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Method for multi-attribute decision-making with Pythagorean hesitant
fuzzy uncertain linguistic ELECTRE based on prospect theory

ZHAO Xiao-dong, WANG Fei', ZHANG Ni
(College of Economics and Management, Yanshan University, Qinhuangdao 066004, China)

Abstract: A decision method of integrating the prospect theory with (ELECTRE) is proposed for multi-attribute decision
-making, where the attribute weights are known and attribute values are in the form of the Pythagorean hesitant fuzzy
uncertain linguistic number. First of all, the definition of the Pythagorean hesitant fuzzy uncertain linguistic set is
given, including the scoring function, the distance measure and the algorithm. Then, a prospect value matrix is built
by introducing the prospect theory into this decision-making environment, and the traditional ELECTRE method is
used to obtain the consistency matrix and the contradiction matrix. The consistency matrix and contradiction matrix
are obtained by using the traditional ELECTRE method, and the matrices are converted to construct the prospects
superiority/inferiority judgment matrix. Thus, the total superiority/inferiority values are obtained to determine the
ranking of alternatives. Finally, a numerical example is provided to illustrate the effectiveness and feasibility of the
proposed method. Compared with the traditional ELECTRE method, the superiority and practicability of the proposed
method are adequately verified.
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PRS2 6 YL s &5 S 77 AR AN ] AR R, R, B K
S5 B VF 22T (M S, L A e 7Y 1) 2 B Kahneman
SEUA B A AT SR, IR I Hh B F 45 &5 45 T IR
BB B 855 T US-181 g1 5 100 B8 408 P 38940 110 AR ol [X 31 7
TR AR AN [R], F AR B SR A e A B
PE), J5 #2558 7 HAE e R A () AR R O 2
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ELECTRE £ 4 Almeidal'® $& H J&, 5% f& FL AR 5 1 52
FAPET V2 B F- 41 23 AU, 7 J5 2R 10 R Hh e
AT AR 2B AT S0 R, AEL [ P A AR DG e /b
UK AT 5 18 5 ELECTRE M 45 A R . % T
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J& WA EL 15 B 6% 48 1) ELECTRE HE 5 7 - 3E4T 22
ik, AT A 7 31 55 HR I8 1) HEIA BT 4 A T A4
AN E 15 5 ELECTRE [ 22 J& M vl S i 7.

1 RS
1.1 EARFHERBENIREIES T =

KOG A0E T B IR, 45 A RIS EF
WA R AR A U0 RUASH 1R AR B P 45 ERIA
BRI RO R B i S AR R E L SR e
BT R RO AR RNE 5 ARIEE M S A
K 8 P 2R 7R 2 1), i ELAE - e 5 o 4T s 1k
AR, DT BE 0 A 1] 7 A b Rk R SR A R RO 1, B
INFF £ 5 bR s S 555

EXI & X —45 52 (iR, FR

D = {{z,hp(x),gp(z))|xr € X} €]
NRE SUAE X b BRIk BRI B 4 (PHFS),
Hhp(x) : @ — [0,1]Mgp(z) : x — [0,1] 55K
oSBT AAERR T X MFE, 5 HXPTFAra iy €
hD(a): 1 € YD) I EA? + 17 < 1.

EX22 &9 = {s]i=1,2,...,t} N—AH
AR ITCR A INE S VPR, t NET L s, A— MBS
A B A BEAR, W R RN — DA E B S AR

S =[S, s3] 2)

EX3 X NEGEMRE,S = {so,s1,...,
Sk—1} R EMIESRE, S = {500 € [0,k — 1]}
AR R SR, Fo b kA E R

A= {(2,300), h 4 (2)g5(2)) |z € X} ©)
DNTE SR X 1 [ B IA B BT TR R AN B e

B HA: Spay = [Sor (), Sov ()] HAHE E 5 AL &
hi(z):z — [0, gz(z) : x — [0,1] 55Nz )R
TR B T 52 1 A Sy HOFREE, I LI
XV € X,
0 < sup(hz(2)) + siup(g () < 1.

N T BRI FR G = ¢ (Bogay, hi(2), ga(2)) FHEIL TS
AR B AN e 1 S AR

SZCHR (10, 22] 1Y) K, € AR k% S(a), 7+ H
25 H PRI 40

EN4 Wa= (34, h,g) NEEPHFUL,

S(a) =

ozt 5 (E9) - 5 ()

YEh neyg
swo(1+ 45 (27)) - (S @

Hor #h#g 3 WAL EHITER L
AT HAR 7 BRI FoR T XA E 1 5 T2,
DA 43 oK U 12 SEAT G 2 AN e T A s B
DN RRLT e, AN PR
EXSPY %5 = [sa,,86],52 = [Sas, Spa] N
P AN E 1R 5 AR, 2 len(51) = B1 — ay,len(8:) =
52'—'a2,%§
p(51 = 52) =
max (0, len(81) + len(Sz) — max (B — oy, 0)) 5)
len(3;1) + len(32)
(5 > 5y) > 0.50F,5(a1) > s(az); XUp(S; > Sy)
< 050, 5(a1) < s(aq).
SOCHR (21,231 FJR A, € SCER RS BEGNR .
EX6 Bar = {se@) (@) g(a)},a =
{80(a2), M(@2), g(a2)} NAT Z ¥ 4~ PHFUL, Ml &, 5 a»
2 I8 ff) Hamming 20 &5 %€ SN
d(ay,as) =

1 GL(al) +9R(CL1) 1 2
2wf1ﬂ 2 <1+Ef§:7“'

Yy1€h1

1 o~ + 67
il Z Uf) ~ 07(a2) (a2) (1+
lg, 2

N1€91
DR R O3] ©
I, 2, 21

Y2E€h2 n2€92

Fordt Uy pg~ gy~ Ly, 73R @y Al ag 5 8 FEE R H5ORT
AR EE KB T =N, ENIE S AREET A5
HEAENL
12 FIRER

1979 4, Kahneman 2514 $2 H () Rl B B8 R AE
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UFA R, RAT N R AR SEEE. 5 RTR O E
A R E R BN B8 K 0

% x> 0;
v(z) = @)
—0(—x)?, x <0.
p?
> 0;
'Y+ 1 _ X 1/.)() X = b
iy AP <p§ D] "

x < 0.

[p° + (1 = p)?]/*°
H o BAMBT RESH m NI B0 K I
S XS OB B SR 30, S e 31 ek B B B
B 50 PG AE ST 2t R A53 50 23 FR TT  R B 5 D 2R
WEFEFE 2R B v 090 50l o B T YT A AL 2 B3 40 2
)RR A5 FE R A S EOUE P 2 5 A = 2.25, a0 =
B =0.88,7=0.61,5 = 0.69.
2 WG
2.1 [OE@EA
Xof -3 T T SR 1Y) R IR B R T BRSO AN 1
JE1E F ELECTRE 2 J& sk M, % A = {A;, As,
c Ay R H BN AR T R A n ANV JE

G = {G1,Gy,...,Gu}. Wi fE s E R BE N w =
{wi,wa, .. wa b, w; A AV B TE G 18 PERL

Hje NHRO <w; < 1H) w = LEGEXT
=1

O F5 b TR LT 0 FL 95 B, e SR N C =
(il €33 TR TSRO KR G, 77 A, K460 (%
TR, 2445 bR V412 548 B HE3 A TR T
Al A B A e H 4t € M, j € .
22 ET IR HRELS B ML

AL o I 7E R R o B i

RE [ IR AT H ke 55 8 300 B AL A5 2R N ) AS [ X
W8 85 P2, AN ST AN R 7 R VAL HE P 1 vh TR B

RHHESH R
EXT EIEA R B A E 15 SRR

RFFEFEN C = [cij]mxn, E SARFEE PN AR I R
FHED(dij) = [dijlmxn B
d,; = {d(cijyeij)z Cij 2 €ij; ©)
—d(cij,eij), Cij < €45
Horbe; NUKEF MRS % b GERUEE ¢, BA
[ 77 435y R AHE 7 Fe R [alE), i = 1,2,--- ,m,
i=12,...,n.
AT 5 R 3 AE N A 400 e AU 26 B AN R3S
B, A TR R IS B L R A A Rk

7 RIS BRI AR R AT SR, BRI v SR 3 T X
IR FE O BEARE AIE N B A A, 2 57 AT 5 v SR [
V(vi) = [Vijlmxn,

{dg;., dy; > 0;
Uiy = (10)
—0(—dy;)?, di; < 0.
p;
pj + (1 —py) /7
P
[p§ + (1 — ;)]
Hp, N ERG BB c; FAE, w(p;) A&
A R ¢ O BEALE.
2.3 HISRIEi A PHFUL ELECTRE /5%

TERAF VAT B, K FH A 30 SR A5 R 5 25 437
A, VAP B S R SR R A R LR AT I A Ak HE 75 2
IIBLHT S SR B, O T8 Tk — 2D A R A s
AR BT A5 R IR S o SRR B e =X (10) A (1) 3247 R
AL AL B, BE 13 B TS A BT SR SRAERE V" (0))) =
[V} ) s VEI B B IRSEHE R, AT

vy = vj;/ max [vg),

dij = 0;

w(p;) = (1D

di; < 0.

i=1,2,...,m, j=1,2,...,n.
He
/ / -
max |v;;| = jzrlr}éa)?.(.’n|vij|, i=12...,m (12

i 3 7 S P G RO E S — SR AR JE
8. X TR 5 kAN SR AREE R 23 B AN [F] (5
8, For A F1A B —BUR& BT A i i Ay A5 T
Ay BRE DI 2 i, BRI

R, = {jlexy = aj} (13)
Ap A 7 TESE G R LT Ay, 25T Ay IRHETI2H B, B
Ry = {jler; < ay} (14)

FE S EE Al b 55— BUE FE AP S R, —BUE
W e ) — SO R AR S T — B 5 T DU AR S AL
15 A 1 DU ASL B R 0 LA, B i 1 A T 8 e S v U
FRAE X A b, AT RS T AR TR A
M. 70 JE R P i) 8 & VSR bR B 1 AN T SRR
THARTE S TT R B HRELEL.

EMXN8 WA MAATEREAG=1,2,...,
m) E"Jﬁk%ﬁﬁ/l\ji?}‘é,U‘\U%X;ﬁl%%ﬁ?ﬂ

si= Y (wi;+ wlj)/Z(wk;j +wy). (15

JERY, i=1

EX9 BBAMANTREA(G=1,2,...,

m) PRI TT 5, WP JE PR

ty = max |vg; — vy;|/max|vg; — vyl (16)
i€Ry ied
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i % 48 ELECTRE &2 (B T F i o 5 0 F2 %)
FESL LR A P 8 R R, DAL AR 2 T R T B TR PR T R
FHE R H e A E A, 78 S B B B o, pe s 3 i it
R FIEH K 2 eI @ e e e, 8
T I R B A E T AR AR U R R X R 5 VAR
(&5 A — 8 2 O, T Har irid BB BBl
TR Rl AR 30 K T B R R, 45 AT
FHES XL S ELECTRE J7 92 3E47 1 F sk

T 56, M35 4% 48 i) ELECTRE J5 345 31 — 2 it
FEAR s MF JE VEFRFR ¢, IFHE — SRS =
[Sii)mxm M TEHET = [tijlmxm, HoHFH¥—
v EYETRbR 5 R

>

k=1,k#l1=1,l#k

5= 17

§ mx(m—1) "’ a7
D D tu

F o k=LRAI=T I (18)

m x (m—1)
SRIG, 73 S — BUREL R ML J REL R HEAT AT S AL, B
xRN s e A5 3

d(sk,5)%, Sp = 5;

fu = (19)
—9[—d(8kl,§)]6, Sk < 8.
d(te, 1), t < &

g = (i, 1), tr ) 20)
—Q[d(tkl,f)}ﬁ, tr > t.

H:d(sw, 8) = |si — 5], d(ti, 1) = [ty — t]. NTITR
BRI FIEREIE F' = [fig]nxm MHTS S HHE
FERE G = [B1]mxms Z 5 73 A0 AN FELRE &-47 1 70
FORAN, 15 21 2% 07 AN T HAh 7 R S E

=Y fi k=12,...,m (21)
=1
NSRRI
Br=> B k=1,2,....m. (22)
=1

TR 245 07 R B A E A
ty, = fr. — B (23)

MR S 1 5 B R A 5 25 77 2 B A B AR HE .
24 RESE

step 1: EF 042 H 1 22 a8 1 o 52 ) R, o 5 3 DL B
IR BRI AR AN E T S AR B R U0 T R A,
X RLFRAR G AT PR IRAEL ¢, 5, AR T 45 HA 1 5
FREMIE R C = [cij]mxn, I45 H & B A
e T A .

step 2: £FXTHRIEEEFE C = [cij]msxcn, I (4) 5370

THEAMEAME R 75 R s (c;y), I 2 (5) X AN
B G & TJ7 RIS 5 AU AT BB AR E
A B Gy T AIET7 455 B EU h TE AR o
HKSH pieyy, T AR IEE = [e;]ixn.

step 3: H1 3K (6) A1 (9) & 37 ¥ 5 3 H U 2 9 2R S
FED = [d;].

step4: HH 3 (10) B L AT SRR FEBE V(vy) =
(V3]s BRAE X (1) K SR UG AL EAS B, p? B At R 0o B
BUEE, 315K BT SR SEAEFE V' = [0];]mxn- IF
FRAE X (12) F1 (13) % FHLa AT AU E AL b 22, 158 3G AL
RIINASL G SR SRAERE V7 (u]]) = [0f;]mxn-

step5: HH X (14) F1(15) vF 5@ Ve 1) — SR For
JE4E.

step 6: FH X (16) F1 (17) T 55— BUHE FEF1 7 & 56
B

step 7: HH = (18) F (19) 73 Al iHH V35— 20/ J&

S R E FE .

step8:  H1 3K (22) AT (23) 43 71 3R H % 7 B
M1 B HE, F e (24) 15 30 &7 SRS B AE, 8 1
X% 7 RIATHET .
3 HBlatr

BT — FR A 8 o W Rl 3 3 — A e e 11 4% % T
H, G5 MAFRE o (k£ Ay HIREAFL A,
NEMAT] Az AR AT A HAE AR A5 N4
Rl AT B A B TEREAT VAN G N TG G
AL Gy AR Z RE DT Gy NIRRT 1. H
BEEEIFNES = {so: ;s - AFHE; 50 1
531 B sy 1 — W 85 BT s6 ¢ Uy sy AEHUT sg
BRIF}. BT S B R SR B0 B 1) 52 4 AR R R SR Bk 1y,
TS0 Afe A O R SR AT S AN E P, RO R DL HE
K EF LU AR A 2 B S AR R IR A R
@

step 1: AR E FT 45 tH 1) P SR AT JE ) 32 U 5K 4 B
C = [Cijlmxns MR 1. FHIZ A AR L AL H )
SRR A R E N (0.35, 0.15, 0.20, 0.30).

step 2: FHI (4) 70 Sl TH A FRVRE ¢, 7557 1R
s (ciy), FE 3 (5) 01553 R B AT LB (B

2015

E = [ejlixn = o -
Jlixn {{0.6,0.7},{0.1,0.2,0.3}}

(osososon)
+— —
{{0.4,0.5}{0.3,0.4}}
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Gl G G4

" [S4, Se] [S4, Ss] [S2, S4]

'\ {0.4,0.5},{0.6,0.7,0.8} {0.4,0.5}, {0.3,0.4} {0.4,0.5}, {0.5, 0.6}
A [S3, S4] [Ss, S4] [Sa2, S3]

2\ {0.6,0.7},{0.4,0.5} {0.4,0.5}, {0.3,0.4} {0.5,0.6}, {0.4,0.5}

A [Se, Ss] [S2, S5] [S2, Sa] [S4, S5]
*\ {0.5,0.6,0.7}, {0.2,0.3} {0.2,0.3}, {0.7, 0.8} {0.2,0.3,0.4}, {0.2,0.3} {0.4,0.5}, {0.5,0.6, 0.7}

[Se, S7]
{0.2,0.3,0.4}, {0.6,0.7}

[Se, Ss]
{0.2,0.3}, {0.6,0.7,0.8}

[Se, S7]

A [S3, S4] [S3, S4] [S2, S4]
*\ {0.6,0.7},{0.1,0.2,0.3} / \ {0.6,0.7,0.8},{0.4,0.5} / \ {0.2,0.3},{0.6,0.7,0.8} {0.5,0.6}, {0.6, 0.7}

A [Se, S7] [S4, S5] [S1, S3] [S7, Ss]
>\ {0.6,0.7}, {0.2,0.3} {0.2,0.3}, {0.5, 0.6} {0.4,0.5,0.6}, {0.1,0.2} {0.4,0.5}, {0.7,0.8}

R2 BORBLBIER

S(Cij) Gl G2 G3 G4
Aq [S1.147,S2.125) [S2.16, S2.7) [S2.015, S2.687] [So0.9, S1.8]
Ao [S1.83, S2.44) [S1.62, S2.16] [S1.705, S2.274] [S1.1,S1.65)
As [53.905S55.207] [So.5,S0.75] [So.892, S1.783] [S1.677, S2.006]
Ay [S2.067, S2.756] [S1.037, 52.583] [S1.705, S1.989] [So.ss8, S1.76]
As [S4.08, S4.76] [S1.52, S1.0] [So.616, S1.848] [S2.24, S2.56]
HF Az = As = Ag = As = A1 AL = Ay = Ax = As = Az A1 = Ao = Ay = A = As As = Az = Ax = A1 = Ay
S Ay Az Ay Az
[Se, S7] PRI SR SHERE V! (v];) = [0 ]mxn, A (1)
< {{0.2,0.3},{0.6,0.7,0.8}} - 4%@?51‘1@%%?'\3‘5%%%E‘J‘L\IEWE, SR WA 3.
(S, S5] JH s A S R SR B R A 5 A B AN B SR AR T B
2,3
— 78
< {{0.5,0.6}{0.4,0.5}} >] e ]
T —0.0879 0.0212 0.0160 —-0.0046
step 3: HH 3 (6) F1(9) & N7 IR 35 151 R
—0.0420 0.0000 0.0075 0.0000
D =ldi] = V' =1 01083 —0.0963 —0.0513 0.0636
—0.080156 0.067500 0.041979 —-0.003125 0.0000 0.0152 0.0000 —0.0092
—0.034 635 0 0.01760 0 i 0.1022 —0.0173 —0.0605 0.0521 ]
0.267969 —0.158125 —0.063698 0.063906 | - {5k (12) Al (13) HEAT- TS AL AL FE M TG 75 SR 44 [ b
.04 2 —0. Y A _
0 0.046 30 0 0.006 875 HEPSASERE V" () = [V ]msns B
i 0.250989 —0.022500 —0.076927 0.128125 ] _0812 0196 0.148 —0.042
step4: HI3(10) 2237/ FRSRALF ~0.388 0.000 0.069 0.000
V(vij) = [Vijlmxn = V"= 11000 —0.889 —0.474 0.587
[0.244144 0.093280 0.061414 —0.014049] 0.000  0.140  0.000 —0.085
—0.116 669 0 0.028 808 0 i 0.944 —-0.160 —0.559 0.481 |
0.313844 —0.443918 —0.199440 0.200013 | . step5: HHZ (14) BT (15) T 5@ 14 1) — BUER A 7
0 0.066 946 0 —0.028 118 JE £
| 0.296276 —0.079818 —0.235468 0.163952 R, —{2,3), Ryy—={1,4}; Rh,={2,3}, Ry = {1, 4};
®3 SHENNEHWIER Rf,=1{2,3,4}, R, ={1}; R, ={2,3}, Ris ={1,4};
G Gs Gs Ga Ry ={1,4}, Ry, ={2,3}; 25, ={2,3}, Ry ={1,4};
Ay 0.360 0.227 0261 0328 R3,={3,4}, Ry, ={1,2}; Rj; ={2,3}, Ry ={1,4};
As 0.360 0.227 0.261 0.318 Rf, ={1,4}, R5; ={2,3}; R, ={1,4}, R, = {2, 3};
As 0.345 0217 0.257 0318

T ={1.4 ={2 -=41,3,4 ={2}:
A, 0.345 0227 0.261 0.328 R34 { } R34 { 3} R3o { 73a }a R35 { }a
Ag 0.345 0217 0257 0318 R ={1},R;; ={2,3,4}; R, ={1,2}, R;, ={3,4};




2250 # % 5

xR ¥35%

Rj1—3:{27 3h, Rp={1,4}; RI5:{27 3L Ris={1,4}
R;ﬁ ={1,4}, R5;; ={2,3} R5+2={1, 4}, R5y={2,3};
R§3:{2}, Raz={1,3,4}; R5+4={1, 4}, R5, =1{2,3}.

step 6: H1 2 (16) F1(17) T 550 1 11 — SO R A

7F & R
[~ 0.4167 04159 0.6983 0.4167

0.5833 —  0.4177 0.5015 0.5011
S= 1058105823 — 05770 0.8091] ,
0.3017 0.4985 0.4230 —  0.4186
05833 0.4989 0.1909 0.5841 — |
-1 11 1]
0462 — 1 1 1
T=10599 0640 — 1 1
0.182 0.219 0.972 — 1

0.403 0.477 0.145 0.592 —
step7: HH(18) ~ 1) M & A 524l / B A E 5E
L3
F/ =
[ —0.2526]
0.0025

— —0.2526 —0.2547 0.2408
0.1122 — —0.2499 0.0033
0.1132 0.111 — 0.1047 0.3559 |,
—0.5417 —0.0074 —0.2357 — —0.2475
0.1122 —-0.0056 0.1909 —-0.8007 —

0.7016]
0.7016

— 0.7016 0.7016 0.7016

—0.3180 — 0.7016 0.7016
—0.1717 —0.1248 — 0.7016 0.7016{ -
—0.5928 —0.5577 —0.636 2 — 0.7016
| —0.3780 —0.3087 —0.6276 —0.1795  —

step 8: H1 3K (22) F1 (23) TH 4% 77 1Al / 518
fi=-05191, f; = —0.1319, f5 = 0.6849,
fi=—-1.0323, ft = —0.5032;
B, =2.8064, (5, = 1.7868, 54 = 1.356 3,
By =—1.0851, 43, = —0.7378.
H1 2 (24) THR T RIS A E

ph = —3.3255, 1 = —1.918 7, uly = —0.6714,

1t = 0.0528, 11 = 0.2346.

MR A AE A5 & 7 BB HET N As = Ay =
Az = Ay = A BTN As.

N T B AE A ST T H 7V A RO AR R, 43
1 4% 4t ELECTRE 75 F1 25 A 11 SeAE 77 R0 5 AR

0 2 Ja Pk R SR 1) FBUSK AR (R T i A, T ST A A ),
BT RIGRE TR R 4.

R4 BEFENESIIRE
S
GEATHT R
Al A2 A; A4 A5
V(A;) —0.055 —0.035 0024 0006 0.706
1% 4 ELECTRE v i #4 it 25 5 ) e i P 2 7
(C /I
As - A
° * = Aj.
Az = Ay
RS R NG R TT R AL Ay Ay, (B TCTEH

€ w7 R, T B R Be A5 23R4 7 R 2 [ AR S HE
FF. AR SR TEAR, As = Ay = Az = Ay =
Ay T AR As. R343R S HE R A 58
A AR, JRRFE T Ja o HO2 s Al o) £ 0% R AT L
BB RS T R AAEE IR T 8 &R A SCHT
PEH 3 T30 =218 T 19 PHFUL ELECTRE i BE it
% 7 IR E A% 5t ELECTRE ¥4 18 {1 3% Bk 72 vh 30 1)
AN A5 ) R T 3 138 4 4 5 45 SR, SCAE T
ANPERE DEAT NHMETE TR 7 /N EiETT R
ZIAFAEAR R R, A B R s RE A &
P, BN G SR SR I B

4 & @

A SCAE RGN FE 0 S Atk 1 ) 1 X SR 7k
TR T OH IR 2 B R B ERE A —
Beik b R B AN i S AR R R R T
BT AT 5L 1 B IR BF R R IR AR S 1
ELECTRE i 2 J& ' th SRS AL 1207 V28] FH A 3
[ B 6 PR SR A B 2 SR M AT S5 A, T M R
VRS A RGP USC 2 AN AR N P RV S B, AR
LS [V S IS B 4% 48 ELECTRE V2 PR 7E 18] {8 3% BBy
B & T AN 2 11, 5 7 T BUUSRAE B R L, T 52
M) 5 25 PRI HE P 485 SR 43 M. A SC O v 51 N i S
WX S AT B AR e T 3 e R, 45k S 5 R
B A HL R — 5 % B Ak EF I BRI AN
SETE F B N RCEE 43 0 DA AR R R T U oR
e R S A I ()RS ORY 22 Ja Mk R SRR AR
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