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The least square value for cooperative games with feasible coalitions

ZOU Zheng-xing', ZHANG Qiang", WU Jia-ying?, ZHOU Zhen?

(1. School of Management and Economics, Beijing Institute of Technology, Beijing 100081, China; 2. Guangzhou
Zhongda Holding Company Limited, Guangzhou 510275, China; 3. School of Management, Capital Normal University,
Beijing 100089, China)

Abstract: The least square value for classical cooperative games provides a kind of least square optimization method
of allocating benefits to the players, which minimizes the expected deviation between the payoffs and the worths of
all coalitions. This paper constructs an optimization model for the least square value of cooperative games in which
cooperation among players is based on a set system of feasible coalitions. The existence and uniqueness of the least
square value are investigated on the basis of the convex programming theory. Meanwhile, an equivalent matrix equation
for solving the least square value is obtained by using the Lagrange multiplier method, and then, based on this equation,
the expression and several important properties of the value are discussed. Besides, the so-called symmetric least square
value is proposed by employing a distribution rule that the inseparable players gain the same payoffs, and its properties
are also studied. It is worth noting that the class of cooperative games with feasible coalitions has a unique least square
value if and only if the rank of the set of feasible coalitions is full. These results can provide theoretical perspective and
decision-making reference for distributing the worth of players when not all coalitons can be formed.

least square method; feasible coalition; distribution
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F,v), MIFR 3 L 26 VE.

SRR R A N ) 43 O A il A B B WA 2 (] BG4
A, T HAF I B RS 23 T B0 FE I R S AN S ) f 24
73HC.

EXS (N, F,v) € RGN WHi j € N
D) XWTAEEMS € N\{i, 5}, SU{i} € F, ¥ HAXL
MSULY € Fi2) MHATEM S UL, SU{G) € F.
Ho(SU{i}) = v(SU{G}). MIFRF 52 n] SR,

EX9 (N, F,v) € RGN, st FAEEM
AERFAH NG, j € N 2i(N,F,v) = z;(N, F,v),
TUIFR a0 36 2 ~F- SR A 1

S XA T R I AR R N SRR AR G
5, W AABATTERAR 1) 43 BOABAH [R]. ~FEEX R R &2
SRR SRR ARV I HE T, LR 2 At 2 X L)
Ik BB SR M A R

EX10 ¥ (N, F,v) e RGN Hlr: N — N.
Rax(rN,nF,m) = 7x(N,F,v), WKz i 2 E 4
Y. HeprF = {S C oN|n~1S € F}, («N,nF,7v)
RFE R ECA v(rS) = v(S), VS € F.

B 44 1 2 B =y N ) 44 FRAN 5208 2 1 2 PG AL

EX11 #(N,F,v) € RGN b € R". i}
u(S) = b, VS € FUFK (N, F,v) AEET b
R IR S B A B0

M R(F) = nbf AR K (N, F,o) 5b—
=X Y R(F) < nb, AEAR XS 5 (N, F, v) 5
£F5 %L be R,

EN12 #(N,F,v) e RGN EET bHyIEAR
BRI, R (N, F,v) = b, WHK 5 & JEA T
I,

JEA TR A 2 B Ry o N AH SR AN P AR A
RT3, S 4 A 3RS A 4 B A 5 3L < DTk A ] (i e
NI TR AR B IR,

EXN13 ¥ (N,F,v) € RGV,a € Rb €
R WH (N, F,av + b) = ax(N,F,v) + b, MF
@ L S SN R, S (N, F, av + b) [RRAE B8 %K
H(av 4 b)(S) = av(S) + b(S),VS € F.

SRS SN S R MR AL, Ma = OB, 3K
it S A PR IR A N AR AR TN S 2 b = O, SRS S5 41
(ESEYEVAEE

EIBS ERG) F /N 3R A i 2 A RhE

LRrE. P REME. BT AEAR T SR SR
AN

WER g X5AIEN(9) 5 R0, LS (N, F, v) T 22
A R PSR B 44 . T THIE B A

# (N, F,v),(N,F,w) € RGY,a,b € RFla)Ny
BRI E R e B3 T4, (N, F,v)s (N, F,w)
(N, F,av + bw) B/ Z e fg 30—, 5F3X9),
W (N, F,v)s (N, F,w) (N, F, av + bw) K&/~
Pefifp ot ML HRE TR M NAX = B,AX = C
MAX = D. BIK, ZEGEME AT, 3 W B0E b
D =aB+bC. TRZLS*(N, F,av+bw) = aA ' B+
bA~'C = aLS*(N, F,v)+bLS“(N, F,w), Bl jif /& £k
P,

(N, F,v) € RGy AT b AEA 7 BR il
H. A R(F) = n, B LA (N, F,v) I 5/ Z 3 fif nk
—. BESH (N, F,v) = b FHIEHIVS € FH
(@(S) = v(9))? = 0, ATTT > o(S)(v(S) — 2(S))* &

I A b TR, B 2 A AR M

FH 284 DL R A o o) 5 4 mT DAHE S HH SR S5
. O

ES M R(F) # nbth, ARG AH R R A4
SN A L L ARA T SR SRR S A R —
SE RO B0 SR 28 E — RS I A S R A AT B AR,
H2 AR /D — Fefide b A 75 BT 20 BOAE 2 F0AH [=] B
AR ARANTH L 42 1 PR A, 3 AT e
AN 2 FARE

ENX14 W (N, F,v) € RG) Ali € N. {igx
TAEERS, SU{i} € FHEu(SU{i}) = v(S), MFKi
(N, F,v) [ C.

EX15 (N, F,v) € RGY HiN(N,F,v) i
Wi G, G0 s (N, F,v) = 0, MIFR 22 35 L W ek

W1 (N, F,v) € RG) M/ /@A —E
T W T

W XIEE. & (N, F,v), b F = {0,{1},
{2}, {31 {1,2,3}}, Ho(0) = v({2}) = v({3}) = 0,
v({1}) = 1,0(N) = 4. HE X 147751, /i A2 515
W\ 338 T SR, W20 36 BT G B A S 4K
NN T fE N (2,1, 1), BV 56 2 5 W 76 3 ) 4
BefEAE0. O

6 XS T A L E B R X SR, TR KRR
L E AR A, B3t 7N 3fe At 4y 2 AN 2 I T . i A
Jii 5 4 MU AE AT 2 57, N AE & L & Ve S A7 1E
R o B /s e, HLZ i ME— (RPN Shapley
{B). 5340, X6 T8 SO A G AR X SR, 1 e /s IR iR S
K Shapley 1H 1) 9% 5 AT %1, STk [91 7] FH /NP 5 1
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A T7 145 B 0 f 5 2 TG 0% )R R N (e R 4) FN R
LSRN R (R B ) A7 AE — 6 ] 7

UEIS € F\{0,N}. %8 (N, F,v) € RGY,
HAFER BN 0(S) # 0,0(N) # v(S),v(T) = 0,
HVT € F\{S,N}, 5L, Z x5 i1 5/ — e it i
R x(S) # vS),HHFET € F\{0,S, N}
x(T) # 0. k& U, B W T U2t  0(FR o R A
JR I B AR BR T R N 1 B /S IR fRAS — 2 N
0. 1 3% BH fe /I — TR S AN 2 A S Ik B AT 2
Ak A J57 Bk B B A A 2. IR I, AL 2 Dl O B AT AT BE
R RIS R ] AT I B A A 1O RR, TE VT R B/ e
(AR NPy

5 m/DNZITRMBIBIE

BT I BR AN 0] 43 4 =) R N SR A A [R] 1
S WCABLIX — 73 O 7R DU, A 45 7 B /> — Ffefifé ) B il 4
HH 6 RR BB/ I, AR T HAFLE M L ME— M AR AN
FHIMET.

EN16" HFARATRREE SR j € N.
WHERNTAEEWNS ¢ FAE4,3NS = {6,580
{i, 5y S = 0, WFRi 5 5 7E F 2 F .

EX1T ¥ (N, F,v) € RGN Bt 7 5
IR Nivj € NG x(N, F,v) = x;(N, F,v), W
a 9 A2 7)o 5 X A

IF)J5 14 )= N AS BB Bk 5 LAt SRS R A R TR B
AT IR, BT A E R AR T A7 TE. a0 SR A AR 3R
HAELE [R5 R N U T AT B AR A R A5 e 1, N
117 e f5 /1> TR AA AN E — 7] S5 A R B SR e A
U SRR T R T A7 B B I SR 2 A ] 43 FF, T A 13K A5 A
[ 43 B

EX18 ¥ (N, F,v) € RGY, o NRE R,
LS J& (N, F,v) Xt B F o 1) 5/ Z e ff 4 4.
Rax € LS x;(N,F,v) = z;(N,F,v), HH i,
J € N =2 B N, AR a0 o Bk /s — T fifg.

X TR B /N T A 2 B/ S IR AN ME— N —
R IE M. SR, W AR Bt /N IR fRAS— SEAEAE, AR —
SEME—. TR [RGB R T NEA N AT R
3, FEEE T PRI 0 R fo /> — TR fife ) E— M 2R A4

BE(N1(F), No(F), ..., Nir)(F)), k(F) € Ny,
e

D A Nivj € NRRE, 2 HACSFE—
te{1,2,....k(F)}fE1Fij € Ny(F);

2) WASRT N € N EJE AR H AN
HAE—MNt € {1,2,... k(F)LEH € N(F)H
|Nt(]:)| =1

B, iRkl amE— BHXFiL A e {1,2,...,

k(F)
k(F)}1 # hAN(F)NN(F) = 081 U Ni(F)
=1
= N.
EIB6 HA 47k A /R X 5 A7 A5 ME—
XK /N 3R fi#E, M HAL M R(F) = k(F) < n.
WE B % (N1(F), No(F), ..., Nir)(F)) & 5
T (N, F,v) € RGY sl A% N Hkl 4, il 2

IN;(F)| >1,i=1,2,...,d;
IN;(F) =1, i=d+1,d+2,...,k(F).
WER E(F) = n, BIAAEAE R BT R A N 0] st e
AAFAERS TR e/ — 3R
WERE(F) < n, WISRALL 0500 5 046 36 7 2, %
(N, F,v) PR NEVE—A AR, T it k)
IIREIEFTR R (N, Fiwvgs vive))» 3

d
N[Nl] = N\ _L;Jl Nz(F) U{il,ig, P ,id},

Fivg = {5\ U

k
i=k

U NF) Ui
d k+s
SN L:JlNi(]:) = 91« N;i(F), S € F},

’U(S), Sﬂ{il,ig, e ,’id} = (Z);
k+s
o (8) = § o(S\TU U M),

S {i1,42, .. y0a} =T # 0.

AR R(Fin,) = R(F) H [Ny | = k(F). HIE
H3ATRL, (Nin,], Fing» Un,)) BB ME— /N 3,
HHMNHR(Fin,) = |Nvgl BIR(F) = k(F). &
(Tiys Tigy s Tigs oo oy Tig o)) 7 (N, FINT VN N
— BRI RS E X

{l“is, i € Ni (F), is € {Gag1:9d42,- - ik(F) }3
Yi =

INxW i € N, (F), iy € {ir,ins. .. ia}.
Wy /& (N, F,v) fxFr D T ff, - Hae Hy——
XN, iy ME—. O

EN19 H(N,F,v) e RGN ZIET bIAEA R
BRI 5, I 80 € N RAS HAh R N A AT =
N TR 2 (N, Fv) = by, AR 2 3 2 2B AEA 5
X SR

EN20 % (N,F,v) € RGY,a € RIIb ¢
R W 2;(N, F,av + b) = ax;(N,F,v) + b;, HF
i€ N &5 HAMEF ANAF R AT H N Rz
T 2 R ARG SE NP

FF(9) wH S AE 18 55 Wi e .

EET WHR (N, F,v) BRI IR —,
WZ2 A JE A RO 2R~ Rk B 44 1 Dol
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515 HFRE(N,F,v), PN = {1,2,3,4}, F =
{0,{1,2},{2,3},{3,4},{1,4}, N}. RN R(F) =3 <
4, Fr LAAZORE SR 87T 25 i Bk B A E SR ) A /) —3fe
fil A J5 93 2 A, BN AZoR 5 b A [R5 i = i N T
DAANAFAE RS B /)N — 3fefige.

516 FpE(N,F,v), b N = {1,2,3,4,5,6},
F = {0,{1,2},{2,3,4},{5,6}, N}. lLi} . R(F) = 4
< 6, AP ANSERFN6ZFFE (k(F) = 5), %}
PR/ N 3R H oI5 A

517 HE(N,Fo), PN = {1,2,3,4,5},
F = {0,{1,2},{2,3},{1,3},{4,5}, N}. Bti}, J&
N4 5RFNSZEFRBT,R(F) = k(F) = 4 < 5,
OGS FR A /N T —

6 & ®

AT SR N B 1 R 1) 0 A B0 22 S AR X 3
/N ZRfRRATY R 3t T RA AT & 1R
X B B /N AR, R I R BV R T T 1A
TIRARIAFAENE, 4 T o ME — R AR, BN AR T
AR AR FAR A PR T, I B T d5e/h —3fe
i B — FpAE IE, BOOGEFR S /s T . AR SCR R 1) /s
TR AR A S B AR AT AR IR IEC L 2 AL T A O B R I
TR S it n] T2 B T &0 5 B AR
1.
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