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Three-way decisions based on decision-theoretic rough sets with interval
type-2 fuzzy information
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Abstract: Considering the advantage of interval type-2 fuzzy sets (IT2FSs) in describing highly uncertain information,
this paper extends IT2FSs to decision-theoretic rough sets (DTRSs), and proposes two interval type-2 fuzzy (IT2F)
decision-making approaches for deriving three-way decisions. In the IT2F information system without class labels, the
interpretation of loss function and the determination of conditional probability are two fundamental issues to be addressed.
Based on the properties of IT2FSs, IT2FSs are firstly introduced into DTRSs, which offers a novel illustration for the
loss function. Then, in light of the Bayesian decision procedure, an IT2F DTRS (IT2FDTRS) model is established. In
addition, two methods are designed for deriving three-way decisions with the aid of two IT2F ranking techniques, namely,
the combined ranking method and the possibility degree. Meanwhile, IT2F grey relational analysis is used to determine
the conditional probability. Furthermore, two three-way decision methods are proposed based on the IT2FDTRS in the
IT2F information system. The proposed approaches not only consider the decision risk, but also tell us the ranking results
and objective classification results of alternatives, which can replenish the decision results of grey relational analysis.
Finally, a practical example is provided to demonstrate the validity of the proposed three-way decision methods.

Keywords: interval type-2 fuzzy sets; decision-theoretic rough sets; three-way decisions; grey relational analysis
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Apy Ay oo A

mn
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5) 550 N7 R 5 40 AR I K T Ny R(EL(Ay|[2])) < R(EL(Ag|[2) ar, WA 2 <

A7 =Y WAy, i=12,...m. (20) Neg(D). \ N
= ZHE - S M E R IX Al BRI 4 & HE 7 i &

6) KA T3 58 BRI AR E SR IRAT X I3l

+

AT A

FH AR €8 S B0 23 BRIV A 601, A 20 R IR A of b i
0 < CR; < 1. B4R, CR, N1 % 2 J& TR D HIR%
AT LR CR, PP Al 5 56 2 19 2% 0 ME 3, B
Pro(D|z;) = CR,.

32 [XEZEUMRHPRRHEME R AR RALH

H BT, STHR 35,40, 36-37] # R 7T 1 X A — YA
WAy 7. Herb SR [35) 1 5 ik R B R 2
P, 76 S bR S Hh T #R MBSO [40] 1 D7 VA TE
SR ARG RE = 3 BUE B8R SCHR [36]
7 T LA & SCHI, 25 58 1 D SR 1A XS i 47, T
H Wi 11X 1] — RS 0 8] FR AR X 22 57, (24 X [)
TR AR AE 0 ST ER I, HE T i ) LT 2
HEFe 5 PR AI-P 2 HE 7 379 0, To ik B S S e IX ) — Y
BB RN, SCHR [371 48t 1 2 TR REFE I 7
15,1277 1% R I 25 R LT S B A BEE A RUX
DX T8] — LB 2 H) K. 25 18 B SR [36-37] J5 1% 1
DE, T HTIX P 32, et PO b SR SR T 7 X 1) —
RURSR e SRR A B 1) R SREAT LA

SRUE 1  FE T 25 R e DX TR) — RSO ok SRR
Hli 5 (1 DR S L.

MR 2 (13) ~ (15) 5 X 8] — R BOH $ H &
e, & W E SR E A S H PR R oaR N
R(EL(Ap|[2]))« R(EL(Ag|[2])) fl R(EL(An|[2])).

g5 X 18] — RROR AH & HE P 05 9, ok SO
P, B, N i#t— S5k A

PI. # REL(AP|) < R(EL(Ag|[2) A
R(EL(Ap[[2])) < R(EL(An|[z])) AL WA 2 €
Pos(D);

Bl: # REL(Ap|)) < R(EL(Ap|[2]) A
R(EL(Ap|[2])) < R(EL(An][2])) B NA 2 €
Bou(D);

N1: # R(EL(Ay][2])) <

CR; = =1,2,...,m. (21

R(EL(Ap|[2]))

=2

LICR, Be s fem 2 45 R 4L HE B AR AN B S
B SRE NS E, 8 = 1HE = & = Ol ik
T AR IFRAL 26 = & = 0 H & = 1,
FENREGFPERR MG = & = 0HE = 1,k

SREE2 TRl A B R X R YRR ok SR
FELRE AR F R SR A,

AR AR A STHIR [37] 42 H B9 AT B B2 HE 5 7 vkt
FC DX 8] — RSO ke HRERH R 5 1 LR SEATL A1),

N T HCASE X ) — RUASOR B ) oK/, SRR (37115 %
SE ST DX IR) — RUROR 5 10 W] BE T, A A A T
B AMERE, R Ja X BAT o R BATIC L, IR s AT 4k
Fe. 2 BRI fE S T, B TR P, B, N
AR R EL(A,|[z]) (e = P, B, N) #J & it
R B A, A DX TA) — 2R RSOR  SORL RS 4R 8 5
N IEAT RN LEREIF I SR SR A 54 22 ) EL AR AR
R QR 2 .

H1 3% 2 P B ELAMAEL R, 45 2100 N B3 B2 4 k{8
[ Y EL A

P11 P12 P13
M = |pa1 paz pas| -
P31 P32 P33

AN eI, DX 1) — BUASER AT A Sl A2 A R I
0 <pij < Lpij+pji = Lps=1/2,i,5 =1,2,3.
BETT, FLANE R M AT 4N

1 _
9 P12 D13
1
M= 11-pi 3 P23 | - (22)
1
1—pi3 1 —pa3 5
B, 6 BAMERE M AT R SR HETE, 15
1
Rankp = 6([)12 + p13), (23)
1
Rankp = 6(1 — P12 + Pa3), (24)
1
RankN=6(2 — P13 — D23)- (25)

AR EZ B E AP AERE

M EL(Ap|[2])

EL(Ag|[z])

EL(AnN|[2])

EL(Ap|[z]) p11 = p(EL(Ap|[2]) 2 EL(Ap|[2])) pi12 = p(EL(Ap|[z]) > EL(Ag|[2]))
EL(Ag|[2]) p21 = p(EL(Ap|[2]) 2 EL(Ap|[z])) p22 = p(EL(Ag|[2]) > EL(Ag|[#]))
EL(AN|[z]) ps1 = p(EL(AnN|[z]) > EL(Ap|[2])) p32 = p(EL(An|[2]) = EL(AR|[2]))

P13 = p(EL(Ap|[2]) > EL(AnN]|[2]))
p2s = p(EL(Ag|[2]) 2 EL(An|[2]))
p33 = p(EL(An|[z]) 2 EL(An|[2]))
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H:Rank,(e = P,B,N)NEL(A.|[2]) & H
8. B3 (23) ~ (25) 4350, Rank p+ Rank g 5 Rank y HJ
fH2 H pias pi13 5 pes PL0E B, AR STHR [37] HIHEF
T3V, X Ta) Z BURSORIE K EEHZ BT Rank, (o =
P, B, N) €W, BURSFEHN P, B, N i — B4R A

P2:#Rankp < Rankp 5 Rankp < Ranky %
32, z € Pos(D);

B2:#%Rankp < Rankp 5 Rankp < Ranky %
37,0 2 € Bou(D);

N 2: # Ranky < Rankp 5 Ranky < Rankp %
32,0 z € Neg(D).

PR, Yo SR P2, B2, N 2 X 30 T —Fh =3 vk
.
33 BAEDE

ARSI I 77 E ARG N AR,

step 1: £ 37 [X 8] — RUBOIE B R G0 AR S bRk
HAG T, W8 X 0] —RUBOHIHE B RSL1S = (U, AT, V,
. OETERESESRE ARG MEGERRAISH
TGS R AR RFFEE A = [Ay],,,,.. TFRIEER
IXPFHIEA = [Ayl,,,,, EATIRAEWCAL L. 5%
A =AY ONBRHEAL R, S

Aa={&“]eN“ 26)
(A;;)°, j € N..
Ny 5 N, 5359 9 280 a0 BE U 55 s A R o D) 7 s 2
A 0 R N,UN. = NN = {1,2,...,n}) 5
Ny Ne = ¢; (A};)° N A, AN
®3 HAXFR

JEEWH VL L ML M MH H VH

H44¥ VH H MH M ML L VL

step 2: #3451 2K B B R AR 5 20 (11) A0 (12), 1
SE X [A] YRR 45 2K bR SR R

step 3: T i€ S5 A4 B2 AR DX 1H] — AUABER) 2K (45K
W43 T, B 58 R AN T7 58 IR K £ S R AH N U T B2 CR,
(i=1,2,...,m), M HCR, Wl T F 2 BT D%
{F#EZ, Bl Pro(D|z;) = CR,.

step4: TF 5 1 B B R AH. MR HE = (13) ~ (15), £
Ji step 2 JT 7 (4 45 2K bR HURE BE 5 step 3 T 45 B 1 2%
FRE 2R, 3R A3 R % AT 30 0 B 191 B 45 2K 1
EL(A.|z;)(e = P,B,N;i=1,2,...,m).

step 5: SRIUHEFPAH. 24K H g 1IN, R4 [X (8] —
RBOM & HE e, v A 7 R R BURE 4L
B HE AR 2R FH S 2 B, AR i X ] — ZRROR T R
FEHER, v AN 7 2 B BB B R AB BT R S

1H.

step 6: F| P YL SFEHL ). 47 step 52K FH X 7] — AL
BHZH G AR PP 77 1R 5E J7 S HR AR, DR s R S R0 0
P1,B1, N 1VHREA T AT E 1 IX 358 75 step 5K H
X 1) = RYABORA W] 6 P 7 v o 7 SR HE A, )
MR R SRR P2, B2, N 2 B J7 A& I X
1.

4  EHH53Hr
41 HHPITE

Bl B IF R HETAE S TR E ATt &
jﬁ,ﬁ’%uj‘jzlx 22~ 23~ Z4}FD Z5-XTJL3:I7‘|‘%Iﬁ H E/‘Jﬂz
W, 5 B2 R S AN EN, 43 0 A BRI BE T o1, iB £ RE T
co, PS5 AN & TR VR c3, HE 2 TTHRRE /T e, R B BT
BRBE ST o5 — MR UL, W R R i fE 4 — AN I H,
fif 14 — SR AL 2 i 2 — DN E T E,
M 2= 25 AT 7 ok — S F 2. X F — 2L H, R vl
DURHUZEIRAT 8. dhiy, PR R EEEEZE L,
A Redt — AR ek, @ LA A B, v DL TR
I H B8R E AR =k al i, 78 X [A) — B RBOR 28 5%
T, R L SR _EIA 5N HE R 2 4 Fros BB TR
(X [) — B ASORA HOeh B A T H 24T VP AS, M T Nk
SHRRIIX A ZMERHGEE RS HRSBA,U =
{z1,22, 23,24, 25}, AT = {1, 2,03, ¢4, ¢}, DB
(RS A T IX ) — BSR40 3% 5 1) J@ A m) A
BRw = (0.2,0.25,0.2,0.2,0.15). 7E TR H $# %
VPl A, X A FRES 2 = {D,-D}, £ D
NZIUH A IE, -D R R H N ZIUH . BUH
21 =1,2,3,4,5) ATENEEIL N A = {Ap, Ap, An'},
Ho Ap RoRI HAESH T, Ap R0l B 75 2t —
W, An Ron T H AMEAR BT X 8] = B0
HE SRR 6 M R R AL, 73 N Apps Apps
Anp~Apn~Apn ANN.EEPI App~App *nANP%
NI IR E B, 5350 R HUT B B B IR DL K&
ANHE BRI BTl R B4 R AE; Apn s Apy BT Ayy R
NI E N ZE R E B, 5350 R BT B B AEIR DL K
ANFE T Py R BURAE. X T TR E D E, &
Flid B 5 4250 H R 4 s B X (8] = BB 2
SRV IX 5N H R AR, 25 tH 1 5 10 R fE A R
[Aeo], (@ = P,B,N; o = P, N) i 6 fiiR.

x4 IBSHREREXRNARXE = BRI
BT X 18] — A B 5

R

AEH AR (VL) ((0,0,0,0.1; 1), (0,0, 0,0.05; 0.9))
fiK (L) ((0,0.1,0.15,0.3; 1), (0.05,0.1,0.1,0.2;0.9))
#1F (ML) ((0.15,0.3,0.35,0.5; 1), (0.2,0.25,0.3,0.4;0.9))
o (M) ((0.3,0.5,0.55,0.7; 1), (0.4,0.45,0.5, 0.6 0.9))
o1 | (MH) ((0.5,0.7,0.75,0.9; 1), (0.6, 0.65, 0.7, 0.85; 0.9))
& (H) ((0.7,0.9,0.95, 1; 1), (0.8, 0.85, 0.9, 0.95; 0.9))
e (VH) ((09,1,1,1;1),(0.95,1, 1, 1;0.9))




1354 ¥ % 5 & K #37%
*k5 IBEREEM = 0.333 30 53T 0] 58 HE 7 1 X JR] — B AR R =
o . . . S YT AR TR R TR S, B 7 K 2 BT
s VH M H MH H Pos(D); i 2o 525 T Bou(D); T E 2z Sz BT
2 H MH ML M M Neg(D).
z3 H M H H L
24 VH VH ML MH ML 4.2 XTEEoth
VR MM MR MW SJAIE A S HH 7 SR 0 AT 4 A 2,
*R6 KA SCHR 13, 28-29] (5 AR D A9 1. Jg T L, 7E )
App App Anp Apn Apn Ann FH SCHR [13] B 77 VA 5 R SR U RIT, 43 B e 26 A Ak
R L M MH MH M ML TGRS T LTS B B 2R DL R SCR [15] 57k

MR A SR (7 2R A ) 1, 3% T 41 A R
FIDXIE) R =R TTE (B = & = &

il 52 F 25 AR R AN TR VR I GRS 45 R AR 7 Py
zi

®7T TRIFBEHREKEGR

Jiik

S8

GRS HE P

BT AL A HET 10 DX R) RO = 3 P s vk

§1=¢8=¢3=0.3333

z4 €Pos(D), za, 25 € Bou(D), 21, z3 € Neg(D)
24> 25> 22>21>23

z4 €Pos(D), z2, z5 € Bou(D), z1, z3 € Neg(D)

FET AT A8 HE T B IX 18] BRI = 3 sk ik ¥
24> 25> 22> 21> 23
p = 1 (W) 22, 24, 25 €EPos(D), z1, z3 € Neg(D).
SCHR [13] BTV (B2 R 5 A SC Al [A]) p = 0.5 () 24 €Pos(D), z2, z5 € Bou(D), 21, z3 € Neg(D)
p=0 (K%) 22, 24, 25 € Bou(D), 21, z3 € Neg(D)
p = 1({ki#f) z4, 25 €Pos(D), z1, 22, z3 € Neg(D)
SRR [13] F 7715 (F % 3CHR [15] AOAR ISR 26 AE AR ) p = 0.5(F k) 24 €Pos(D), 2, z5 € Bou(D), 21, 23 € Neg(D)
p = 0(KE) 22, 24, 25 € Bou(D), z1, z3 € Neg(D)
Ifﬁk [28] E‘]?i‘/jé % Z4 >Z5 >212 >Zl >213
Ifﬁk [29] 54]73—‘/2 % Z4 =25 >Zz >251 >Z3

B IR 2 A 7 0] LAE e AR SO R T A
7738 RS R AT o 1 DA Bz F 26 HE T 7 ),
ARSI T T 8 HE T 52 AR SCHR [13] 51 (A
B e ) 75 21 7R () AR R SRR AR SO 2 T AL
Hi 51 (XU RS s A0SR [13] 14 77925 RV PR %
IR 453 30 1 AH [R]85 A ST B b ke S 07V 5
SCHR (28] 1 75 1A AR 21 7 A [R] FRHE P 45 5 AR SCH P
PRSR T 165 SCHk (291 77648 2 7 LA F B HE
g5 PRI, AR SR 1 R A . S A, 5 R
[13,28-29] ) 75 ¥EAH bb, AR SCHE H ) 5 vE B A U AR
A

1) SCHR [28-29] H 75 ¥4 5 B R 5k 8 2 WA o A
T AN TR [13] B9 7 1 TCvE 3R 07 R 7 45
BARSCERT CARIHR 7 RIHE T 5 7 K45 R

2) SCHR [29] 77 ¥ R F VIKOR X 77 & i 47 4
JF, TREX S TR 20 57 R 25 LS. AT EFRIH
IREIIR AT BT 78 7 S I HE T 45 3L, RERB [X 73 5 % 24
575 % 25 RS, A U T SCHR [29] 75351 9] 8.

3) SCHR [13] (77535 T 25 PR R SR O 0 AR 4%, Bk
Z 35 IVE S AT R AR ST VE R F K 8 R B A A

BV R AW, 1 BT IR T A A 28 5E )
PR,

4) SCHR [13] 7646 T 00 HE R 32 1l _E 32 1 i 07 1%
AR S AT A 765 2 18 AR Ao 2 . (X [A) — AYRER
SHAHE RS R0 B ARAR 70 28 2 A IR 22 53, T LA
AT Z RS B
5 & @

ARSOHG PSR AR 5 X ) BB 45 & 42
T R T X ] AR e SRR B F) = S e o
5. DAY SRR 45 e 4 5k A (X ) — R ROR A
0 A S 1, A X ) — 25 BSR B 11033 S0 ), 2
ST X ) RO T SRR T SR R SRS 7E
[X 1) — ZR RO v SRR 2 R RS PR T
TR A2 M 1 X 7] — AR /N B v, B L IX [
IR A A HE 7 TR T B 7 v B R HE
7 1, AR IR R % 1 B S L 4 5 e RS2 P
SEMIN. 25, £ B X 1] — FOBOH e S5 e, 1 X
i) — RUREHA IR €0 S 40 BT, 412 L 2 ML 5 2% PE R
PPNV, TR LRI L, 4 RN T X ] YRR
Ve SRR R 10 = S P S, K A v A
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Eﬁ, o T FRf#E, THEREER: N KA i YN =i with decision-theoretic rough sets[J]. Information

A WP, A RO R T 45 AR X TA) — R AR
By FRAFBERAG 2 58 AR RN X A) — RO = 32 bk
SRR L, 2 6F X [] — FR R ok SR AT 1 5 R R,
DNTIETE P SRS SR SR 1R (7 1. AR ARSR BT AT
w1, 2 RO I B Y 1) = SR SRS R N Y 307 i S B A
FHVPAR LA FL RS PPAG 121 DL A 23 ) 2 144
SR
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