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Abstract: It is a traditional way to establish parameter estimations and simulations of unbiased grey prediction models
by the discrete time response function of whiten differential equation. A novel unbiased grey model based on high
precise direct integration method is proposed without using the discrete time response function. The recurrence relation
can be deduced by exponential matrix of the homogeneous matrix differential equation,written by introducing some new
variables, and the unbiased parameters can be derived. Then the simulated values are calculated by the high precise
direct integration method, that can reduce rounding errors and improve precision. It is proved that the new method
possesses not only nonhomogeneous law coincidence property, but also linear transformation consistency. Finally, The
validity and utility of the proposed model is proved by rigorous non-homogenous exponential sequence, approximate
non-homogenous sequence, monotone sequences and the practical example of car ownership, and the proposed model
can improve the precision of simulation and prediction.

Keywords: grey model; unbiased grey model; high precise direct integration method; NGM(1,1,k) model; non-

homogeneous exponential sequence;direct modeling

0 5| &

[ S 58 8 0B 19824F 2 1 IR € R S5 FE 18 LUK,
R TR R e B R T B, T TR A D SR
AL SRR T T, Al RHEL A A
LA GM(1,1) FEARD R J 68 TR LAY () 25 U
2L P G SR B A v HEAT S 00 T, T P 4
I 6 82 0 A TN, 5 0 A 5% vk 8 0 ) AR
REmg e A, B SRR I TR MGM(1, 1R AL 1
WS S HEIER T TR RGIRZE, I

Yis HEA: 2021-05-06; 1&[E HEA: 2021-08-31.

AR FAER] T AR GER 2 A R B T S S5
ALK FH I T TEMGM(L, 1) B8 F2 BT N7
TEAmGM(1, 1A R f) L 12 i, i S W A0 i T
BHOR O, WX B G — 7 S8l vh RS 21X
LT3R A B T A €0 TN AR R AN 2 7 B A 0 1R 1k
BRI T A .

FE IS AR 58 4 B TR ISR BOR I R 4R
F 51 K a2 A LR, BE 22 52 A5 A 3L AU AR SR IR
TRACH A AR AN SEUIR 2 T — i 2 T L AR TR IR

HEWB: EFK B RB IS (50876066); L5 — TV K2 70 A8 R FE 2 15 (Y2021TXTPO1).

T IA/ES . E-mail: xmliu@sspu.edu.cn.



2 % %

5

*x R

T E R BUINGM (1L, LR Jh i T K (i 28 1)
V0 Bl Y B SR T A AL R SR IR AR U A 1
R A5 s 5 OV AR AT s 5% A R s Tk
BLFEFF R HOT H1 (1 B UK (AR Y R 57 7 S50 73
BT TNGM(1,1,k) #5574 1) e A AL B 6k B8 k47 1 2
ik VL2 3R SN AL S5 E 57 AR W] RE I 2 2
5 HRR 1 1) LB HE G R K EANGMI(1, 1, k)58 Y (1) 328
FE fR 1 I 5 20208 3 A8 AENGM (1L 1Lk RR B ) K S
AR B R S IR HR S E A M2 P F I
ONE S NP R VE S0 € A PN 2
15 ] A TR T HOR SE AT B R
NGM(1,1, k)5 5 ) 1 288 5 A 1 =X B 4 e v
T A6, 2 A B I AR S IROK A BT R T i —
R, Bl SV S GMI(1 N R R 7 5 AL 25 by
AR B H T HESF IR 2 A8 |OGM(1 N)BEL Y T i 5
UG N T AR & IE DA T AR5 IR 2 &
B FINMGMAE 7 AINHMGMAE 7Y L _E#F 78 #54% K
5l T AEFF UK SR I R R0 G Al 2K A5E RL F AT
T HE TR (TR

T AV R ) JE TG M A R R TR [ 5 AR 5 Vs,
J5 15 85 SR A 7 R ST TR e 9 R A i L 0
HEC RSB SR M. A SOk ot SR 23 HCT [ e )37 68
HX — 5 3@ 1 51 AR IR R IR B B B RS
1Ak 75 R 20 R ) o 87 o 5 ) 3 4 OC RV L S 8L
{140 6 i A T, 52 B0 TG Al I 5 R 2 1) T e AR 0K
R G AR 335 B v SR 2 [ RS0 TR ) L, M)
T3 TR A AR 2 1 TG A A EL BB 5 A IR B T8
WNGM(1,1,k) 8 AR5 R U7 51 A% LA PR AN
RS e — B IR IS 2 AN RS IR IR EUT B SR
TR B TR S S8 IE 1 2B TR (A Rt AN s i 4
1 SRR EREINGM(,1,k)

EX1 BRI
X0 = 12001),20(2),.-.,2O(n)},
H1-AGOF 51K
XU = 2M001),20(2),--- 2V (n)},

HezM (k)= 2O ©6), k=1,2,--- ,n.ZO XD
i=1

AR RIEA1LZO = 2D(2) 5D (3), 2D ()}
2W(k) = L@W(k) + 2W(k — 1)),k = 2,3, ,n.
Fra© (k) 4+ azM (k) = bk + ¢ AAEFFIRIK BRI
AL R(FEIC: NGM(1,1, k)R8 Fr
dzM ()
dt

+azV(t) =bt +c (1)

AINGM, IR 1 AR oo 7 R e —a S 7
Fe 9 B R FE A (R ST TEa # ORI BL),b I [ 2

BTN RAE &
2 TIWMNGM(1,1,k)fER HiE gL
2.1 FTIRNGM(1,1 KRB RIS R
Ly(t) = (W (), 1,t)TMNGM(, 1, k)R () 1
RS N

d
— =4 @)
—acb
HFA=| 0 00
010
EIBL 25y ()i 2 7 F2(2), M e B Hi i 8] i o7
ERAYS]

y(k) = A Dy(1)
78 E o
y(k) = ety(k—1) 3)
IERR 1) B yk) = Al Uya) =
Aty (1) = ety (k - 1).
2) . y(k) = e?y(k—1) = etey(k—2) =
= ARy (1), Figpor. O
EEE2  EATT (L) B B A] A S R Y i3 AE
FKEZNTD (k) = ugzM(k — 1) + ug + us(k — 1), H
Flug = e up = —£(e7? — 1) + L(e7® — 1+ a),
=—2(em—1).

mA=<ﬂ’a>¢ﬁ4qu:<oo>
0 D 10

FH 2 Py 3 B RT
n n—1 n—1—1t )
A%:(F@ * 2imo (=) 1I)>mzz

0 D7l
D" =0, (n > 2), BHANREGE A TF T3,
eA:E+A+lA2+...+lA”+...

2! n!

(et =2l =1+ o;? (e7*—1+a)
0 E+D
U Uz U3
£lo0 10|,
0 1 1
. a c, _. b, _,
KR, up =e 7U2:*5(€ *DJF?(B -1+
b . P
a),us = —5(67(1 —1). ¥eARRARQB) T 17
M (k) U Uz U3 M (k—1)
1 =1 010 1 N C))
k 01 1 k—1

wARJR A A E Bk LT L @E
Nz (k) = uyz® (k — 1) + up + us(k —1).0



XA R T A mAR S k09 AR dF TR R AR A Ay 52 3

AR RN I RIER S My, ug, usBEAT AT,

(1) 1 1 (M (2)
2M@2) 1 2 “1 2D (3)

. . . Uz | = . )
zM(n-1) 1 n—1 M (n)

BHACNBu =Y.
EIE3 Bu = YHSEMW R/ Rt N
= (BT"B)"'BTY. 5)
MR & 23R ENGM(1, LK A i 28, b, ¢ 1)

filiit.
EHA FRNGM(1, LB 2 ML
7 lmll
o = —In(iy),b=1
a n(ul)v 7—’43’&1 1
5 o— (1 — us U3 Indy
¢ = (2 i T iU =1 (6)

IR T R RO T RNGM(1, 1K) B 1 2 504G
THSE B 5 SCHR (14170 T A 745 R 58 4 — B
22 ETREMAR S AR K G AR R AN TN

e G IRt RS AR 2 ELARN LT AR 1)
B PRI T W) L bR BOHE AT B, (R T ALK R
i, SRS P 5 N N R 2, s T BORG BE A
SCHIN T ASHAR 5315, A SR B A T7 R B e 1)
BT HR T, IR1F = 0kG BEBAE. R A AR RIS e
B e L T 19955 £ XS 55 IR T 0 i FEo = AvPT it
fR, HAZ 0 2 K A0 T 55 FL AR 70 O R A At v 0 A% 3
FEM, = exp(A-71), TREK. F4m =2V, NNIE
BRHENNEHSE), WM. 7T5HN
M, =cxp(A-1)=[exp(A-T/m)|™ =[exp(A - 7/2")]
2N IR K,

exp(A-7/2N)~E+ A -7/2V,
Hrh B RASERE LS = A -7 /2N WM, #AT 50
M, = (E+8)*"
=(E+8)?* (E+S)
=(E+S)--(E+S).

ME + S)E+S) = E+28+ 8 S, ASIKR
NS B AR B AR DD R A R B AE AR
BB N B AR b HORG FER Ak 2R B0 R, 2 P A /s
TN, SR 5 T PR A B AR N, X R PR AR T
FNARZE, MRS A B ] DLk B 1H LR
J& HMatlab T+ 5127 IL(7). M A RS, B AT AR
Po((k +1)7) = Myo(kr)3RA000 T, IF B
MM ARG, W5 7R AT M 2
Bpwr, X B, BARESE— 2 MR RSN T, HR

2N

2N—1

THRE R IR R, WORS AR 32 —Fh el TR
DR T LT

S=Axr/2N
for i=1:N
§=25+5x8 @)
end
M=E+S
EES FAXO, XOR B A K B

¥a, b, efti tH(H W (o) BTk, Bz (1) = X©O(1),
(1) = (W (1), 1, D)7, WysEA XN
g(k) = eAg(k - 1) ®)
HBEM G2 (k 4+ 1)E, RSN
#Ok) = 2W(k) — 2W (k — 1),
Hrhk =2.3,--- n.
SO B AR L S B T R A AR
T AR o348 HRABE AR (10 T R A 2 s A R v 1
TMAEFF IR IR BRER(fRC: HUNGM(,1,k)), H E ARk
THHRDEA
step 1R 24, R4 205 F A B — 3R il
Z 4y, G, Us;
step 2: 1 S AR R(6)k S %4, b, ¢;
step 3455 FUL T AR 4% 4 41 B 40 ¥k O RE (7). K
FiMatlab® {1 1 5 4% 38 5 fReA(RIM,, 7 = 1), 51
i (®)Ry (k) MRz D (k);
step 4:38J5 T A EEL O (k) =2 (k)—2™) (k-1).

3 HUNGM(1,1k)ERF MR

SIEE1  NGM(1,1,k) AL 77 2 125 85 (] iy

b ¢ b b c b

WO =[zD(1)== = —a(k-1) 4 Z Z_
zt (k) =[z""(1) a a+a2]e +ak+(a a2)7
€))

MR B 2D (k) =2 (k—1) + g(lfe_“)k

F(EmDya—ey+ Lo,

CSERR A, T4 () () T I i
R HAL B 2D (k) =M (k—1) + b(l—eﬂ)k

a

¢ b —a b—a
+(g—§)(1—6 )+E€ . b

DB EkO(k) = (@) -2 - g +
b a2y b c_ by by
) kD Gl
C Ol (0 e (D 201 _
(C = DNt okt (Cm ) = e - 1) + 21

—a c b —a b —a

2) otk = 20 Z58 B AR O R Bk <



4 # % 5 x K

sif, ROWWAL, WAk = s + 16, 20 (s +1) = 18 = a,b = pb, ¢ = pé. kw0
e_“:v(l)(s)—i-2(1—6_“)(3—0—1)4-[(g—%)(l—e_a)—i- EE8 wIAEMF JG’ O X Oy % 7fe A2 41
b ey = pmagpay - PHC L Do by P8l HohgO k) = paO(k), py Ak S HL
o’ b—e bx T a a26b o’ e (k) Mg (k) 4350 FF 51X O MGOH L
S (s D4 - ) —e)+ NGML LR L U ),

b b b b b N o X .

Zet] = (@ (1) =T (s (). 9 K) = (k). 5 (k) = p2® ().

SO
EIB6 1 F 4R HUAE Y A M Ik AN IR SF IR
ﬁﬂ@(l’(o)(@ = clqk + 027k = 1727 T 7n)’ )n‘uaa
RNGM(1,1,k) B 56 2P0 & JEFF I Fa B
MR WR G T SO (k) = cig + ok =
1,2, ,n, Maz® (k) = Zf (e1q' + ea) = gz (k —
+cqgtce+ec(l—q))(k—1),k=2,3,--- ,n AL
AF(9), FHAFH ve AL N K A, v 15
Uy = q, Uy = c1q + ¢2,U3 = c2(1 — q).
R HE(6) P N
a=—Ing,¢é = —calng, b= co + c1qlng/(q —1).
FIH RO B2 (k) = [2M(1) — e+ ag/le -
_ +1
D]t 00 eph— T = S ke T,
(k) = 5:<1>(1<;) - :z“)(k; —1) =key — (k— 1)y +
c1g — g™t (Clqi c14") = c1¢" +co. 52O (k)
@,Eﬁllﬁt*ﬁﬁéﬁﬁ#?ﬁ{/\%ﬁﬂﬁ g por.0
EWE7 WAERAT ﬁlJG(O)in O) F) %5 R A 461
AL g0 (k) = paO(k), pv Ik B Xt

7 FEFXO = {2O0(1),20(2),-- 20 (n)}
GO = {pz (1), px0(2),--- , pzlO(n)} 73 5k
ST TG RNGM(1L,1LKORE B ida, b, 6flla, b, e 43 5l N T

51 X O) FIG© (5L S R THE,
gng;é:pé;&za.

MR IEX O % S B e 3R, @ =
(BTB)'BTY . Ak BT BIIFERER N
D1y D2 Dqs
(BTB)* = | D21 D3y Do |,
Dsy D;> D33
RGO %K vu=(B BB pY
1 Dy, pDy> pDq3

U= pDay ,02D22 02D23

pD3y P2D32 P2D33

pxu o prW(n— 1)
1
n—1
A i,

2, Uz = plis. I (6)AT

p|BT B|

Y

2 \

JERA  AHRAE 5| R 1A BRT AT 40,

9 (k) = p™M (k- 1),
HOE J5 I RLME
§Ok) =g (k) =gV (k= 1) = p2'V (k)
Heg =2 n—1. gitfkr.O

€ HL TR 2 BESFR N L IRNGM(1, 1,k )15 7Y e 4 AR
e — SO 58 B, HON R AR P 51 35 AT RO AR e AN 5
R TR A UL R TN AR ARG 2 22, TR I, 7 R4 51 5L
KIS AT DL AT 0 B B e 4, DLAT K
FR PR PR 25 )

4 LIS

1 AR IRIEEUT A, X (O = 3F 42 =
[5,11,29,83,245]. E1ER 7 ARKHSEHNT A
SRR K ﬁu () 400 285 90 AL A% Alogio RE
logio(X5_, |22 /5), MR LU th, 285402
Bk F45)5, ?iﬁ*ﬁmﬁét?$% JER|O(—13),8
T UL B BRI T A SR B A 3RS IR IR AL
HER RIVIZE T A KEHSHN = 50)0M1f%
G IAMNGM(1, 1,k) 5 Y 7E 5 H0 85 m A 40L (1) 1 35 448 %)
B 77t iR ZEMAPE(%), °T L& H A SR A L A% 48 0
WNGM(1, LB R & T — AN WA Bl T
AR A U

-6
w -8
14
2
g-10
12
-14 : : :
20 30 40 50 60
N
E1 FEHESHENTHELEIRELLR

R FEARIESTRIBRFFIEIMAPE(%)

JRUR s 5 11 29 83 245

AR
TARNGM(1,1k) 0 6.8632¢-12 8.9775e-12 9.9920e-12  1.0622e-11

0 9.0433e-13  1.1271e-12 1.2327e-12 1.2181e-12

52 R AR IRIESF A X OO = 1.4F +
0.1 ~ [1.4,2.0,2.8,3.9, 5.4]GBid PU 8 FL AR B 147/
#0),% FIHUNGM(1,1,.K)(N = 20) #E4T#\&,1F 5 45



XA R T A mAR S k09 AR dF TR R AR A Ay 52 5

RWA22.0] LAE A U A FTMAPE40.0235%, B i
RFGM(, DEEY, TEmMGM1, DAL, DGM(1, 1)1
A NGM(1, 1, KB [ MAPE, FR 5 IF | A SO A
FRESECE

R2 ARRAESTIRIBRUT SIS E

JRIGEHE  GM(1,1) TMWGM(1,1) DGM(1,1) NGM(1,1,k) AR

1.4 1.4000 1.4000 1.4000 1.4000 1.4000
2.0 1.9906 2.0117 2.0117 1.3939 1.9994
2.8 2.7598 2.7974 2.7974 2.3827 2.8014
39 3.8262 3.8898 3.8898 3.4885 3.8988
54 5.3048 5.4088 5.4088 4.7251 5.4003
MAPE(%) 1.1120 0.2213 0.1691 13.6515 0.0235

B3 AR RIEEUT H. X ©) = [e(0-6+D) 4
1,e06%2) 1 1.5 ¢(0:653) 4 1 (0664 | | 5 o(0.655) 4
1,e06%6) 4 1.5,e0-6+7) 4 1], DLAT6/HUHE A Sy 22 45
KO, BT D9 U 4 AT R v B 4 SR 2
AT PVE A SO A0S 5N = 20) IARIDE &
A5 R AR HHE A, o 1R AE UL & e 0 A TG e ) B

A B & AL TNHGM(1,1,k) 8 BUNORIGM(1,1) B $% 4
AT,

80

v R e

== NHGM(1, 1, k) L, L T
60 GM(1, 1) B BLE '

= ARSCHER

5 6 7

1 2 3

Fﬂ“‘ﬁﬁlﬁfﬁ
SRR E RN ERL 5

54 A ik BUAS A S R SO ER(E T
My B R R R BRI, R TG RGM(T,1).
DDGM(1,1)s NGM(1,1,k)FHA SCAR TS HEAT 40, 1H
S R AN 3P A At B4 3 A AL 2y LA e iR
Z& JUHRENGM, LK) R E X5 R B ™ X, R BT
ZH A H 3R I 56 A A e 1 R A AR ST BT A S T A
TUTEAZH 4 b 3R I A = RS B 0F B 5 SR [14]
()45 FHEAR — B o H AR AR Y A Ak

& 2

®"3 BIMEAEMERRLEEEE

gl B g [EDYET MAPE(%)
TAMGM(1,1) 1.2000,3.2349,3.9723,4.8777,5.9896 49194
DDGM(1,1) 1.2000,2.9118,4.1763,5.1104,5.8004 0.2958
X1 12,29,4.2,5.1,58 NGM(1,1,k) 1.2000,2.2151,3.4541,4.4982,5.3779 12.0907
(@SS 3] HUNGM(1,1,k) 1.2000,2.9037,4.1863,5.1171,5.7927 0.1831
TAMGM(1,1) 8.5000,16.1780,32.2004,64.0911,127.5658 0.4497
DDGM(1,1) 8.5000,16.4402,32.3606,64.2814,128.2832 0.1754
X, 8.5,16.4,32.3,64.2,128.1
NGM(1,1,k) 8.5000,12.0263,25.6967,51.2812,299.1632 17.9649
(@S2 3L)) HUNGM(1,1,k) 8.5000,16.3956,32.3065,64.1934,128.0976 0.0118
TAmGM(1,1) 5.8000,5.4037,3.7349,2.5815,1.7843 15.3400
DDGM(1,1) 5.8000,5.1091,4.1743,2.9093,1.1974 0.3321
X3 5.8,5.1,42,29,1.2
NGM(1,1,k) 5.8000,6.1033,22.0500,139.8032,1009,3135 17834.9852
(TR HUNGM(1,1,k) 5.8000,5.1085,4.1801,2.9163,1.1959 0.3094
TAMGM(1,1) 128.1000,64.1361,32.4562,16.4245,8.3116 0.5897
DDGM(1,1) 128.1000,64.1900,32.3151,16.4175,8.4887 0.0756
X4 128.1,64.2,32.3,16.4,8.5
NGM(1,1,k) 128.1000,62.2191,76.4714,106.1459,167.9310 512.5458
CFBEMT) HUNGM(1,1,k) 128.1000,64.2011,32.2951,16.4074,8.4960 0.0217

fis

SEA). Oy 1 Bt — 2D G IR AR T A Ak B SE PR
I e 8 288 R T B A AR 4 R A R VR

KAPE}1.3563%, MK TGM(1, DI AL, FE T 55 8
FRBAL T 1EGM, YRR LRI L T 75 5 AE % 2 B /D

WA 34T B RL R FH2006-20104F 1) £ 4 1 A
JR 46 7 51 i STHUNGM(L, LR R 2 5 fili it va =
—0.3535,b = 2186.6972,& = —429.7769, I H
HOM, DR, BT SR B4 757 GM 1L, )R
RN T B IR 2 B RGMAL DR B [ 45
SRUOVHE AT X b, MR BT LA H, AR SO AL ) B

LGM(1, 1) 7Y 113.6107%.  3.2808%- 4.3080%, H.
ARSI FIMAPE 5 A1, 1N 90.6122%, LLH AR A
Pem 7 — VKRG RE. U B AR SR A R AR 4F B A FAN
REMA R REGS S TGRSR, |k 1B
ST A A5 N S



6 % %

5

*x R

=4 ESMEERFEMESHEENE
JR UG Hd GM(1,1) GM(1, 1) B HE R GM1, 1) Z /M HUNGM(1,1,k)
(AL J359) TERME APE% FEAULE APE% FEAUME APE% EAULE APE%
2333.32 2333.3200  0.0000  2333.3200 0.0000 2333.3200 0.0000 2333.3200  0.0000
2876.22 27723672 3.6107  2781.8575 3.2808 2868.9142 0.2540 2854.2163  0.7650
3501.39 3554.8474  1.5267  3608.1800 3.0499 3652.2308 4.3080 3548.8805  1.3563
4574.91 4558.1769 03658  4679.9533 2.2961 4649.4210 1.6287 4538.0848  0.8049
5938.71 5844.6888  1.5832  6070.0860 22122 5918.8799 0.3339 5946.7153  0.1348
MAPE(%) 1.4173 2.1678 1.3049 0.6122
4 .
5 4hig (51 5. Rl A ELGML DBURAS ELEREBGAL. RYET.

AR SCEF X AESFF T A, T B TR 4R
YR T FE 55 R OK A RTHUNGM(1, 1,k), 5 1% 45
R G BEALEL AT T BIF F0 R T AR 2R ol R
BRI

1) 75 A4 75 2 5 T ) min 7 o B30 R0 10 26 1
F 3 T HUNGM(1, 1K) B S 5000 il 8 1) A 38, R
FHRE AR vk ks P v SRASE 28 (0 AU (T D).

2)iEBA T TEAMNGM(1, 1, k)4 28 3 12 9E 55 V36 %
TR (1 5 P DL A 4 AR 4 — 3k, B BT A
FOFNTII e

3) MRS HESE IR FE BT 41 0] LA H BT A4 g A Y
BE ™ A AR AU AR 57 UK HR BT 41, BRAIE T AR SO ALK 8
i 1 DB AR ST IR BRSO 5. O T SRR R 4
A 5 SEAP) R AT DL A SR R 7 ASE 0L R 500 A
FER T ARG IGM(L, DREY A T 22 JK €0 T A%
B(DGM(,1) BEAL, TmGM(,1) B, NGM(1,1.k)
RIRNEE) | HALHAN I 25 S5 2 1 B WA .
SE Rk (References)

[1] Deng J L. Introduction to grey system theory[J]. The
Journal of Grey System, 1989, 1(1):1-24.

X RBe, SEREE, T AR KRG S N M.
3R ALET: BEEHRRAE, 2004: 1-8.

(Liu S F, Dang Y G, Fang Z G. Grey system theory and
its application[M]. 3rd ed. Beijing:Science Press , 2004:
1-8.)

HHER, AL, WA O K (L TR YD) R &
TREHHETH AR, 2000,20(6):6-7,80.

(Ji P R, Huang W S, Hu X Y. An unbiased
grey forecasting model[J]. Systems Engineering and
Electronic, 2000,20(6):6-7,80.)

SO, RIF S, AR A K S B A A A
MIGM(1, )& B2 IL0]. & 4 T F2 #5552 #,2001,
21(5): 124-128.

(Wang Y N, Liu K D, Li Y C. GM(1,1) modeling
method of optimum the whiting values[J]. Systems
Engineering-Theory & Practice, 2001, 21(5): 124-128.)

(2]

(3]

(4]

(6]

(7]

(8]

(9]

(10]

(11]

5 HTHR, 2003,25(9):1094-1095.

(Mu Y. A direct modeling method of the unbiased
GM(1,1)[J], Systems Engineering and Electronics,
2003,25(9):1094-1095.)

YRR, X . BEELGM(1, )R B 5 R €0 TR AR B
BEHLEE[T]. R4 TAREEEIE 5 S8R, 2005,25(1):93-99.
(Xie N M, Liu S F. Discrete GM(1,1) and mechnism of
grey forecasting model[J]. Systems Engineering-Theory
& Practice, 2005,25(1):93-99.)

FEN, 50 R [, 01 JEL e — i 140 €0 T 00 A 1Y e L
BIRLHLLT]. $26) 55 e 58,2009,24(11):1702-1706.

(Cui J, Dang Y G, Liu S F. Novel grey forecasting model
and its modeling mechanism[J]. Control and Decision,
2009,24(11):1702-1706.)

s W, B S AL AR 5 IKCHR B B I K
KB R RN R4 LRSS HEFHA
2008,30(5):863-867.

(Xie N M, Liu S F. Research on the non-homogeneous
grey
properties[J]. Systems Engineering and Electronics,
2008,30(5):863-867.)

B, X SRl AR S AR BT 4 DGM1, 1) B
IERHAN]. RS LRERIE 5 SEE, 2011,31(2):297-301.
(Zeng B, Liu S F. Direct modeling approach of
DGM(1,1)  with
exponential sequence[J]. Systems Engineering-Theory
& Practice, 2011,31(2):297-301.)

LY RRYAR SO R A T (VN | B SV - - & 1 D I i
WS RN R4 TREA R L S
2013,33(3):689-694.

(Zhan L Q, Shi H J. Methods and model of
grey modeling for approximation non-homogenous

discrete model and its  parameter’s

approximate  non-homogeneous

exponential data[J]. Systems Engineering-Theory &
Practice, 2013,33(3):689-694.)

TLZR, sKisz . IR IR MGM (1, 1) A5 (1 336 4
figgid e SE D). 4% 15 3, 2015,30(12):2199-2204.
(Jiang Y X, Zhang Q S. Recursive solution to
unbiased GM(1,1)
model and its application[J]. Control and Decision,
2015,30(12):2199-2204.)

approximate non-homogeneous



XA R T A mAR S k09 AR dF TR R AR A Ay 52 7

[12]

[13]

[14]

[15]

Wr o5, & 3. 3 94F 5% ROIR #OF FIGMAL DR
K FH MR D). R LREERE LR,
2013,33(11):2874-2878.

(Chen F, Wei Y. Approximate non-homogeneous
index sequence GM(1,1) model of grey derivative
optimization[J]. ~ Systems Engineering-Theory &
Practice, 2013,33(11):2874-2878.)

9%, TR R B AR A 1A R A A AR IR B S
KB R T VE e AR ). R g8 TR B 5 S ik,
2014,34(12):3199-3203.

(Jiang A P, Zhang Q M. Methods and optimum of
grey modeling for approximation non-homogeneous and
non-equidistant series[J]. Systems Engineering-Theory
& Practice,2014,34(12):3199-3203.)

SO [, KRR, MR T AR5 R T AR A ()
FEBLE]. P25 PR, 2017,32(5):823-828.

(Dang Y G, Liu Z, Ye J. Direct modeling method of
unbiased non-homogeneous grey prediction model[J].
Control and Decision, 2017,32(5):823-828.)

Zeng B, Luo C M, Liu S F, et al. Development of
an optimization method for the GM(1,N) model[J].
Engineering Applications of Artificial intelligence,
2016,55:353-362.

[16] Wang H X, Zhao L D. A nonhomogeneous multivariable
grey prediction NMGM modeling mechanism
and its application[J]. Mathematiical Problems in
Engineering.2018(2018), Artical ID:6879492:1.

[17] Wang H X, Wang P G, Senel M. T. , et al. On novel
nonhomogeneous multivariable grey forecasting model
NHMGM[J]. Mathematiical Problems in Engineering.
2019(2019),Artical ID:9049815:1.

(18] &, 4kt zh 71 )7 A2 Ik 2l I FE AR A0 vk 0], KOE
TIOR3, 1994, (2):131-136.

(Zhong W X. On precise time-integration method for
structural dynamics[J].Journal of Dalian University of
Technology,1994,34(2):131-136.)

[19] &7, 5 E, T BT 3RERIMETIGMA, DER
HREMATRD]. #2615 5K, 2015,30(2):283-288.
(Xu N, Dang Y G, Ding S. Optimization method of
background value in GM(1,1) model based on least
error[J]. Control and Decision, 2015,30(2):283-288.)

fEEEN
XA (1982—), 2, YFIW, L, AT A 6 TR A 7Y
71 RGFUE FEEE 5E, E-mail: xmliu@sspu.edu.cn;
JAAN (1960—), 55, EBI##, L, NF3 ) 2G5EH
1 N HTEE 5T, E-mail: zhougang @sjtu.edu.cn.



