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Studying full higher order affinity normalized cut

ZHANG Jing-mao, SHEN Yan-xia®
(Engineering Research Center of IoT Technology and Application of MOE, Jiangnan University, Wuxi 214122, China)

Abstract: In the higher-order algorithms, only a small number of super edges are used to construct the sparse affinity
model, and the higher-order affinity model only considers the single-order higher-order similarity relationship. In order to
solve these two problems, based on the normalized cut algorithm and by using the transductive learning technique, a full
higher-order affinity model and a full multi-order affinity model are constructed from the two perspectives of normalized
and non-normalized Laplacian matrixes. A Transductive learning framework is constructed based on the normalized cut
algorithm, and it is showed how the framework trains the full similarity in the algorithm. The final result shows that the
full similarity between the super edges in the algorithm can be applied as a simple form. Based on this, the multi-order
full similarity relation is merged, and a fully similar multi-order affinity model with multi-order information is proposed.
The constructed full higher-order affinity model and the full multi-order affinity model are applied to the framework of
the normalized cut algorithm, and a full affinity higher-order normalized cut algorithm and a fully affinity multi-order
normalized cut algorithm are proposed. In the two higher-order affinity models, the full affinity tensor is in the form of
sparse tensor inverse and the inverse matrix can be transformed into the sparse tensor feature decomposition problem in
the normalized cut. In the experimental part, the proposed algorithm is applied to motion segmentation and compared
with the existing higher-order algorithms. The results show the advantages of the propesed algorithm.

Keywords: full higher order affinity model; full multi-orders affinity model; transductive inference; normalized cut;

motion segmentation
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o 6 0.0021 0.0027 0.006 8 0.009 1 0.0101 0.0109 0.1736 0.1758
o 7 0.0093 0.0106 0.0082 0.009 1 0.1303 0.1423 0.0525 0.056 6
8 0.1114 0.1167 0.3986 0.4018 0.1780 0.1776 0.1090 0.1172
5 0.0028 0.002 6 0.0022 0.0023 0.1110 0.1136 0.1388 0.1430
6 0.0034 0.0027 0.0043 0.0046 0.0157 0.0182 0.0141 0.0117
© 7 0.0118 0.0133 0.007 1 0.009 1 0.1185 0.1168 0.007 8 0.007 8
8 0.108 1 0.108 8 0.3911 0.3973 0.1843 0.1934 0.084 8 0.0957
®3 3-BEEHIETAEM FHNcut BALER
2R3RTC 2RT3RC 2RT3RCR 2T3RCRT
ik 3-motion
mean median mean median mean median mean median
5 0.146 5 0.1723 0.0864 0.0907 0.1814 0.1830 0.1566 0.156 5
o 6 0.0504 0.0491 0.0484 0.0508 0.1705 0.1800 0.1493 0.1529
o 7 0.1662 0.1723 0.2495 0.2541 0.2230 0.2319 0.1307 0.1344
8 0.1715 0.1723 0.3077 0.3067 0.3700 0.3748 0.3459 0.3481
5 0.0411 0.0411 0.0471 0.0463 0.176 4 0.179 1 0.1434 0.1492
6 0.0443 0.036 1 0.0582 0.0572 0.1348 0.1389 0.1415 0.1409
© 7 0.1659 0.1703 0.2549 0.2559 02174 0.2231 0.1257 0.1262
8 0.1687 0.1743 0.3125 0.3149 0.3698 0.3806 0.3491 0.3527
T4 2-BEHHE T AR FMNcut BIA4ER
IR2RCR_gl13 IR2RCR_g23 2T3RCRT_g23 2T3RCRT_gl3
Hk 2-motion
mean median mean median mean median mean median
(5,6) 0.0024 0.0027 0.0059 0.0046 0.0273 0.0268 0.3715 0.3789
(5,10) 0.0060 0.006 6 0.0048 0.004 6 0.0320 0.0328 0.3625 0.369 1
(6,7) 0.0021 0.0027 0.0059 0.0046 0.0418 0.0487 0.3658 0.3750
o (6,10) 0.0054 0.0053 0.0043 0.004 6 0.0226 0.0243 0.3150 0.3320
o (5,6,7) 0.0020 0.0027 0.0087 0.009 1 0.0298 0.0292 0.376 8 0.3770
(6,7,8) 0.0164 0.0159 0.0041 0.0046 0.0496 0.0389 0.3385 0.3438
(7,8,9) 0.0170 0.0172 0.0094 0.009 1 0.0474 0.0487 0.2795 0.3027
(8,9,10) 0.1325 0.1353 0.4103 0.4247 0.4213 0.4270 0.2342 0.2617
(5,6) 0.0024 0.0027 0.0059 0.0046 0.0273 0.0268 0.3715 0.3789
(5,10) 0.0060 0.006 6 0.004 8 0.004 6 0.0320 0.0328 0.3625 0.369 1
(6,7) 0.0021 0.0027 0.0059 0.0046 0.0418 0.0487 0.3658 0.3750
(6,10) 0.0054 0.0053 0.0043 0.004 6 0.0226 0.0243 0.3150 0.3320
© (5,6,7) 0.0020 0.0027 0.0087 0.009 1 0.0298 0.0292 0.376 8 0.3770
(6,7,8) 0.0167 0.0186 0.0064 0.0046 0.0655 0.0608 0.3307 0.3301
(7,8,9) 0.0171 0.0186 0.0082 0.009 1 0.0519 0.0535 0.2898 0.3027
(8,9,10) 0.128 6 0.1300 0.4059 0.4155 0.3758 0.3856 0.2387 0.2441
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®5 3-EBHHIETAREM FMNcut B3ELER

2R3RTC 2RT3RC 2RT3RCR 2T3RCRT
Hik 3-motion
mean median mean median mean median mean median
(5,6) 0.1135 0.1293 0.0680 0.0708 0.2007 0.2055 0.1591 0.1565
(5,10) 0.1747 0.1743 0.2159 0.2178 0.2582 0.266 1 0.1727 0.1842
6,7) 0.1736 0.1743 0.2449 0.2559 0.266 1 0.2701 0.1475 0.1473
Ouymn (6,10) 0.1736 0.1743 0.2387 0.2414 0.2659 0.268 1 0.1787 0.1897
(5,6,7) 0.1739 0.1743 0.2334 0.2377 0.2460 0.2701 0.1441 0.1455
(6,7,8) 0.1686 0.1743 0.2530 0.2559 0.2655 0.2701 0.1549 0.1584
(7,8,9) 0.1547 0.1703 0.2576 0.2577 0.269 1 0.2701 0.1757 0.1851
(8,9,10) 0.1755 0.176 4 0.3887 0.3929 0.4621 0.4638 0.408 4 0.4098
(5,6) 0.1135 0.1293 0.0680 0.0708 0.2007 0.2055 0.1591 0.1565
(5,10) 0.1747 0.1743 0.2159 0.2178 0.2582 0.266 1 0.1727 0.1842
6,7) 0.1736 0.1743 0.2449 0.2559 0.266 1 0.2701 0.1475 0.1473
(6,10) 0.1736 0.1743 0.2387 0.2414 0.2659 0.268 1 0.1787 0.1897
o (5,6,7) 0.1722 0.1723 0.2022 0.2015 0.2575 0.2720 0.1261 0.1271
(6,7,8) 0.1736 0.1743 0.2463 0.2477 0.2550 0.2701 0.1745 0.1713
(7,8,9) 0.1723 0.1723 0.2573 0.2577 0.2634 0.2701 0.1863 0.1888
(8,9,10) 0.174 1 0.1743 0.3783 0.3793 0.4437 0.4452 0.3834 0.3849
WU 82 A S 358 BUAG o £ 4. 75 5092 FHNcut_O fBE IRKMs2m. flin: e = {(5,6,7)} B FMNcut [f] 45

FHNcut_Ogyr, 0 HGH, BLSR BRI S T Fr itk Ak 1)
VL R AR, AR AE K 2 B080s T, 5092 FHNcut_O
BAREM T HIEFHNcut_Ogy -

it AR bR AL O FbR e Ak Oy, 1 FMNCut
L Ay AEEL 4 H = H A e = {(5,6), (5,10), (6,
7), (6,10)} M4 H=FrHE c = {(5,6,7), (6,7,8), (7,
8,9), (8,9,10)} FEAT SLIGICAIE. K 4 FIR 5 N @ &I
g R, Horp: O M Ogyry 73 AR B2 FMNcut_O Al
S35 FMNcut_Ogyr,, 5 78 VP il 45 5 nof 2507
For, T =B O, S gt B R R A SN
AT e 15 B AL I 45 3 B2 0 T Z B 15 i,

T c = {5,6, 7} if FHNcut {145 5 B2 ¢ = {(5,6)}
if FMNcut )45 R H At e = {5} i FHNcut ff) 45
UF. =AM 2 ~ RSB BN 2: 2o
TN RE AN R B 2 S e 4 R A B AN R B AR T
— Wi oL T FE A R B Bt gn 45 R SRR . X
fe RN Z B B Re TS FIRY AU RHE S B B 3
B >R 48 i i Ok, 2 BUR 7> 2 W SR s
oot 7= T H B S 45 R
32 5HRMSHEBEEILE

N T B8R A S A SRR A RO, R AR S
25 I s B EE AT X b BT S, B ok

RAELGIF AR, P B m e T REA A R

ENe

= 5. KOMETNEBWMLEE R Hh:OM
*6 2-BHHIETEEEER

1R2RCR_g13 IR2RCR_g23 2T3RCRT_g23 2T3RCRT_gl3
HE

mean median mean median mean median mean median
k-means 0.2375 0.2375 0.2060 0.2060 0.3766 0.3766 0.468 1 0.468 1
k-flats 0.0613 0.0211 0.1939 0.2315 0.2338 0.2251 0.3586 0.3582
LRR 0.0237 0.0237 0.0116 0.0116 0.0022 0.0022 0 0
Nee 0.0140 0.0053 0.007 4 0.0023 0.3611 0.3680 0.1063 0.0697
SSC-OMP 0.3984 0.3984 02431 02431 0.3377 0.3377 0.1749 0.1749
TSC 03931 0.3931 0.2708 0.2708 0.2554 0.2554 0.4374 0.4374
NSN 0.0053 0.0053 02153 02153 0.3788 0.378 8 0.007 1 0.007 1
SGC 0.0090 0 0.0397 0.0394 0.1287 0.0509 0 0
HOSVD 0.0017 0 0.0170 0.0174 0.2195 0.2305 0 0
Tetris 0.0053 0.0013 0.0347 0.0289 0.2279 0.2630 0.2436 0.2482
Osym 0.0030 0.0026 0.0051 0.004 6 0.1157 0.1126 0.1838 0.1820
o 0.0028 0.0026 0.0022 0.0023 0.1110 0.1136 0.1388 0.1430
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*x7 3-BERIBIETEELS

2R3RTC 2RT3RC 2RT3RCR 2T3RCRT
HE

mean median mean median mean median mean median
k-means 0.4515 0.4509 0.4882 0.4882 0.3796 0.3796 0.4475 0.4475
k-flats 0.0315 0.0190 0.058 5 0.048 1 0.2486 0.2368 0.3855 0.3849
LRR 0.0220 0.0220 0.1198 0.1198 0.268 1 0.268 1 0.016 6 0.016 6
Nee 0.068 1 0.0010 0.0469 0.0499 0.3378 0.3542 0.3122 0.3039
SSC-OMP 0.0782 0.0782 0.406 5 0.406 5 0.5675 0.5675 0.2063 0.2063
TSC 0.4469 0.4469 0.5753 0.5753 0.3366 0.3366 0.2284 0.2284
NSN 0.3347 0.3347 0.0617 0.0617 0.1057 0.1057 0.3260 0.3260
SGC 0.0904 0.0170 0.0719 0.0472 0.3022 0.2877 0.3633 0.3646
HOSVD 0.0811 0.0120 0.0593 0.0445 0.3002 0.2994 0.3397 0.3582
Tetris 0.1727 0.0802 0.0897 0.0935 0.2704 0.3532 0.2742 0.2726
Osym 0.1465 0.1723 0.0864 0.0907 0.1814 0.1830 0.156 6 0.156 5
O 0.0411 0.0411 0.0471 0.0463 0.1764 0.1791 0.1434 0.1492

Osym 17 SR HT AT, S 1P AN 18 B PPfil 45 SR Al
F I FL % 7 2ROk, a3 6 F13R 7 Fit /i, A ST i
FHNcut BVEA T HA S MR fEHIBRHE
FHOR (1 = B 032 Tetris HEAT X LU I, A SCHVE L 1E
FIT A Bt T 0 o R 5, (A 15 0 B A T Tetris
BV T AE 5 A B SR R LR, 7 K 2 U1
"N, FHNcut 535 ) 45 5 b S 5090 o8 4. L op, S8
IR2RCR _ g23 H1 55 If (1 9 />~ 35 13 72 45 SR A8 & A= 3¢
BI545 B (. % 5 i, FHNcut_O H FHNcut Oy, 45
SR B 3K AR SO A A A AL B A R 6 T
TR E A I R A BRI AR, R A A Ar
P Br IRAE REI . AR, tBA6AIE T 75 3 R 25 v A M
B AR AL G 2R LU B8 P I AEALA R R e 8 B2 (1t B 4 T
AR AL B

4 & ®»

AR SCHE TPl B A DM B AR 4 A 0L v A
MR (FHAM) A4 AR 2 [ AR U B (FMAM). X
PR oA R o v A A P B S R
S AR A5 2, TG ARAIE 7 B T LA AR A
LR B A S0 34, 2o b FMAM Bl 7 R R (0 70
BB B, LA P P AL 2 Sy ik, A SCH T IR
BB — o A A AL v Y BYE 1 BE (FHNCu);
iy — ol A AR AR, 22 B YE B 5% (FMINcut). K AR ST
P B R RN T2 3 o I, 9 5 A s By
VAT L. I s B 5 A s VA o, BT
P M BEALE R 250 DL N AR 4 A Se 4 M)
2l 1B O NGl s R KPR - AL B TS = W vist = 31

U ARSERA VHE U], (E AN S A% A O o U . IR b, 7 Jim 2 AR
i VE BRI A anrT 8 i i S R A TR IR R A E
IR 45

22 Tk (References)

[1] Shi J, Malik 1.
segmentation[J]. IEEE Transactions on Pattern Analysis
& Machine Intelligence, 2000, 22(8): 888-905.

Normalized cuts and image

[2] Chen G, Lerman G. Spectral curvature clustering
(SCO)[J]. International Journal of Computer Vision,
2009, 81(3): 317-330.

[3] Chertok M, Keller Y. Efficient high order matching[J].
IEEE Transactions on Pattern Analysis & Machine
Intelligence, 2010, 32(12): 2205-2215.

[4] Duchenne O, Bach F, Kweon I S, et al. A
tensor-based algorithm for high-order graph matching|[J].
IEEE Transactions on Pattern Analysis and Machine
Intelligence, 2011, 33(12): 2383-2395.

[5] Agarwal S, LimJ, Zelnik-Manor L, et al. Beyond pairwise
clustering[C]. IEEE Computer Society Conference on
Computer Vision and Pattern Recognition. San Diego:
IEEE, 2005, 2: 838-845.

[6] Elhamifar E, Vidal R. Sparse subspace clustering:

applications[J]. 1IEEE

and Machine

Algorithm, theory, and

Transactions on Pattern

Intelligence, 2013, 35(11): 2765-2781.
[71 Ghoshdastidar D, Dukkipati A. Uniform hypergraph

partitioning: Provable tensor methods and sampling

Analysis

techniques[J]. Journal of Machine Learning Research,
2017, 18(50): 1-41.



860

xR ¥35%

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

Ochs P, Brox T. Higher order motion models and spectral
clustering[C]. IEEE Conference on Computer Vision and
Pattern Recognition. Providence: IEEE, 2012: 614-621.

Ghoshdastidar D, Dukkipati A. Spectral clustering
using multilinear SVD: Analysis, approximations and
applications[C]. The 21th AAAI Conference on Artificial
Intelligence. Austin, 2015: 2610-2616.

Liu H, Latecki L J, Yan S. Robust clustering as ensembles
of affinity relations[C]. Advances in Neural Information
Processing Systems. Vancouver, 2010: 1414-1422.

Ren P, Aleksi T, Wilson R C, et al. A polynomial
characterization of hypergraphs using the ihara
zeta function[J]. Pattern Recognition, 2011, 44(9):
1941-1957.

Jain S, Madhav Govindu V. Efficient higher-order
clustering on the grassmann manifold[C]. Proceedings of
the IEEE International Conference on Computer Vision.
Sydney, 2013: 3511-3518.

Hein M, Setzer S, Jost L, et al. The total variation
on hypergraphs-learning on hypergraphs revisited[C].
Advances in Neural Information Processing Systems.
Lake Tahoe, 2013: 2427-2435.

Zhou D, Huang J, Scholkopf B. Learning with
hypergraphs: Clustering,  classification,  and
embedding[C]. Advances in Neural Information
Processing Systems. Vancouver, 2007: 1601-1608.

Rota B S, Pelillo M. A game-theoretic approach
to hypergraph clustering[J]. IEEE Transactions on
Pattern Analysis & Machine Intelligence, 2013, 35(6):
1312-1327.

Ducournau A, Bretto A, Rital S, et al. A reductive
approach to hypergraph clustering: An application to
image segmentation[J]. Pattern Recognition, 2012, 45(7):
2788-2803.

Kim S, Yoo C D, Nowozin S, et al. Image segmentation
using higher-order correlation clustering[J]. IEEE
Transactions on Pattern Analysis and Machine
Intelligence, 2014, 36(9): 1761-1774.

Ghoshdastidar D, Dukkipati A. Consistency of spectral
partitioning of uniform hypergraphs under planted
partition model[C]. Advances in Neural Information
Processing Systems. Montréal, 2014: 397-405.
Ghoshdastidar D, Dukkipati A. Consistency of spectral
hypergraph partitioning under planted partition model[J].
The Annals of Statistics, 2017, 45(1): 289-315.

Govindu V M. A tensor decomposition for geometric

grouping and segmentation[C]. IEEE Computer Society

Conference Computer Vision and Pattern Recognition.
San Diego: IEEE, 2005, 1: 1150-1157.

[21] Chen G, Lerman G. Foundations of a multi-way spectral
clustering framework for hybrid linear modeling[J].
Foundations of Computational Mathematics, 2009, 9(5):
517-558.

[22] Kofidis E, Regalia P A. On the best rank-1 approximation
of higher-order supersymmetric tensors[J]. STAM Journal
on Matrix Analysis and Applications, 2002, 23(3):

863-884.
[23] De Lathauwer L, De Moor B, Vandewalle J. On the
best rank-1 and rank-(ry,72,...,7r,) approximation of

higher-order tensors[J]. SIAM Journal on Matrix Analysis
and Applications, 2000, 21(4): 1324-1342.

[24] Tron R, Vidal R. A benchmark for the comparison of 3-d
motion segmentation algorithms[C]. IEEE Conference on
Computer Vision and Pattern Recognition. Minneapolis:
IEEE, 2007: 1-8.

[25] Bradley P S, Mangasarian O L. K-plane clustering[J].
Journal of Global Optimization, 2000, 16(1): 23-32.

[26] Liu G, Lin Z, Yu Y. Robust subspace segmentation
by low-rank representation[C]. Proceedings of the 27th
International Conference on Machine Learning. Haifa:
IMLS, 2010: 663-670.

[27] Dyer E L, Sankaranarayanan A C, Baraniuk R G. Greedy
feature selection for subspace clustering[J]. Journal of
Machine Learning Research, 2013, 14(1): 2487-2517.

[28] Heckel R, Bolcskei H. Subspace clustering via
thresholding and  spectral clustering[C]. IEEE
International Conference on Acoustics, Speech and
Signal Processing. Vancouver: IEEE, 2013: 3263-3267.

[29] Park D, Caramanis C, Sanghavi S. Greedy subspace
clustering[C]. Advances in Neural Information
Processing Systems. Montréal, 2014: 2753-2761.

[30] Ghoshdastidar D, Dukkipati A. A provable generalized
tensor spectral method for uniform hypergraph
partitioning[C]. International Conference on Machine
Learning. Lille, 2015: 400-409.

E=TEM

TRAUK (1990—), 53, 4, IS SRR KO N A
5T, E-mail: jmzhang19 @sina.cn;

RHEEE (1973-), o, 2%, LA 30, FH T aEIK
AL FELMHl. SR S5 A, E-mail: shenyx@

jiangnan.edu.cn.

(G FE%)



