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Abstract: This paper introduces hesitant uncertain discrete linguistic Z-numbers (HUDLZNs) based on Z-numbers and
linguistic models. HUDLZNS can serve as a effective tool to depict complex and uncertain decision-making information
and reflect the hesitancy of DMs. Based on above, a multi-criteria group decision-making (MCGDM) approach using
discrete T-norm fusion and positive ideal of alternative is proposed. Firstly, linguistic information is handled with
the help of the linguistic scale function, after which the distance and A-cut of HULZNs and A-cut of C are defined.
Then, information fusion of discrete 7-norm based on HUDLZNS is proposed. Subsequently, combining the very best
of information fusion of discrete 7"-norm and linguistic scale functions, a MCGDM approach based on HUDLZNSs is
developed. Finally, an illustrative example of ERP system selection is provided for demonstration, and the feasibility and
effectiveness of the proposed method are further proved by sensitivity analysis and comparison with an existing method.
Keywords: multi-criteria group decision-making; hesitant uncertain discrete linguistic Z-numbers; linguistic scale
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Jofid = s, AfgﬂA;gﬁj\%U%AﬁﬂAﬂi%,
FAS FIFAS 43 & FA, FIFA, 4 5,3 I T(FAS,
FASY) = T(FA,,FA,).
EX10 WTVYN e 82, CAHitEE LN
C*={z¢c fTYT(FA,,FAy))|
min [~ (T(FA}, FA3)) < z <
max f~H(T(FAY, FAJ))}.
MERR4 DR TS 5 1, B A
C* ={z€ fTYT(FA,,FAy))|
min /= (T(FA7,FA3)) < 2 <
max fH(T(FAY,FA)))}.

C* ={z € f"YT(FA,FA,))|

fﬁl(T(ai\laazl)) SRS
FHT(ady, ary))}-
FERRHL, N = s, Co0 2 f~1(T(FA1, FAy)).
33 EFTHEMCEBENESME
EX11 B Z, M Zo /& 55 2.3.2 745 58 S A
HUDLZNSs, 7(z) = sup(A € S§% : 2z € C*), U(By,
By) = {1(2) € BiUB2 : z € f7YT(FA|,FA,))},
W T(Z1,Z2) = (fTHT(FA1,FAy)),U(By, By)) BI
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Nl )5 ifTHUDLZNS.
T:Zx Z— ZEEETHELEZ L. B8
T R AT AR RS A
4 HUDLZNSs 25 1R B e sf 7512 K B2
X — B4 3 T B H T RRRD IE R AR 7 R SE
HUDLZNSs i) 2 # U o 55 10) . F — A s 4 2 156 1)
AR HULZNs!7 % 4:  HUDLZNG, )37 F SCH#ik [7]
(Y S AT PSR, AT RABUE S T A LG o
4.1 RIKEIHEA
HUDLZNS (] 2 #E I o 5 i) @ ] 45k ik
X = {z1, 22, .., 2 f ABREIETRE U = {uy,
uz,...,nun}j'\j‘{ﬁmJJ%,W = {wy,wa, ..., wy, } FHEN
1‘15,2% =1w; 2 0,E = {er,ea,...,e,} NEXK
A BT B A R T VA 13 1,
(B F— N5 vl v A [R] T Ve 55 45 L s i
AN TR, A 7] P 7 DUV - A [7 (AN B, DA SR A & 3
IG5 R W E K e, W TR o AEHEN] w; N RIPFAME A
HUDLZNs &/~ N
Z,kj = (AijkaBijk) =
([, aijp), {bijk, € S%,t = 0i5(1),
0:i1(2), - - Oiji(Piji) })-
Hrbal, al, 735 A M ERIR, P 808 A
PESEPINE 00 (y) (v = 1,2,..., Pyp) &R
A BB y NE A, bijr, (8 = 0i56(1),0,1(2), . . .,
Oiji(Pijr)) N Ay It MBS EM TR L 5K ey
P PR FE R DY = (2K ) (B = 1,2,...,
q). Z BT BRA G 2R VAR R RIS N
D = (2ij)mxns
zij = (A, Bij) =
([afj,ag], {bij, € S2.t = 6;;(1),
0:3(2), ..., 0i5(Mij)}).
Hr: aiLj\ CLZ— %%U%Aij ) E R RR, Mij %%E?Aij g
SN0, (y)(y = 1,2,..., M) Fom Ay 5y
BT by, (8 = 035(1),045(2), ..., 055 (M;;)) N Ay
(56 ¢ ANE S I AT SR,
4.2 HULZNs! ##apf HUDLZNs
T 5% %F HULZNs {F — > & B 1¥) /1 2. HULZN
/& Z-numbers ] — Fft 5 5k 1% %, 5 HUDLZNs —
P, #B 2& 1B 5 A8 /R i Z-numbers [ 75 A>3 47
HULZNSs )55 14> 70 B — MBS X 8] 5 AL &,
FoNEAERAN SNBSS HENES. FH%E

UAT AN HULZN %4 #i i HUDLZN.

Step 1: ¥ HULZN F 55 1 4>y &2, BV 42 ) X 1)
B AR, F A 0 B X R S A

Step 2: % HULZN [ 5 2 N7 S AT 35 4. T
HULZN [ 58 2470 B2 5 1A n] SE PR I A, A
A BRA B BIE S AR GOk IR, X R — A
i8] B 1) SRR SR IR 58 2 AN o S UH (U), R R
PR SREAR P SB1E R 24 B 30H (PUO <
PU < 2r)). &% HULZN "] VL33 20 A PU' 1
HE PU' 9 il 42— %08 PU” /£y HUDLZN 3 2
ANy 8 T E 280 ki3 HUDLZN (58 24N 40 &, fif
130 < |[PU' — PU"| < e, e NATERE/NIIESEEL.

FER ML, HHULZN 55 1 M ' R &a — AN s
FAE, B2 A AN R 2r B, S0 28 1A
I3 BAF — N RR IR e, 4R B 5 X ANE T PR E A AR
1 —AEH 2 NG S E, 5 XAME S AL F M K
HUDLZNSs [ 56 13 43 28 2 4> 53 & 0 6 8 77 32 U AS
43 ETEHTIHEMIERE S ZHHUDLZNs % f

MEERKFHE

Step 1: WAL {5 B IIFRAELL.

W VPARAERE DF = (28) o BB

RF = (rfj)mxn.
Horprirk = (RAGk, RBiji) = (ke r%e], T(RAGk)),
T(RAjr) = RByjp, 72T 3. 5 LI U 28 B A5 2%
2 BRI ESCATY, 2 1 R AN [R] P B A 0 e S 45 SR 1)
S, T 50 R BN VT AL R B R T AL
o 2k 2 Y v U, A7

KT AR ), A
rfjk = neg(zfj).
Hrp
nes(=5) =
(I (f(sy) — f(a%k)), FHf(sh) — f(afjk))],
{bijn, € S%t = Oijk(Pijk), Osjr(Pijr — 1), ...,
0 (1)}),
P T Aije PR S EBANEL 0,5 (y) (y = 1,2,
Pijir) Ros Ajje K y MBS, bijr, (t = 0;55(1),
0iji(2), - ., O (Pijie)) N Ay K ¢ M5 S AE I AT E
.
Step 2: FIFH B HL T HLEAT(E Bl 5.
P BB T ARG PR HE R RE (k= 1,2,...,
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Q). BB AN R
R = (7ij)mxn,
rij = (RAj;, RBy;) =
([rafj,ra?j], {rb;j,,t = 6;;(1),
0:5(2), ..., 0i5(Niz)}).-
Horproral s rall 73 RA; B LR IR, N;; 8 RA;
B S E AN Oi;(y)(y =1,2,..., Nij)%/jt\‘RAij
88 g ANE S, by, (= 055(1),055(2), - ., 6:;(N3))
NRA, IS ANE S 8 AT S,
Step 3: T HE I A ) &
LR, HE B (S RS BERS B 45 H,
{ELE 5B A5 I8 2 RELG 0. 2% SCHR (7] 0 5.1 5%t
HE AL 1) 3 BT, A SC 5 RE SR AN S pe 42 PR LK) )
e

m n i—1

max F'(w;) = ij Z Zd(rijarcj);
w e W,

m
s.t. ij =1,
j=1

’LUj 2 0.
;E\:EPZ d(’l”ij, 7"5]') 7% Zij 5 le ]‘Eﬂ E‘]EE%, f—'l‘/ﬁmﬂ H‘J%Béj\
WEE B CHN, Hw e WkER.
Step4: IEHAE T K 2T
Wat = (rf,rd,. .., r)) NRIEFBE TR, NG

ri = (A}, Bf);
L U
A =1 ),
L U
af =max(a);), af =max(al);

Bl ={b} € 5%t =10;(1),0;(2),...,0;(P;")}.
H:0;(y) (y = 1,2,..., P FRRAT Sy MES
1, by, (t = 0;(1),0;(2),....0;(P])) WA KA
if HER T EENE, PP RO AT il S E KDL Bk
(o7 I

1) g AT OB B ol Mal 4kTT AT
T E oK.

2) RAAHhE B hou R ME. T RE B
TEER b RoR AT XS H AN TTER IR SERL, R
Blry (i = 1,2,...,m) FAISERE RN &3, W15 5 1PN
fH, I LEE SE M R R N {(sh)i,0 =
1,2,...,m}, (s})i; R ry FRTEEEE R o2, VA A;
SR JE INIZANE & B R PRME, 128 s, W s] =
max{(s})ij,i = 1,2,...,m},s] fEILFAETT R ] th
AT FEE N 53,

3) ik s; & AT P AN JLER, M AT e B — k
MNENsE (k= 1,2,...,h — 1h),ri; (i = 1,2,
cosm) FPPE s]_ AT SEFEIC N 7((s]_y)i) (0 =
1,2,...,m), AP E A AFLE RS, FTEEEIDL A (s0)4-
XL T] 5E B A AR G0N {7 ((s1_p)45), % = 1,
2, . omp ERXANEG BN NT 3 MBS
1B A BB K [ AE 9 s, A TE 38 AR J7 52 v i BT 5
bk, bn—r = max{r((sj_y)ij) < bn-ns+1,7 = 1,2,

..,m}.

4 AT HEH R+ KNTUR A s, (K =1,2,...,
P — h),rii(i = 1,2,...,m) PAEHE 57 HITTEE
FERNT((sty i) i) (0 = 1,2, ... m), BIFHMEAAFEAE
I, ATEEREIC N (s8) ;. IXLETT 52 BE A s AR & il 9
{T((stix)ij)si = 1,2, m} FERXAEES BT 5
JE/NT o3, BT A8 T BUR K IIE N s) o 72 IEFEAR
T EFW T by e, b e = maX{T((S}JrK)ij) <
bhik-1,4=1,2,...,m}.

Step 5: M5 5 T, SIEBEE T ot Z B
d(z;,xT).

R B REA X GRTT R, 5IEEAETT
Kot Z AR S

d(z;,z%) = ijd(r;r,rij), i=1,2,...,m.
=1

Step 6: X 77 EHEF.

d(as, o) EBEIN, FHRL T 5 2, BREERT.
4.4 BN
4.4.1 SZHILEA

ABC Ui A PR A 77 g — KN FRE
TR MU ST R diE . B RRREE
FE I R A\ B I BAAT SN — N R A
ERP R G0KAE F 38 5 1, oL 17— A%l FH A AT
B, B —ANEE LR, N ESHA N R E
HY (€1, ez, e3). AU T —LEERP RG AL
M5 B VR TRE G, Ak T F 2 A GRS
Z AR 4 NEAEMERP RS (21, 12, 73, 24). T
HBAERE LT 4 PRt R PPN X e 28 3% 7 %2 1) ug AR
REARTIIRE; 2) uo AL R K B8 ST FI 2 3) ug
AR T s 4) ug AR RTEVE. &R, 45 T
HEMB R EFEW = {02 < wy < 0.3,0.16 <
wy < 0.35,0.12 < wy < 0.25,0.1 < wy < 0.25,
L5ws < wy, Lhwy < we}. 3L KV 45 5H LA
HULZNSs H7E A3 T £ A% .

AR R A B AT T e, AR R —AF
{5 HULZN ¥3J L HUDLZN {7 5051 T3 1 .
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®1 e, BRI DY
v TR uy ug ug ug
T (s3, sel, {53, 53) ([si, sel, {52, 53, 52}) (53, sel, {55, 53, 57}) (Is3, ssl, {53, s33)
| T2 (Isgs s7), {53, s3}) (Is5, s7), {55, 53, 55 }) (I3, s6), {53, s3}) (54, s6), {53, 53, 53})
T3 ([sé7sé]’{sg7sg7sg}) ([SO,S } {5421752}) ([SAIL 6] {33758754}) ([Sévs;L{sgvsg»SZ})
T4 (Iss, 571, {s7, 53, 53}) (Isi. s3], {s3, s2}) ([s3. s7] {52, 52, 2}) (Is5, 7, {s%, 53, 561
T (Isi, s, {s7, 53, 53) ([si, sel, {52, 53, s2}) (85, sl {3, 533) (Is3, sel, {53, 2})
) T2 (Is5, s7], {53, 53, 53 }) (55, s6), {53, 53}) (Is5, s7), {33, 53, 52}) (53, s5), {53, 53})
T3 ([541175;)]5{55755}) [S } {S§7s§783}) ([Sé 58]7{35758755}) ([3(1375;]7{55753})
2 ([sg: 571, {53, s3}) (s3> s3], {s5, s2}) ([sg> 571, {53, s3}) ([s3 se], {53, s2})
3 (Is3, s7], {53, 53, 53 }) ([s3, s7], {52, 53, 52}) (153, 85, {3, s83) ([s3, s7), {53, 53, 51})
5 T2 (Is5, s7], {53, 53, 57}) (s5, s6), {55, 53}) (Iss sg), {53, s3}) (55, s6), {53, 53})
T3 ([sé,sé],{sg,sg,sé}) ([SO,S } {Si,s;,sg}) ([}) 57] {‘94758750}) ([341175613]7{5?753?5?)})
T4 (54, se), {53, 52, 53}) ([s3. s7), {52, 53, 7}) (s3. se) {53, 53} ([s3. s7), {53, 53, s1})
4.4.2 FHiEMNH

N7, v BB, 4

f(Sz) = Hll(si) =
108 1
H H +50i=01,...
1/i 108 1
77—1) S i—t41t42, ...
Q(t Tt it L2
g(si) = Ha1(s;) =6, =

) b

H4(

RN

2t;

i 1
<4t7t_ Z) tyi=
= 1.} T # 4 HUDLZNs i, B f(s))
sH=i(i=1,2,...,
Step 1: VAt {E B

o).
FR b HE AL AE A A b B
B4k, TR A (%) s 74 8 A 280 2 284, i
Rk = (Tfj)an = (ZZ)an

Step2: F|H Lukasiewica T 1, Bl T =

0,1,...,2t

x4y — 8} 3L KA, GBI 2.

E)

ERERVRRER R

uq U2

Z1 ([85’5;]7{82752782}) ([Séﬂsé}v{sgﬂsgvsga g})
T2 ([3(1)7Sé]v{sgvsgﬂsi:3§73$a32}) ([s(lhsé}v{sg s?jvsgvsg})
T3 ([s(l)vsi]?{sgvs?;}) ([5(1)75111}7{Si7sgrsgvs$?‘s§})
T4 ([5(1)75411]7{5575(2575375275421}) ([5(1)781}’{58753})

YIS us Uq

1 ([sé,si],{sg,sg}) ([sé,sé} {ngsgvsgvsi})
@2 ([0, s3], {53, 53, 53, 53 1) (Is0s s1)s {53: s3})

@3 ([so, s3], {s3, 52, 53, 52, 52, 51}) (Iso, sil {s3, 53, 53, 52, 53})
T4 ([8(1)7si]’{sgvsi’s;sgvsg}) ([3(1)7'3}1} {S4¢55738756¢s4})

Step 3: TH5HLHE N AR E [ & MR HE 4.3 15 HE AL

BB B E 7 2%, A Matlab 15 2 AR AL R 78 oh 4 A v
I A 2 A 22 %0 1h) & (0.367 2,0.891 1,0.5704,0.5322),
0 Sz Hh BT A B Ay BLEAS R, MRASHE T (K AL EE )

BA

= (0.2500, 0.3500,0.166 7,0.233 3).

Step4: IEHARTT Kot = (rf,rg,. ..

). AR

o = ol
i = s

=

i = (o

i = s

2 .2

[807 55] {887 587 58, S8, 577 56})

2

[807 54] {SGv 577 585 377 55})

2 .2

[50735] {84757788738755784})

2

[80784] {84735738736734})

max{0,
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Step 5: M H 7 R o, S IEHE T R ot Z AR
d(xi, zt). IRBEE R HE AL, SN = 1, B 20EE
FERE

D(xi, ™) = (d(rj, 1) ))axa = (r], d(r5))axa,
WP SR R, HIEEA T R ot Z A EE B

d(xiaer) = ijd(T;r,Tij), 1=1,2,... ,4.

THRERNT:
D($+,Q§i) = D(mi,x"’) =
0.1950 0.1632 0.2560 0.1759
0.1246 0.0318 0.0541 0.1855

0.1847 0.0165 0.0146 0.0595]
0.0029 0.1257 0.0603 0O

d(z1,27) = 0.1238, d(xq,27) = 0.0840,

d(z3,27) = 0.0994, d(xs,27) = 0.1188.

Step 6: {KHE d(z;, 27) X T7 ZHF. (i, ™) [
N KL TT 5 s BREERT, Pl 3 2o - @3 = @4 - @1,
WRTT RN s,
5 REEST

N T ERIT A B S HORE 5 R s O e 44T
(RIS, A S 2 FEAN [F] () MEL K f A g AR5, 15 1)
FMatlab it 5 T H, i &4 R nE 3 PR, X 2 H%
J&T Hyy(k = 1.08)« Hyy « Hay X 3 A AL IE 5
INETEE 8

#=3 TEESREZBAMAREA

HHEFER (KX E)
fRIgARAE A>1
f(si) = H11(s4); 9(si) = H21(s;) T2, T3, T4, T1
f(si) = H21(s:); g(s:) = Hi1(ss) T2, T3, T1, T4
f(si) = Hu1(s4); g(s:) = Ha1(si) T3,T3,T1,T4
f(s:) = H3z1(s:); 9(s:) = Hi1(ss) T2, T3,T4, L]
f(si) = H21(s4); g(s:) = H31(ss) T, T3, T1, T4
f(si) = H31(s4); 9(si) = H21(s;) T2,T3,T4,T1

AR 3, PTG B LA R 3215 B

1) 315 5 RUBE s 80w 1 A [ 28 &, 1 BE X X
(B B3, X J5 SR HEFF M AN K, TS HE P 45 3R
P © To,x3,%4,21; D T2, 73,71, Ty4. wALTT 06
Z@%ﬁ?@wg

) ANFEIE F R LR EU & P 2 HE e 45 R

FEASBE AR A B BB T B8R, AT FT RAAS HE 4G 1, B
BN FEANZ ME 52

3)24 f Mg Prideil 5 R ek B et HEFr 46
KA, Forp R T7 Sy AT 5 g WHEP R AEAS
W, 75 T o FTT B s BOHE AR, 3K 02 RN P e $ 1)
32K E RE R 8 ol B AT AR R AE: 25 f A g Jir
G S R E BB I 4578 5 R E A A AT P 2 48
L RR b, f AR 2850 i 22 1R B0 A KT g R 248500 i
ZE B TERS, 77 R g T 7 Ry f BILEXS I 22
B INT g B4 0] I 22 R SRR VRN, 0T R R T 0T
Y

DA EAE BB B A ORFEA R, ANFE 5 RIZ K
B 2H A I xf HE e 25 5 A B i 2 1T A5 A [ 1)
SR, 75 SRR 45 R s . O 1 R,
M “xixy, g, 2” KRER “a; - x> -ay.

6 BRI

N T AR A ST T OV R TR Rk,
CUA 7T 0 B b ARSI S48 43 A 2 56 1 STk
[7] 7 #5243, K H A i HULZN s %% 4t i HUDLZNG,
FIFH AR ST 3 0 05 v 5 7 SRt AT HERE, B AS HE
SERA W) 29, 23, T4, 215 2) T2, T3, 21, 4. T CHR
(71 R E TR & R, B TR2E T B
DU BE ANTE 5 R RR B, 21 < X < 5, R
1T Ry MG Ry HEB A TR, T R o W4T
UM E; N > 50 HEF 45 R iR & a5 BI
To, T3, T4, T1, GASCHTF B FHE T &5 R 05 1 A
FH—B0 TR A 5 R R B2 A, N BUATE, 7
EN IS 30 Wk S PN K G KR EL WS
& T B oo AH— B TR B T A SCHT g 7
R,

Sy Ab, ARSI VR T T A O R R B R
TR B TR R D, R R T % 5V I R
SCHR (7143 B0 HE 7 45 R 5 AR ST VR B AR HE T 4
RAEAE BRI 2 S, JLE R o] #8 2 HULZNs 5
HUDLZNs # AL B A G B B R A HIEL
F AR AT LA R R R AR — R
TRFE R MR A3 B HE 7 22 S A s e, AR SC A
SCHR (715000 o A ) 3 R R L sk 8 (Hp, Hy, H) AR
B A SCHTIR AR 3 K15 T R A, A R IE A
AR, (EL IS A 22 ., T 15k 1 45 R L3R 4. W 52k I HE
Frab R R3IFTZE T, WTHERR 715 5 S o F0d
HEFP 22 5 (0 RS A T U0 B R, AR SO A T S
AT Matlab, K KHE & T iHERCE.
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*F4 TRIESRERBFAEN
RHEFSER LR [71 55%)

£ g RS A1

f(si) = Hi(si); g(si) = H3(s:)

L2, T3, T4, T1

f(si) = H3(s4); g(si) = Hy (s4) T2,T3,T1,T4

f(si) = Hy (s:); g(si) = Hj (s4)

L2, T3, T1, T4

f(si) = Hz(s:); g(si) = Hy (s4) T2, X3, T4, T1

f(s:) = H3(s:); 9(s:i) = Hj(s4) Ta, T3, T1, Tg

f(si) = H3(si); g(si) = H3(s:)

7 4 ®

1E 2 H o 5 in) 8 A, e 3R 2 2 {8 Z-numbers
FE 5 AR E ok 52 v v SR A5 U210 BT M R R
AT DR T, S T A I R B, A SR
T — PR R 1 Z-numbers, BI I AN B BIE =
Z-numbers(HUDLZNs), ‘& 45 & | Z-numbers fl & &
U R AL B e E S RE R EE X T
HUDLZNs ) ¥ 5; 2R J5, & S0 T 2% T 5 8l T %5 A
C* B4 ") HUDLZNGs {55 & il & ) o, $ 7 — Fb
HUDLZNS 1] 2 #E WU B vk 58 77 15, 15 Bh T SCik (7] 19
S5, F) F HULZNS 1] HUDLZNG 1864k, i@ i R 0%
XTI B, BEAIE T A ST VR A RO RO T

N R TR S R TR A ST (1 TR R H
FI T 22 SR HR 5 R R U I A A R R
FE A AT e 2 B B AR AR, XA 1] B0KS 2 1 )5 T
50 H I PA S, R L A EE 25 R 2.
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