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Low-rank robust multiple kernel clustering with block diagonal
constraints

ZHANG Xiao-gian', WANG Jing', XUE Xu-gian®, LIU Zhi-gui't

(1. School of Information Engineering, Southwest University of Science and Technology, Mianyang 621010, China;
2. School of Computer Science and Technology, Southwest University of Science and Technology, Mianyang 621010,
China)

Abstract: Existing MKL subspace clustering algorithms ignore the noise and the low-rank structure of the data in the
feature space. We propose a new low-rank robust multiple kernel clustering algorithm (LRMKC) with block diagonal
representation (BDR) and low-rank consensus kernel (LRCK), which is better for mining the underlying structure of the
data. In particular, (1) to learn the optimal consensus kernel, we design an automatic weighting strategy using Mixture
Correntropy Induced Metric (MCIM), which not only sets the optimal weight for each kernel but also improves the
robustness of LRMKC by suppressing noise; (2) to explore the low-rank structure of input data in feature space, we
learn low-rank consensus kernel by Schatten p-norm constraint on the optimal consensus kernel; (3) considering the
block diagonal property of the affinity matrix, we apply block diagonal constraint to the coefficient matrix. LRMKC
combines MKL, LRCK, and BDR to solve these problems at the same time. Through the interaction of three
technologies, the results of other technologies are used in the overall optimal solution to iteratively improve the
efficiency of each technology, and finally form an overall optimal algorithm for processing nonlinear structural data.
Compared with the most advanced MKL subspace clustering algorithms, extensive experiments on image and text
datasets verify the competitiveness of LRMKC.

Keywords: Multiple kernel learning; Mixture Correntropy Induced Metric; Low-rank consensus kernel; Block
diagonal representation

0 51 § Yef I Y. AT 2 I RS )2 T 2 PR 2
TRFVREERE - MEn R X%, B K AREELL B, SORRE S A
AR R )2 10 o 4 M Ay B B R B

=

Yis HEA: 2021-04-05; 1&[E HEA: 2021-08-16.
HLWB: VW)IARHETHRIZ B (2020YJ0432); 78 R R RS0 7 A= Q8T 5 4 BT B (20yex0032).
T IAA/EH . E-mail: liuzhigui@swust.edu.cn.



2 % %

5

*x R

BT JE IS 1 1) B 2R 7 v v oA P A i Y
T3 %, i
SSC)BI A1 & #& % 7~ (Low-Rank Representation,
LRR)“. & 7 SSC #1 LRR Z 4k, i ¥ &4 T
HoAth 7 M B T7 1. BARIX T A6 1 A
TE DTG, AR AT S5 R R R 0 B AT Hext f M. Lu
SENTRM T — AN PO M AR RS S R A T, B
XF S R B AT B M 20 B T VR IR A
TRENERE, (HA R AL R AR 2 1 45 M AL E . AR,
FLSEHR ST A T 2 A ARG it 2 (Al .

B }% 2# 2] (Single-Kernel Learning, SKL)P! Fi| F
A2 B 77 30 e i N B30 WS ) AR i 2 T Ak 3
kL5 M. SR, BT AN [ ) e 4 vl e id A A
[] P A% BR £000), SKIL 725 W) SR 7 ) TR ke =%
BRI ik, 245 2] MKL)T 872 #F 5%, e fd
FARZ OB g I\ 22 A i A% b i e s A 3 i A%, B
i & A 1 MKL 75 (8] 2K 774k 3 2 H 1 £ 5t
TIASL SR g DA SR A5 Bl G Ath D7 25 B 4 R A A 3 iR A%, R
BN T BHEAERAE 7] o ISR S5 4. BEAb, EATR

7% 8] % 25 (Sparse Subspace Clustering,

A AR ROYR i PE R, th 35 A O
o 1

¥ 2 1% %% ) (MKL) FIEA M %78 (BDR) #H 45
B, SRR 2 T 2 () 5 288 )RR LR IF 55 1 BE R
R BT £ 465 140 1) — Rl AR &5 1 77 V2. Yang S5 AW 5E T
VLT 2 AR5 IMKSC)®, 1% 5 7% Al %
FARZ A SR s RS F 2051, SR, B0 5 FEARFAE
2 (8] IR AR 45 44, Kang 28 N3 TIRFAZ 2 21 7 vk
(LKG)P), 1% 77 15X s 3L AL AT KRR 20 K. Ren
SENFR T TR I AL 2 5] (LLMKL)!O )7
AR A) B R TT VR, Z TV B M R R 1 Al B AR i
IR AR LI, AR SRS AE 23 (8] PRI AR Z5 440 SX I Rl 7
TEAT A [R] 1 15 I 300 27 ST AR L%, (R A5 8R mT
LI I SO B 7R R A5 B 4 (1 SR S M e Bl v T R K
., LKGr FH 3G HO0 SR AZ AT IR AR AT R,
SR AZ IO EOR FR R B AR . LLMKL {3 s i3k
WL B AR &, X ToBE PR T BRI AR

BEXT R RIBR I, ASCHRE H — o B 5 ik, BT
POt M R R AR AR L IR AL (0 B e 2 % 7 S A R 2R
(LRMKO). 5 & ¥ Z 1% 1 2 [0 5 2K 77 1 (JMKSC)®
FHEE, AR 7 ik 5] N FE ™ Schatten-p i 505 47 E
18] AT AR RR 2 SR DA DR AR I 2 B] RS FR 25 4. 5
I RRAZ 2 21 77 ¥ (LKGD)®) M b, A 75392 31 A HE Y
Schatten-p JEAL M AE LKGr H A% Y500 e A L 15 A%
HEAT 293, 1 56 Bk bR 50 G R B . SRR IR

23] (LLMKL)!O A5 EL, A0 g T s i i 4
BhAr &, BN AR AR 54T 2401, FAM T &
BRI et A 2 AR 1 YEEA . A itk
FEXTF LKGr 5 LLMKL, ASCiE 5] N TR A A7 0E
B (MCIM) V%, %7 A RE & 2] iR, 1
HLI& e i i i 7 1 v R AR R SR IA R
1 XTI

H T, K283 R R 2R EEH N T 20 1
H R A&, B &nT LR 7R sk B R — 725
B AR S sl A T BRI T
B 5 7 E ) o B L T SR 1 R B B, H— %
TR
mcin%HX ~ XC|% + aR(C) s.t. C > 0, diag(C) = 0

(1)
Hrfa > 0, %(C) 2X%T C MIENT. fER i E
WRRE| C 2 )5, il €5C M p M AERE. 4t T
5 1) 3 2K 7 V6 ) B 9 b — A B3 1 TE
B, 40| Clls IC s [IC]17, IC]1 + 1] B H Y
R[], AL 2425 [ 37, 350K 7 v 5 LA Hewd £
. DRI T B £ J B 7T A S BUERIO K. &
SCE B REERE C 5 O A 205, B AR
T IERR AT, 3 (1) OUE AT 4 54 1 3K 1
B RGBT T DK Al S 2 K HOHR s ) T
T LRI BT (R A AR 2 D D2, A i
T A B SRRy
min 6(X) — 6(X)C3 + aR(C)
= min Tr (I-2C+C"C)K) +aR(C)
s.t. C > 0,diag(C) =0 2)

H ¢(X) 2z R E S, K &M ZHE K
(M2 (i, 5) DR Kij = (¢ (®:) , 6 (x5))-

SR, b 3R A5 5 A7 2% R AIE 7 ) 1) 42 ) &5
P AR FR %+ 75 18] R 28 (Low-Rank Kernel Subspace
Clustering, LRKSC)!3! 5of 47 ik 2% [ [14) 5448 it I A8k
9, ORAUE 1 RFAE 25 [8) oA B B 1) 12 A 5 4. AR
BRI

%1’13||B||* + % Tr(I-2C+CC")B"B

A
+5 |[Ee — BT B[, + Ml ClL
s.t. 17C =17 diag(C) = 0
Fo || - |[o o AL 25 1) O (AR 2 3.

3)



R F: BEIH AL RGERMKSHEREL 3

2 LRMKC

AT — Tl A HO A 20T B R 2
RRITIE L IR AR
2.1 LRMKC Hyt&E8!

EBIEAE X e RPN St R X s
FIRFAEAS 18], S 7 38 G 52 BT B 10 A% R R BR 11, %
TH—Fl E S 2 PR, W R FioR:

T 2 T
K—Z'w,—KZ- s.t. 'wi>0,2wi:1 4)
i=1

P i—1
Hrb, K AR 1 MR, K AR R k3t
W, w = [wy, we, ..., w,|T NIEFE. B TR
T30 H R s 4h, LRMKC i I JE1"y Schatten-p 7544
KA WA ALIZIE R K, @ R

N
K2, = of (5)
=1

Hr o, & K K i MREmE. B8, Hp=1
.|| K%, = || K|[«s p = 0, Schatten-0 Ji £t 2 K
HIRK, DR, 58 JEE0H LE, Schatten-p Y5202 X £k bR
B b 1E . 45 G M 37k (BDR). Kk
T E H R ox M H 3) 2 % AR S, $72 tH LRMKC
Rty

o1 T
Cm}}nwi Trace [(I -2C+C C)

min
K

2
HCH K - Zwl

st.1'c=1",c;; =0,Cc >0,CcT =C,

w; >0,y w; =1 (6)
=1

Hra > 006 =1,2,3) 2 HETNSE TR, N
TaER(6) 1 C M K A, A0 51 N4l B AR
& B. J. K (6) AT

min l Trace [(I - 2C + C’TC')
B,C.K,Jw2

F

K]+ M| J15,

2
A
Hm. 5K - Zm
F

st B=C,J=K,1'"C=1"B;;=0,B>0

=1

BT = B, w;

2.2 LRMKC g9fftit

H T ADMM fE A 2 M @ v Al oy ) Rl
LRMKC ff il ADMM K fi# 3 (7) H & & K (7)

AT Rk B H R AR
L(B,C,K,J,w) =

K]+ M|J)% + 2

A
*HBII

(HB o+ 1

Holp
Phre o v )
F Holg

Hrb p RIETIZH, Y1, Y, ys 2 fikg B H e 1.
1) ¥3¥ B

%Trace [(I - 2C + C’TC)

” 2

i=1 F

Y. 2
+HJ—K+2

. A Y1
—||B B-C
mr g 1Bl H 2l

st B>0,B;; =0,B" =B 9)
#4452 B E AR

B! = max (07

; (10)

M + J\7IT>
KoM =0Cc-2 -
M — Diag(diag(M)).
[8].

EH C

o1
min Trace [(I —2C + CTC) K] +
- (HB o+ B
2 7

4 OLO) — 0, W LAEE] C K IR

-1

52 (diag(S)1" - ), M =
VEANHE 5 1 ) 225 S0k

2
+|1"C—1" +

2
Y3
F Hollg

(11)

CH' =[K+pu(I+1C")]"
(K-Y:—1ys;+p(B+117))  (12)
3) i K
)\ ? 1% 2 2
K — w; K| + = HJ -K+—| +
K ; - 2 F
%Trace [(I-2C+C"C)K] (13)

% 0L _ o LA K I R

>‘3Z::1wiKi+/,LJ+Y2_%+CT_CTCT

Kt+1 —
Pt As

(14)

4) 3 w
KA TIREM R (MCIM) kK fF w,
MCIM F T 24 P A5 B 2 18] () AR A, & —FfaT
SRR E. MCIM B & X~ (M; € RVN M, €



4 ¥ H

*x R

RNXN):
MCIM (M, M)

= J 1- % Z Z [@Qu, (Aij) + (1 = @)Qu, (Aij)]

(15)
/E\:EP A= M1—M2,U1 %D (%) %V‘]*Z%ﬁ,o <axl
SLRA RHL Qu () = oxp (—54 ) REKAK
FO T . AR LA BN K 4 B T A %
I G 1 A, AL (AT 1), R, U R (PR
0). BRI, 5 3 A A AR T8 A L., A% S 7 3 AN M
— O SRR (% 2 S SR PR, T ELE i 40
#5068 7 SR AR P G  (RF B6 40. 7E MCIM, i
UL ST HRAR w:

w't =1 - MCIM(K;, K) (16)
4) S J
minx [T+ LT -+ 22 2 (17)
g ! Sp 19 Bl g
BK=K-LK=-U&V,« 17 #HLATFN:
. K 112

min Ay [T g, + 51 — K[ (18)

B2 vl YSE
JH =uyrv? (19)

Ho T 2 J A REEM, U MV #5 K W5
E A . BARHE ST A2 7T 2% S0k [15).

2 LRMKC iA 3 LA WSk A I 45 1Bk AR:
diffy =B = Cllp, diffy = |J — K|,
diffs=|1"C -17] .,
max (dif fy, dif fo,dif f3) <€

Horp e BT ILERBE.
23 SHESH

FEFH By K S R BT SR R S A
55 H A R B S A b, HE B 4% B 0] DL AN T
R L 7E X BUR BB EATL 5T — 4 N x N 5 %,
TR C B 7 E AR M AT WO B, IS A RN
O(N3); B w NI B RN O(N?); BHHr J i
BT A R, LB HE RN O(IV3).
I, Bk (32 A E N O(t(2N? + N2)), A
O(t(N?)), Horb t IS
3 I

X EENBEAEE M LR
Ry BRI SR DL N TA] SR, BLESE LRMKC
A R AL R RS AT RICR.

(20)

3.1 XWRE

ARSCAEH 3 N BHE SR £ A 3 A SCAR SR 4R
SRl LRMKC J7 3% 1948 2Pk ax B 4 4 38w A
TPl A A 25 (8] SR 2R 5 VR I SR 2 v e B 3 ds
FEAFE =N AN B R4 Yale. ORL 1 Jaffe. SCA%L
PE4E 55 TR11, TR41 F1 TR45, %3 %K | TREC-5.
TREC-6 fil TREC-7 &7, & TR £ R R ARG BT
SER 1.

x1 cMBIEENER

DataSet #instances #features #classes
Yale 165 1024 15
Jaffe 213 676 10
ORL 400 1024 40
TRI11 414 6429 36
TR41 878 7454 10
TR45 690 8261 10

ALK LRMKC 5 8 Fh £ % 7 it 47 7 L
B, 4y B SMKLS, MKKM!, JMKSC®!, LKGr!®,
LLMKL!', RMKKMU®, AASCI'7!, SCMK!!8]. T3
e IR VE AN 21, 5 S A 5. KRGV %
SR S SRR SRR AT TR R LUK B B R AR

ARWERBHIET 12 MRER G874
W%k (1,20) = exp (— |1 — 352”3/(“72))5
H o K2 5 2o 2B & K,
t € {0.01,0.05,0.1,1,10,50, 100}, 4 4~ % i X #%
K (21, 22) = (z]z2 + a)b, Hvaec{0,1},b € {2,4},
PLI 1 AN (21, 22) = 2T 2.

3.2 LWHER
321 BEMWR

RO 6 MEIEEE: Yale BiHE4E. ORL ¥
£, Jaffe B 4L, TRI1 B4, TRA1 B4 4 F1
TR4S5 4 4E L EAT 7 S5t Wi B A #4225 51
B KB, SEIR 8 B2 20 RS2 (1T 4 {E. 18
AU 2 {3 1 e b R MR R
(Accuracy, ACC). H—H.H {5 B (Normalized Mutual
Information, NMI) 1 4f £ (Purity). T 546 45 5 i
R 2 PR,

TERTA 7735, R ST 7RG T &
RRGEH, KA T A7 E A B %AW
ACC. NMI Al Purity [1]-F 3318 7> 5 bb 25 — 45 19 05
% LLMKL 5 2.7%- 2.4% 1 2.3%.

322 BEMMLR

ARAFHAUE T LRMKC (&M Wil 1 fis, A

4 Yale A& EGAIN T AR KN HE (m =



R F: BEIH AL RGERMKSHEREL 5

5,10,15,20). 9 T PRUE AV, AR SCHR A T BEM 7R
20 N SEER I S5 B, IR ACC #EAT VA SE58
5N 2 B, G0 BRI BOK B R
i, AR IR RS T ACC #RE B PRI, B4, 75
FTEROL T, LRMKC #R3R1 1 i ) s ge &5 L.
3.2.3  B{TRHER

AT LR AR — G 17-4790 H e b
A5 DL I 8G-RAM [ &5 2T 5HAL | matlab-2015b
HATHI. N TARIEAF, BT A J7 15482 2 T Yale 4
PR, WS — 2. B 47 i T o 45 SR 1 3 Bt
I~ 4538 B8, LRMKC b RMKKM. SCMK. LKGr.
SMKL. JMKSC. LLMKL %3 £, {54 1 MKKM
A AASC FIE . SR, A X T MKKM F1 AASC,
LRMKC ¥ #E B2 3 ) 3 = 1 24.1% A1 38.8%. iX
& R DR 3 P o 7 A58 R REDK 87 BRI N A 5 2T 3R
WS, 555 0 175 LLMKL Af b, 1% 7 v i 3 2k
BEAMN AR, T HLSCR .

B 1 Yale BR#HESBGIF (K 5%5 ) 20%20)

70

‘ ‘
| —%— LRMKC
65 M el b

—&— JMKSC

—x— SMKL
60 \E\ —+— SCMK

—<—LKG

—— RMKKM
—=— AASC
—%— MKKM

P

55

45

|

40

351

30 . .
5 10 15 20
block occlusions(nxn)

2 HIEH Yale HIRRNRAERE

3.2.4  UELMEMNR

A i LRMKC 9 e 81 2 47 1 W s,
4 %7~ 7 ORL ¥ & B br ek HfH DL 2 R
G AR 22 (P IRAH 48 3% AR F 98 # & K E, B
max(dif fi,dif fo,diffs)) B IERITEAL W Hh
25, 45 B 58 LRMKC A 7E 9 Yk Nk B84
33 om5itHe

T X L a3 b B AR 5 VR IR s B g R, BT LAY
DA\ A

1) ZEFTA X EL R 7729, LRMKC FRREE b ifE 22
/I, UL LRMKC AR RE LT, i B AR E.

2) LKGr X AZ A FEEAT I 2931, (EAS g AR UERFAE
25 ) (R PR 2544 . LLMKL % et HE R (1 4 Bh A &
Tt IR AR 240 5, AN Sk I N 1 4 B 78 S B ARG 17 A 284 1)
R A S LRMKC B 42 5% fi A 3L 3R k% it in Ak
YR, BECRIE T RFAE 2 R B R AR 2544, $E v
AR, Ik m TIB1TR0%.

NIERZHE LR, 3T 1% 5 2807 7 M s 56 45
FART T k BEM RS R, i AASC. LKGr.
SMKL. SCMK i £& 77 % i 2 5 #8 2 L MKKM F
RMKKM 4. 3% 3% 8, FF3 2810 7 v o L 1
Tt k MR 7 ik BB AT 1 R

4) T LRMKC R 4F B 5256 &5 R, 2T KX
Z B % 4y 1 BT R 3E 4T 43 BT LRMKC A5
BB K 1, 45 DY K T Trace [(I — 2C + CTC) K|,
171 1Bl B2 K = 20 wilf, 32 45
FFEA/EH SN ER RGN SER 4
R Trace [(I — 2C 4+ CTC) K| it i 74 AE 4
P 5 A S 38 s A A AR AR T 02Dy, A
BEMS LR 1 ] 4y ||B|| T T XoF 2R R B e n ekt £
295 UL IR 7S BOHE B B Sz g R, B £ 5 R, TR,
Pt M 20 R RE g AR A8 2R i SE AR K B 7E 2 ALK
W& LR B | K — ST w K| A VR 0
J& & (MCIM) 53 BUEE aw, /b 1 1 75 0SS B A
SO || T (I, 5% 2] B LR A% 4T Schatten-p
TEEAT I, CAGRAERRAE 25 18] [ R 45 44, 3R 2 WT
DAE H, 548 B A% Y6 B0 AT IR 2 R 1) LKGr 777
ML, ARSI P HERFEIE R 1 14.8%, BB T
Schatten-p 78 HUAH X T 1% 76 502 — A 6 4 B R 2
FAk PR, R E B4 E, LRMKC (PR #RL T 3
b 7595, SXAE B T AR SCH 5 AR g

5) MG 285 SR AT AHEWT, B HTRCE w B, AHX L
KIBCE (ERR 1) %27 >0 S0 St 2L 0% 1 sk
BK, 75 TTHEkEL /.

6) B 2 7] %1, LRMKC F| ] MCIM #11| $5c 4
Ry 7 B AU B

7) & 4 A1, LRMKC 1] PLEE > 8% Ik
B4 R AR, BN R EE v DR S, AT
ISR R .

8) LRMKC fERZH I FAEH T AR RFRLI R, &
W T — > A 4 Bh AR R R R dE AR, TEAFIE
) b Se Bl T ARAR S 1.



gl

5

*x R

computational time(seconds)

4 ZHig
LR I € R 1 ot AN A 1Y &L
IR 7 ) 0, B T — R Rl ekt £ 240 O 1 8 AR

*x2

PRI IRIT i, AT RRHE ST, FIRIR & AR
R LR (MCIM) ¥ it 1 —Fi B3 sl iU %, BERe
PRI, SCRESNBINE . R8T ORID B,
BTN 5 3 B AL R R N AR MR RR LR,
DLRA ORARFAE 22 (8] AR AR S5 1. 7 6 MRS L, 5 8
i S IR J7 VR AR B, LRMKC 3R43 T 58 4 (1 3R 2 4
R,IFHARE . BATACRR. T, AR S SR IR E
1 LRMKC [JE M e, £E48 N ORI AR, A SCR 4%
BARR 2 A% 1 2 [ RRTT ik, Wh 70 3 & w0 2 0
BUSF . b4k, 97 LRMKC LAAL#E KR 22 401 1)
T A

BAER (ACC,NMI,Purity)

Data Metrics MKKM AASC RMKKM

SCMK

LKGr SMKL JMKSC LLMKL Ours

ACC
NMI
Purity

0.457(0.041)
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0.725(0.014)
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0.729(0.019)
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0.718(0.001)
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0.627(0.073)
0.635(0.092)
0.776(0.065)
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0.650(0.068)
0.492(0.017)
0.758(0.034)

0.595(0.020)
0.604(0.023)
0.759(0.031)

0.671(0.002)
0.625(0.004)
0.761(0.003)

0.689(0.004)
0.660(0.003)
0.799(0.003)
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0.691(0.058)

0.526(0.008)
0.420(0.014)
0.575(0.011)

0.640(0.071)
0.627(0.092)
0.752(0.074)
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0.634(0.058)
0.584(0.051)
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0.800(0.026)
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0.746(0.000)
0.823(0.000)

ACC
NMI
Purity

0.554(0.053)
0.596(0.025)
0.639(0.044)

0.407(0.010)
0.404(0.010)
0.469(0.009)

0.632(0.058)
0.670(0.064)
0.714(0.056)

Avg

0.657(0.034)
0.617(0.021)
0.743(0.024)

0.647(0.039)
0.684(0.023)
0.734(0.029)

0.699(0.012)
0.695(0.017)
0.790(0.011)

0.739(0.012)
0.743(0.009)
0.806(0.010)

0.768(0.003)
0.760(0.003)
0.823(0.004)

0.795(0.002)
0.784(0.002)
0.846(0.003)
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