythagorean fuzzy weighted geometric (GTPFWG) operators are
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defined, and correlative idempotency, boundedness and monotonity are proved. Finally the reasonableness and validity
are verified by a multicriteria decision making about medical representative selection and sensitivity analysis.
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T 4 [9] i B {H Pythagorean A58 48 1 5& S, H7E
FLHER o SR B AN R SRR B = A B e
R, 5 = A Pythagorean i 28 (TPFS) 1) AH 5< Mk
o B R IR R ) 5E X

EX1O B X &M EFEE, X TR PFS
LIEWF:

P = {(z, up(e), vpla)) 2 € X).

BRI pp (2) Mlup(x) 2RI NEE P iRz € X

1) 55 JeB FE AN AR SR 8 B, v 2 2 R 2% A

0 < (up(2))* + (vp(2))* < 1,
pp(z) €[0,1],vp(z) € [0, 1].

)= 1= (up(@))® — (vp(@)* FHTEE JBT
X E’JZ)E?%?(TE%E%;TL) mp(2) [N RFA KT
ARG EBZ, RZIMR. T AL 7 E, 8% R A
Pythagorean 8 £1/¢/(PFN), & 7~n Ny = P(up, vp).
EX2 wXRE-AIEEES X PR TPES
Fikr:
P ={(x, fip(z), 7p(x))|x € X}.
fp(z) C [0,1] M op(z) C [0,1] A2 =
BRI fip () = (up1(2), ppa(2), ppa(@)) « X —
[0,1],7p(2) = (vpi(z),vp2(z),vps(z)) + X — [0,1]
SRS Pt ER e € X )8 BEA RS 8 FE, |
TCER NS X K TR EAAE TR, I 2 4001
M0 < (ups(2)? + (vps(2)? < Lo € X. 2%
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JEE S NTp(x) = /1- (ip(2))?2 —op(z))2, HEK
%%E%xXT%AXE’]ZJﬁ%ﬁV, Eﬁ%)‘(ﬂ%ﬂﬂﬁi
TR RZ R — A = AR, H

Tp(z) = (Tp1(z), Tp2(z), Tp3(z)) =
(V1 = (fips(x))? — (7ps(2))?,
V1= (iip2(2))? = (7pa(2))?,
V1= (ip1(2))? = (7p1(2))?).
Hpp1(x) = ppa(r) = pps(e), vei(z) = vpa(a)

= vps(z) BALES, = ff Pythagorean 1 4E (TPFS) iR
k. N 1] L) Pythagorean 15 R 4E (PFS).
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(V1= (up3)? — (vp3)?, /1 — (up2)? — (vp2)?,

V1= (up1)? = (vp1)?).
Hr:pups € [0,1], vps € [0,1],0 < (ups)®+(vps)? <
L pp1 = pp2 = pp3s Hvpy = vpy = vps O, =

#f Pythagorean #5 #5121 (TPFN) 18 {4y Pythagorean 15
HECI(PFN).
EN3IB PRINEE NP = {(2,ip(x),

fip(2))x € X[}, 3 op(x) M jp(z) FZRIE R E X
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[R5 A2 Gy = (a1, b1, 1), (da, eq, f1)), o = ((ag, by,
Ca), (da, €a, fo)) FI—ANIESEEN, HARBOE HHR RN

a1+ Qg = ((\/a1 + a3 — a3a3, \/b2 + b3 — b3b3,
\/ ci +c3 — cic3), (didy, eres, f1f2)),
a1 X Qg = <(a1a2, blbg, 6162), (\/ d% + d% — d%dg,

Vet + 3 — e \[f2 + 12 - £213),

ca=((v/1-(1—a2)*1-(1-02)
L—(1—e)), (@ et ),
(@)* = ((a* b, M), (V1 — (1 —d?)*,

V1= (1—=e2)* /1—(1-f2)M).
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UE B I FE S
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1573 R HUE SN
1 a2 2 2 (2 2 2
S(d):§[a +2b% + ¢ 4(d + 2e +f)+2}_
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1) # S(ay) > S(ag),May > as;

2) 4 5(an) = S(az), May = ao;

3) # S(ay) < S(ae), May < as.
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. 1
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D(ay,a) = 0—E AL, AN 2 IR B 5E B,
M HAL Y &y, G AR EUEE T 0. BUIE B A2 4 2
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1
gllal — a3 + 161 — B3| + |ef — 3|+

|d} — d3| + |ef — el + 17 — f51+
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bt = b3l + lef — e + (b + €3) — (b + eD))+

1
gllat — a3l + |di — ds| + |(a3 + d3) — (a] + d})]) <
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$& T = ff Pythagorean 5] 28 55 T 1 5 Ak A 4R
BT DU ARG RPN RS R T R =
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> widy,
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TPFNs 32 575, TPEWA 573 /2 0 F s 2.
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TPFN, %7~ N

TPFWA (&, dn, - - -
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R w,

(w17w27"' 9
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=1 =1

wlnll_c ). ({Te [T I1))

52 B2 W] B0 VA G R AR BA 15 B, SR wE. H e HE
2 FRAIE W3 R T DA %2 31 TPEWA 55743 73 & T 2%
P A PR B
MR GRS &
&; = &g = ((a,b,¢), (d, e, [))
X TAE = R, WA

TFPWA (a1, G, &) = Go.
MR2 () 4
(&)~ = ((min a;, min b;, min ¢;),

(max d;, max e;, max f;)),
7 2 (2

(&)* = ((max a;, max b;, max c;),
1 1 1

(min d;, min e;, min f;)),
i 2 ?

M (&)~ < TFPWA(ay,ag, -+ ,a,) < &.
'|¢E3($U§l‘l‘é) é\A = {dladQ; e 7dn}aB =

{B1, Ba, - , Bu} R W3 A AT H TPENs S5, 3 T-4F

HithH & < B UE

TFPWA(Gy, &g, , &
W DS A
TPFWA (& Gg, -

7dn) -

wiGp + Wwalp + -+ + Wply =

<(¢ 1= ﬁ(l _02)“”'741 - ﬁ(1 — b)),

=1 i=1

n)éTFPWA(BhBQv o 7ﬂn)

1- ﬁl c2)u )(HdwzHewi,iﬁlfwi»:

i=1 i=1 i=1
<(a,b,C),(d 6 f)>:5¥
2) F5HE. B mina; < a; < maxa;, FTLVH

w;(mina;) < wia; < wi(maxa;) =
? %
n

n
< Zwiai <

(mina;) » w; (maxa;) Z w; =
’ i=1 ‘ i=1
mm a;) Z wia; < max a;).
MRAE I 1A

(@)” < TFPWA(ay, i, - -+, dn) < (@)
3) B X TR z%ﬁﬁaz < Bi, LA

Z wzaz g Z wlﬁl

gt e 1 ﬁnFT%—fﬁﬁiu.
TFPWA(dlad% )dn) < (BlaBQa'“ 7571) D
2.2 |~ X =faPythagorean {EH# I FINE T
EX8 a; = ((ai,bi, ), (diyes, fi)) (i = 1,2,
,n) 72 TPEN ] — M ES ™ L =] Pythagorean
85 70 A ~F ¥ (Generalized triangular Pythagorean
fuzzy weighted averaging, GTPFWA) 5.1 7€ XN
GTPFWA (&1, do, - ) =
wy(61) + wo (@) + - -

(Swar)

Ho A > 0, &IFER; wFE L.

N = 10, GTPFWA 5 T i1k~ TPFWA
T 5T 52 X 45T TPFNs [{138 %, GTPFWA &
FHITHER S5 AL T B

EHE3 4 A = {&li = 1,2,---,n) NTPENs
EI"J*/I\Q%/ET,U‘\UGTPFWA§¥E"J7/%%%%&%*/I\
TPEN, %/~ A
GTPFWA(Gy, g, -+, Gp) =

+w, (@) =
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E:

\ -{1- IIi (1= Py},

- 1= T - - ).

i=1
2.3 =fPythagorean {ZH# M LIATEF
EX9 a; = ((ai,bici), (diei, fi)) (i = 1,2,
,n) #& TPFNs [f] — £, Ul = ffi Pythagorean 1%
B MAL JL A (Triangular Pythagorean fuzzy weighted
geometric, TPFWG) H 15 XA
TPFWG(0y,04,--- ,0,) =

(62)"" % (@2)"7 X -+ % (an)" = [ J (@)™

TPFWG 5.3 /& 1 & 2.

EIE4 S A = {a)i = 1,2,---,n} NTPFNs
1) — 44, W TPFWG 51 [ 8 45 45 b & —
TPFN, £/~ A

TPFWG(OQ, 042) =

([ T fle) ()

o
\ll—H(l—ef)w",Jl—H(l

Lle-m"))

TPFWG 57 i & R S5 A7 S A0 B 1
1 1E A 5 TPEWA 51 A ALL, RS
2.4 |~ X =fPythagorean HRH#i N L] EF
EX10 a; = ((ai,bi, ), (diyes, [)) (i = 1,2,
,n) #& TPEN ] —/NES, W~ X = ff Pythagorean
58 N AL JL AT (Generalized triangular Pythagorean
fuzzy weighted geometric, GTPFWG) &7 & 3N

GTPFWG(ay, g, - - -

7dn) =

Lo o 1
X[(/\al) X (A@)"2 X - X (A, )Y XH (Aa)™,

HrwFzxE . ¥\ = 18, GTPFWG & B 1L N
TPFWG %4 ¥, GTPFWG & i /2 4 T s #E.
EHE5 4 A= {&li = 1,2,--- ,n} NTPFNs

] — N EE A, I GTPEWG 51 (R FE 45 45 St & — A
TPFN, £/ N

GTPFWG(Oq 5 052) =

<(J1—{1—f[1[1—<1—amwi} ,

1=

M=

n

1= {1-TIn - —a2ppe

i=1

>

n

T )

i=1

(w 1- i[l(l - d?)”i} g [J 1- ﬁu - ef)‘)wz} *
(T

3 EMKE
X = i Pythagorean BRI P58 T (1) 22 18 U 1 35 i)

BUEAT N X = {21, 20, 2} (m > 2) A M
KIS, C = {C1,Cy, -+, Cp} A n NN
HIRFENEE, W = (wi,wa,- -, w,)" R SFHENLE

RERT L AR i) B, T2 0 <

w; < THY w; = 1.
ENTT (i =1,2,--- ,m)E‘/&mUCj(jjzle,--- ,
n) N Bk THE A = /i Pythagorean 155 K 4 1 3% 15 T2
Iy (@i) = (@i big, ciy)s (digs i, fig)) W R =
(C(24))mxn & — > Pythagorean F 4 vk 5 5 . FIT
LA, 70 3R 7 TPENSs f 2 #E ) o 56 1] N a0 3% 1 s
M FER R MR TR Cj(2) = ((aij, by, cif),
(dij, €ij, fij)) 72— DN TPEN, (aij, bij, ci) C [0,1] &R
5 % @y W R HE N C; (ME (i, €45, £1) C [0,1] FoR
J7 % AR EN C; 1fE, HIEFNH R 2 + f <
1(i=1,2,--+,m,j=1,2,,n).

THEH =M Pythagorean BT TET
TFPWA 5. F1 TFPWG 5~ fiff 1 22 #E U e 35 0] L 11
FLARDYR, WL, 38K A 28 v W BT 5o o PR VPR A
BHCRANE R AT bR

=1 JTERTPFNs B % RS 6 A EERE R R

C, Cy
z1 ((a11,b11,c11), (d11, e11, f11)) ((a12, b2, c12), (d12, e12, f12)) ((a1n,b1n,c1n); (din, €1n, fin))
2 ((az21, ba1, c21), (da21, €21, f21)) ((az22, baz, c22), (d22, €22, f22)) ((azn, ban, can); (dan, €2n; fan))

Tm <(am17bmlzcml)7(dm,l,emlzfm1)>

((@am2, bmz, cm2), (dm2, €m2, fm2))

((amnz bm'rw cmn)f (dmny €mn; fmn)>
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N T B E A S TR A T sz B M, Xt Pranab
| R BR | Biswas S8 41 11 [ 24 48 26 it % (o JL 9 £ 1 L5
S S 240 5 %5 TPEN 10— % J 1 o 36 1
| WEE“{;%T%EW’“W | BT 2 A AR — 4 B 2t
ﬁ%uﬁﬁTpFWA$HTPFWGﬁ%H“ﬁ EQ/I\MI\EVEXTJ4%{I%I‘1£AJ}1(Z - 1,2,3,4)&54‘(&
IR AT 25, R AL S LR TV = (0.1,

E34%

[ #8v—/=fisPythagorcan BRI eI |

Fi(i=3,4, - ,m— VYN G RIVELEAEP,

v _ 0.25,0.25,0.15, 0.25) . Y T B 1 B VP 4 il e 1

b G el ECRRAE ). AR —MERE T, AN AR

- i : 15, an ek NAESRESAE NN VOB T 2 1) D SR

| wESG) M REE| B L3 2, 3 P 70 28 0 S A — 3 3 A A v
v MR ESERRE.

[ wemirE | N T i A 4 0 T B 1 2 BLAE 4 3 A

E1 2RISR TPFWA 51 TPFWG 55347 TH 55417
72 BEHRREFEGINRLARRIER

Cl Cz 03 C4 C’5
" ((0.8,0.85,0.9), ((0.5,0.55,0.6), ((0.7,0.75,0.8), ((0.8,0.85,0.9), ((0.7,0.75,0.8),
! (0.05,0.1,0.15)) (0.2,0.25,0.3)) (0.1,0.15,0.2)) (0.05,0.1,0.15)) (0.1,0.15,0.2))
Y ((0.5,0.55,0.6), ((0.7,0.75,0.8), ((0.8,0.85,0.9), ((0.7,0.75,0.8), ((0.7,0.75,0.8),
2 (0.2,0.25,0.3)) (0.1,0.15,0.2)) (0.05,0.1,0.15)) (0.1,0.15,0.2)) (0.1,0.15,0.2))
. ((0.4,0.45,0.5), ((0.5,0.55,0.6), ((0.4,0.45,0.5), ((0.4,0.45,0.5), ((0.5,0.55,0.6),
3 (0.35, 0.4, 0.45)) (0.2,0.25,0.3)) (0.35,0.4, 0.45)) (0.35, 0.4, 0.45)) (0.2,0.25,0.3))
" ((0.4,0.45,0.5), ((0.5,0.55,0.6), ((0.4,0.45,0.5), ((0.7,0.75,0.8), ((0.7,0.75,0.8),
4 (0.35,0.4,0.45)) (0.2,0.25,0.3)) (0.35,0.4,0.45)) (0.1,0.15,0.2)) (0.1,0.15,0.2))
%3 4 3IHTPFWA F1TPFGA EF it BHXEREHEE
TPFWA %1 TPFWG 57
- - - ~ ” He4
ELEE B, By RELS (B:) HE45E Bs BRIy RELS(B:)
((0.696 6,0.749 2, 0.803 5), ((0.6654,0.716 1,0.766 7),
¥ (0.1,0.154, 0.206)) 08461 (0.1254,0.172,0.220 1)) 08277 2
((0.717,0.7687,0.8216), ((0.6998,0.750 2, 0.800 5),
. 846 4 1
o2 (0.0901,0.1426,0.193 8)) 0-857 (0.1057,0.1532,0.202)) 0.846
((0.4542,0.504 2, 0.554 2), ((0.4472,0.4975,0.547 7),
3 (0.2646,0.316 2, 0.367 4)) 0-7181 (0.2867,0.3355,0.384 8)) 0.7116 4
oy ((0.5755,0.6272,0.680 1), 07787 ((0.5291,0.580 4, 0.6316), 07514 3

(0.184 4,0.240 2, 0.294))

(0.2412,0.2875,0.335 1))

4.1 TPFWAETF

Step 1: brifEAb P 5 A FE.

KN B FR PR 22 0 R s B dR bR, X T 3R 3 Fs i
P PEA AT AL 4.

Step 2: 1T HALEH.

HRAE 2 B 1 A b TFPWA 571 LAk A
a LS B D B, = TPEWA (G, G, - - -, ).

Step 3: T4 —MELE B; RS (5).

MR SR R A Xk —MESE
B AR5 B LS (By).

Step4: 3T S(6;) HisE el 7 5.

AR S(B) g NFEATHET, 88 2y > oy >

xy = xg, BPER 2 A1k N2 B N G i I BR 2R,
4.2 TPFWGET

TPFWG 5 T [ 1F 5 i 72 5 TPFWA 5 7 2548,
Step 2 1R 4 5E ¥ 3 TFPWG 5 Tk it 5 77 R 4E 45
JEHE, TR R INR S, BRI AHLRERS
TPFWA 5 745 ] —#f.
43 S5HMWFEERNER

A A [FI B 5 TOPSIS 5 1101 STk [28] 5451
HEAT LU A, 45 3K 4. 3% 4 WP TOPSIS 545 BN %
& 326 N (R AE K W 30 . 35T STk [6] BT 42 Hi 1 TOPSIS
T35 B SLAEAN T ZE 1R X U 30 58 ) SR B S 6 HR IR
IREE B9S2 B B0 AT 1H AL



% 8 JLHE-F % AT = Pythagorean B #1449 % B W) B R 7 ik 1607
&4 D EATPFWA M TPFGA B TitBEHRXEREHE
AUH LT S (Br) 5B S (B2) 5 B%S (Bs) %S (Ba) 4

1 TPFWA 5 T 0.846 1 0.857 0.718 1 0.748 1 (2.1,4.3)

2 GTPFWA 57 0.8502 0.8592 0.7196 0.786 8 (2,1,4,3)

5 GTPFWA H-F 0.8607 0.8654 0.7243 0.7756 (2,1,4,3)

10 GTPFWA 5T 0.8722 0.874 0.7297 0.799 1 (2,1,4,3)

20 GTPFWA 517 0.884 1 0.885 0.7351 0.8165 (2,1,4,3)

50 GTPFWA {7 0.894 1 0.8947 0.6412 0.7912 (2,1,4,3)
100 GTPFWA H-F 0.8455 0.8458 0.6433 0.653 (2,1,4,3)

1 TPFWG .1 0.8277 0.8464 0.7116 0.7321 (2,1,4,3)

2 GTPFWG . T 0.8201 0.8412 0.708 3 0.7262 (2,1,4,3)

5 GTPFWG 5. 0.7992 0.8227 0.7013 0.7139 (2,1,4,3)

10 GTPFWG ¥ 0.778 8 0.7973 0.696 0.704 4 (2,1,4,3)

20 GTPFWG ¥ 0.7834 0.793 1 0.6642 0.6687 (2,1,4,3)

50 GTPFWG %1 0.7743 0.7784 0.7382 0.7401 (2,1,4,3)
100 GTPFWG 5T 0.9384 0.9389 0.7364 0.7374 (2,1,4,3)
SCHR (28] TFNNWA #1 0.796 0 0.8103 0.646 4 0.695 1 (2,1,4,3)
SCHik [28] TENNWG 51 0.7791 0.8010 0.5962 0.6627 (2,1,4,3)
iR [6] TOPSIS J7¥% 0.6283 0 5.2157 43479 (2,1,4,3)

44 RPESW

N T K% % TPEWA 51 Al TPFWG 5 1 1) 1 ff
PRI A2 € 1, 915 2 0F 5 45 SR K HE 4 (E Bl X\ R 3
45 B, BLRE X\ BB A 1 A2 1k B 100, B AR ST R
TPFWA 5 ¥. TPFWG 5 1. GTPFWA & 1 fl
GTPFWG H 1 & H#AT1HHE. 4\ = 11, GTPFWA
57 F GTPFWG # -1 73 7l iR 4.y TPFWA & - #ll
TPFWG 5.1, S Ja MiH H A R WK 4. iR 47 LLF
BN = 1RIREKEREB NP HE A E M
—FIORAS, 24 NI B K, R S %k T R 4
EANTG 55 bR B A e (0 2 HAHE A — B R
FooE, IR AR B T AR SRR 1 1 & B AR E
PE. [RI S E TR R A B, 24 N BT DR 3 20 18, T
X = ff) Pythagorean B IIAY 135 (GTPFWA) 5.1 22
¥ X = ff1 Pythagorean U451 I AL JLf7] (GTPFWG)
HA JFEWH RS R TarE o, Bk, v A
A N TPFWA ¥ 7E 4k 2 Pythagorean £ {5 J2. 1) 1
REMEEAN T TPFWG H 1, [Fl i GTPFWA H 18 T
GTPFWG 5. & 4 [F#FE 7] LLE H, A S5 STk [6]
FISCHR 28] AITH& HE 75 VAT 1 EL 3 43 M R B8 1 T
PR A

5 4 #

7% 34 Pythagorean B0 42 11 5 J i A1 ol 3
B FEE ) = 1 ROR B T S A7 R, T AR B £
(AT 2 PSS B o Y S (s BEAT R 45, B8
Pythagorean 5045 £ H 1) £ 012 S A1 K G B B 3%

7N, 45 T = £ Pythagorean #5585 52 AR o B 64 31
i AR B e 3R T TPFWA I TPEWG 51, I
T I i e s 24 AR 3R B R i AR T TR H AT
A R0, N T 3R AIE BT BT AR e M SR T
GTPFWA #l GTPFWG %, 8 it X (1) 22 4k xf 55491
RGP 53 Mt AE B S50 338 ik R A S A A S
Fofth &8 B AT LU A, Ui B T AR SC TSR A (1
S, R SR B T AT DAE— 22 W5 TPFWA 51 Fil
TPFWG 5111 % F B i .
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