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Application of exponential hesitation fuzzy entropy in multi-attribute
decision making

WANG Yong-bingt, MIAO Miao
(School of Mathematics and Physics, Anqing Normal University, Anqging 246013, China)

Abstract: This paper develops an exponential hesitation fuzzy entropy, and gives a hesitant fuzzy multi-attribute decision-
making model based on the entropy weight method. Firstly, an axiomatic definition of exponential hesitant fuzzy element
entropy and an exponential hesitation fuzzy element entropy measure formula are proposed. And the exponential hesitation
fuzzy element entropy measure formula satisfying the four criteria in the axiomatic definition is proved. Furthermore, the
entropy definition and entropy measure formula of hesitant fuzzy sets are derived, and it is proved that the exponential
hesitant fuzzy set entropy measure formula also satisfys the four criteria in the axiomatic definition. The exponential
hesitation fuzzy entropy is compared with the existing hesitation fuzzy entropy measure formula. The results show
that the proposed exponential hesitation fuzzy entropy is more completely determine the fuzziness of hesitation fuzzy
value. Finally, the exponential hesitant fuzzy entropy measure formula is applied to the hesitant fuzzy multi-attribute
decision-making model, and an example of supplier selection is given to illustrate the effectiveness and practicability of
the proposed exponential hesitation fuzzy entropy.
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1 FERIR

E X152 #FHX—NER
{z,ha(x))z € X} NX BRI — A% B4
(hesitant fuzzy set, HFS), HH1 h 4 (z) A2 [0, 1] H— 244
BERES, BTG Rs KT RS AN — S R H)E
FERE, IR ha(x) = h(x) N—DILEHER I (hesitant
fuzzy element, HFE).
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Dhi(z)Uhe(z) = {y € h(z)Uh2(z)ly 2
max(hy (), hy ())};

N

2)hy(x) N ha(z) = {v € hi(z) NV ha(z)ly
min(hf (x), b3 (x))};
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K Z, BT Hi 9T HFE )iz 5y )

) h(z)* = y ){v*}
2) Mh(z) = LhJ( ){1 — (1=}
3) hi(z) © ha(x) = U {n+7 -
Yy1€h1(x),y2€h2(x)
Y172}
4) hi(z) @ hy(x) = U {7172}

Y1€h1(2),y2€h2(T)
4 hi(z)(i = 1,2,...,n) AHFE, | Liao 523 25

Han T HE
5 & @)= U
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n
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=1
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6) Q—%l hi(z) =
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h‘l = {710(1) 710(2)7 cee 7710(’”)}7
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h = {0}8ih = {1}, E(h) = 0; (B2) % v.0u) +
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(E3) E(h) = E(h%); (E4) #727® 4 770D <1
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. *% > |v1—0.5] *% > [v2—0.5]
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e e,U\ﬁﬁ l%h | , B

Sy =1 =1(h). M0 < |2y — 1| < LMV € b
YyEh
12y — 1| =1. TRy =08y = 1,80y = {0, 1}.

(B2) 7otk
4h = {0.5} i, BRA

e~ 210.5-0.5] _ 1 1— l
new 1 1
1—-— 1— -
e e
B, 2
2> Iv-0s5] 1
e ~YEh -
Epew(h) = T € =1,
]_ _
e
-2 3 |y—0.5| )
e e =1 ﬁﬁu—jz:w — 0.5 = 0,8
YER
v = 0.5.
(E3) E(h) = E(h¢) BA8 L.
. *% >° Iv1—0.5| *% 32 |v2—0.5]|
(E4) *He mch <e "k I
-2 3 Im—0.5] 1
e Y1€R .
Enewl(h) = 1 S g
1— =
e
-2 3 |72—-0.5] 1
e Yo €h _
1 € = Enew2(h)~
1— =

€
L, Erew (R) 2 2 L4 4 56 HE N, B Epey (h) N
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(E3) E(A) = E(A°);
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| E(A) < E(B).

LA R — MR o, Wk %
BB 4 95 18 40 9 M0 BR SR G (10, T2 e LS IR AK
HE X 4.

EI2 WX RGEN—ANETES A= {(2,
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é\
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I
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1 2105 1(h)
o :1( £0.5-0.5) 1 1— 1 1 Z [sin (Vo (s) + '70(l(h)fz+1))+
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1-= 1- -
€ € (2 — o(i) = o —1
B, sn 20 St sen) )
FECR g hos) 1 Ey(h) -
! _ c _
Eew(h) = - T =1 ) 1 g:) |:ho-(j) 4 pol—j+1) .
€ l(h)In2 & 2
i, B j=1
1 _2 _ a(j) o(l(h)—j+1)
FirbA 9 _ hol) — po(i=i+1) 9 _ po@@) _ pol—i+1)
1 & 2 n
72 _7Z|Py—05‘):0’ /v/rl:l2/\‘ JESSN ~2‘ +
n it HA &[5 0 & 5w 4. TR R L&
1%7 —05 1~ 3.
(E3)  E(A) = E(A°) 2L R1 ATRBRMEIHEER ()
135 (-2 2 e, -05))
o =t Yoy €hi < Eaew(h) 1 0.4785 07132
) . Ei(h) 1 0.6000 0.8000
emjzl (—ijzghjl’y%—o 5\) Ea(h) . . |
’ Es(h) 1 1 1
WA
K2 AMIRBEMETESERQ
El/le(A) =
. ha = {0.4,0.5,0.6}  hs = {0.3,0.5,0.7}
L3 (-2 & he0sl)
o = Yo € _ =t Enow(h) 0.8025 0.6297
i € < Ei(h) 0.8667 0.7333
1-— p E5(h) 1 1
Es(h) 1 1
=8 (2 2 he-0sl) g
e 77 A - = 3 ATIRBEETESER Q)
1 ¢ = EI/’leWQ(B)'
1-2 he = {0.7,0.8,0.9}  hy = {0.7,0.9,0.95}
€
UL, B (A) 52 4 i 4 e, B E(A) Bnow(h) 0.2862 0.2036
. RN E1(h) 0.4000 03000
JNHFS AR AR, O Ea(h) 06279 04924
4 STERBBMTEA LR B omo

N T BB AR ST TR I R TR Y A
PR, AR R SOk [24] TR A X E (h)
PARSCRR [19] H AR TR A 2K B (h) F1 E5 (h) 43
AT ERIGR e, A

hy = {0.5}, hy = {0.3,0.7}, hs = {0.4,0.6},

hy = {0.4,0.5,0.6}, hs = {0.3,0.5,0.7},

he = {0.7,0.8,0.9}, hy = {0.7,0.9,0.95}.

PR L SR B AR A B 45 R AT 0T B A
I1(h)
2 .
Ey(h)=1—-—=Y |n7® 0.5,
1 i 2

Ey(h) =

RIEIMBER SRR R, TR~ K3
(25 FEAT LU, 0 4 IR ISR A X BT 13 45
(1A ) A FIA ] A

EIEID=E

1) R AR AR 05 00 8 AR 14 S, 3 AN IR BRI
TP T S5 R TRASRY 405 (6 40 72 23 AT £E [0, 1] %L
{8, BAE hy = {0.5} B, SRIGBR 55 0 1.

2) M h = heit, By (k) Es(h) A3 B M
BN 1,4k £ heBL WHFEhs = {0.7,0.8,
0.9} 8 h; = {0.7,0.9,0.95} B, F Ei(hs) > Ei(hz)
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3L W BB ot h 5 H b2 A,
Enew(h) F1 By (R) THEA RIS RAFIHL R 1.
ANTF] £
1) h = heB, THFEs, &
hy = {0.3,0.7}, hs = {0.4,0.6},
hy = {0.4,0.5,0.6}, hs = {0.3,0.5,0.7}.

BAR, by = h§(i = 2,3,4,5). NSRBI T HIFE
FEAB 53 A 1 DURF, E AT B BRASEHR J65 7 AN AH 5], A
oy Hrin

D H 5 SC2 51, R H {0.4) F1{0.6 ) FRIAR R 195 #5
LN T 0.5, HI AT 0, by BB FRAS0R0 65 1 52 /N T by
FIHEEZ AR 05, B 3 1, Bpew (h) A1 By (R) 545
PSRN

Q@ {EHFE hy = {0.4,0.5,0.6} H, #1 %7 {0.5) ()
BRI 9 1 AHARIE TR ha P 1 SR J& BEAB S L, ha T
TR L% KT by RPCTEBOR 68, AR 4 2 1 A 2
TR AR, Enew (h) M RERERF 61X —

Q HIE 2%, hy = {0.3,0.7} FIHERAEA I35 5
/N hy = {0.4,0.6} FIILTEBRE, BT A hs = {0.3,
0.5,0.7} KIS N/ T hy = {0.4,0.5,0.6}
ITEERINRS. R 2R UG H, Eyew (h) HITHELZ
RERFEIX 2K,

DX T h # heBIEN, WHFEs hg = {0.7,0.8,
0.9}, hy = {0.7,0.9,0.95}. 4R, he # hé, hr # he.
PR S 2 %, BRI 2 {095 11 45580 495 /N T AR R 2
{0.8} AR A, AT by O PL TSRS G R /N T b (1)
WGBS, SLbr b, i ER TR AL 3 Ei(he) >
E;(h)(i = 1,2,3), Enew(hs) > FEnew(hr). fHH T
ho~ he H IR S R 2 A R 2 AR 1P AR /) 1 8048, Pt A
h~ hy SETEZAEM M R 3T T 0. 1R 3 A1, Eyew(he)
= 0.2862, Fyew(hy) = 0.2036. 8k 4, HFEs hg -
HFEs hy F1 43 7] & A 55 J& B 0.8 F10.95, 1 45 8 %
{0.8} F1{0.95} HIRLHI 5 25 #&3 T 0, Al 1k, HFES hg
HFEs hy FIA AR AR Z2 R /. IR 3t )ik 5
ZERKE, Euew(h) BAFA LR EHL.

BT BB g M, AR SR H R 4R R TR R 6
Eew (h) #3583 7 PUILIEM S 1O R0,

5 ETHUERZ B UREn

XFHE—-ZRIERKE R, KA = {41, Ao, ...,
Ay N—HEIERTR, G = {G1,Gs, ..., G} Wik
TR EMNES. REEWEREE G RETRA
BEAT VRS, X LE PPl B A I TR TC 3R Dy A7
RS TR 7R (R A 1P Al R, U2 VA B AN HH B —

IR T4 RS () HAR AP IR,

step L: RIEFHRIBEREIEG = {G1,Ga, ..., G} X
BIRTTRA = {Ay, Ag, ..., A Y AT VRS, 45 HVRAY
HiPEH;; = (hij)(i=1,2,...,m,j=1,2,...,n). 1E
PR AR — 2 B B 28 A 1) Ras B 1,
UFE R R GT; 2) FsAs 2 T 1Ak, 0 /N R

step 2: F| F 20 (2) 7155 I A IR o i 48 £
WA, B E & T I )~ 2 (B R (3) B
Pt B & B AR G B B PR ).

step 3: HiL 485 Fi5 HOR L TS ASH 5 4 S J& M AL )
&, iFE AR

1 - E,

n— ZEj
j=1
step 4: B 7€ 1E S #EAR U7 %2, R 20 () 1HE % & ik

HESEMHEBTRAES. FHEETRNAT =

(R g, R0, BT RANAT = (h],hy,...,

h). Mg NGB EER, AT = 1,h] = 0,48

HNEAT B R, T = 0,h] = LEZTRSIE

SR AR T PR B AT IR vH A R

j=1 j=1

w; = i=1,2....n 4)

d=(4;) = ijd;j = ijd(hij, h;)7 (6)
=1 j=1

Hepi=1,2,...,m.
step 5: U1 5 8% 5 S A X 1 BEAR 5 5 AR X6 10
IR PR AR T
d=(A;
U = Gy s )
5 Je R AT B 1R /N 8 T R AT HE 7, s
ERYNWE S L
Bl FETTEZEAT AT — kP4 0= 0
HAFMERIE A (i = 1,2,3,4) B 1B (k£ ARYE
SEBRIE L, T B2 R S AN PEAN R AR B3 RUR (Gh), it
TERUR (Go), B 1 AW TR T (G3), "I BH 77 (Gy), PR
W 1R 55 2F B (Gs). v LR H, T 3 A B M A Js — A
JEME R R RY JE M, 2B 44 B I AR Y
step 1: {5 45 HH B TEOBERY) o S5 6 [ Gn 2 4 Py

i=1,2,....,m. (7

R
step 2: M 1 30 (2) T H BT A I FR AR 7 45 £k
RUOPEGASRIRA, TH 3 25 R S.
TSR IR, A
E =

1
1(0.478 5+0.6297 +0.4785+ 0.5516) = 0.5346.
[F] # T 15
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T4 MIGAEHREIEE (1)
G Go Gs Gy Gs
Ay {0.2,0.4,0.7} {0.1,0.2,0.5,0.7} {0.2,0.3,0.5,0.7,0.8} {0.1,0.4,0.6} {0.4,0.5,0.6}
Ay {0.4,0.6,0.7} {0.1,0.2,0.4,0.6} {0.3,0.4,0.6,0.8,0.9} {0.1,0.2,0.4} {0.3,0.5,0.7}
As {0.2,0.3,0.6} {0.3,0.4,0.5,0.9} {0.2,0.4,0.6,0.7,0.8} {0.3,0.4,0.8} {0.1,0.5,0.9}
Ay {0.2,0.3,0.5} {0.2,0.3,0.5,0.7} {0.4,0.6,0.7,0.8,0.9} {0.1,0.2,0.7} {0.2,0.5,0.8}
%S5 éﬂgffifﬁ}i)}&m%ﬁlﬁ@) wsy = 0.2027, wy = 0.2113,
G1 G2 G3 Gy Gs wy = 0.234 87 Wy = 0.169 8.
A 04785 04267 04785 04785 05025 step 4: B 5 IE S B AE Iy . L A1R0 3 A HE A2
Ao 0.6297 04267 04369 03461 0.6297 E#/[\y‘j ?ﬁfﬁﬂ}%ﬁ, % 4/I\Ell~iy\j}ﬁ2':)jg)%ﬂri’
As 0.4785 0.5328 04785 04785 0.3461 JHZ ?I:EJI:EIJIE@ IE*EIT%%%
Ay 0.5516 0.5328 04369 0.2862 0.4785
AT = ({17 1, 1}7 {17 1,1, 1}7 {17 1,1,1, 1},
F, =04798, E5 =0.4577, {0,0,0},{1,1,1}),
E4 = 0.397 3’ E5 = 0.5642. A" = ({07 07 0}7 {07 07 07 0}7 {07 07 0) 07 0}7
step 3: F A 20 (4) 1 € J@ PEBLEE, W45 {1,1,1},{0,0,0}).
1—FE;
wy = = (0.181 3. I 1 T RS IENBEAETZEK
e Vo ey sy sy RSO RS G R RS E AR RN
BRI R YIS
=6 MIBAEMIRIRIERE (3)
df; df d df, dk d; d, diy dy, dig
Aq 0.5667 0.6250 0.5000 0.3667 0.5000 0.4333 0.3750 0.5000 0.6333 0.5000
Ao 0.4333 0.6750 0.4000 0.2333 0.5000 0.5667 0.3250 0.6000 0.7667 0.5000
Asz 0.6333 04750 0.4600 0.5000 0.5000 0.3667 0.5250 0.5400 0.5000 0.5000
Ay 0.6667 0.5750 0.3200 0.3333 0.5000 0.3333 0.4250 0.6800 0.6667 0.5000

MG A 6) T & T7 R 5 IE T R
InREE B, A
dT(A;) =0.1813 x 0.566 7 + 0.202 7 x 0.625 0+
0.2113 x 0.5000 4 0.2348 x 0.366 7+
0.1698 x 0.5000 = 0.506 1.
[Fi) 2 [ 45
d*(Ay) =0.4396, d*(As) = 0.5106,
dt(As) = 0.468 2;
d=(A;) =0.4938, d~(A,) = 0.560 3,
d=(As) =0.4893, d~(A;) = 0.5317.
step 5: F 3 (7) THEL 07 AR T IEBRAR T 56
R AF X W T B, A
S(Ar) =
[Fi) 2 AT 45
S(As) = 0.5603, S(As) =0.4893, S(A4) = 0.5317.

d=(Ay)

= 0.4938.
d+(Ay) +d=(4)

R 5307 1 K /N 2 BA R HE
S(Ay) > S(As) = S(Ar) > S(As),

TREAN T RETERAN Ay = Ay = Ay = A, B
ARSI 2 Ao,
A Q) B % 8 1 1 48 B B 4
955, W H S AR S i . RS 8 M step 2 B AE K
step2: M X 3) B HE & B IR EAIN B
BRI, W H 5 45 5

B} (G1) = 05328, E.,(G2) = 0.4785,
E' . (G3) = 04575, E!_(G4) = 0.3937,
E'_.(G5) = 0.5516.

step3’: A1 H = (4) 1 52 J@ AL
1- Erllew(Gl)

wy = =0.1807.

o 5
5 — Z Erllew(Gi)
i=1
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[F] 34 m] 15
wy = 0.2017, ws = 0.2098,
wy = 0.2345, ws = 0.1734.
stepd’: 1 7 I 7 BRAR 77 2. C T 34 1t Al i
JG— AN R B, 5 4 T8 1t D AR T 1,
I, 13 3 BAR T S
At = ({1,1,1},{1,1,1,1},{1,1,1,1,1},
{0,0,0},{1,1,1}),
A~ = ({0,0,0},{0,0,0,0},{0,0,0,0,0},
{1,1,1},{0,0,0}).
MR Q) TR & &ETT 25 1E R AR T R ER
2, 4R k6.
M G) M 6)THE & TR 5 IE AT R
TR 55
dT(A;) =0.1807 x 0.566 7 + 0.201 7 x 0.625 0+
0.2098 x 0.5000 + 0.234 5 x 0.366 7+
0.1734 x 0.5000 = 0.506 1.
[F] 3 m] 15
d*(Ay) =0.4398, dT(A3) = 0.5107,
d*(Ay) = 0.4684;
d~(Ay) =0.4940, d~(As) = 0.560 3,
d™(As) =0.4894, d (Ay) = 0.5317.
step5’: M (7) THEL &7 SARXS T IEF AT %
FRRE RS 3 5

- d_(Al) o
S(Ay) = A+ d (A = 0.496 2.
EEEt

S(Ay) = 0.5602, S(As) = 0.4894, S(A4) = 0.5316.

AR A UG 3T 2 1 K /NS 21 DL HE:

S(Ay) > S(Ay) > S(A1) > S(As),
TRBEAMNTRAFERIIN A = Ay = A] = As,
R B AR B 7 RIL A2 A,

EG 843 B: 35 AT R F SCHR [16] H B0 T4 B8 Jil
A3 E(R)SRISCHR [25] H B AR A X Er(h)
K HS, MR B gl B an 7 AT s,

x7 FRAAERRBARNTESINHIFER

T
Enew(h) A2 - A4 - Al - Ad
E ()] Ay = Ay = A1 = As
Er(h) Ag = Ay = Az = Ay

AT R 4 SRR 07 A 95 0 RN 45 A
& 5 e P 7 AT LRI, 32 F 3 FOAS [R] e 4 i 5
SR 25 A PERE B B T 7= AR R, R 25 & M e B e
(17 dl #R A A, IX U6 B A ST T B HE [ 48 BB 7 A5
WA R AT, AT, E(h) O i R s
NS = R Sk W |= 7 = GUN =5 Ul Rl =B N[
TSR ERAE. 0 Ep(h) V5 B 45 R A AN R, X 2 K
N Ep (h) (ETH SRR 70 105 (B I, T2 fA7 S L
I RE L i A N R AN - B A
(IR G 5, (AT 4 SR R A 8. b4, 25 R SC
BR 1191 1) By (h) 1 Es(h) Rk, W & 1 G FT ot
(A TR 7T A R AR5 250 9 1, 1 4576 1% wh st
e, @ G BB 44N 0, U 7E Y S A2 P i
JaR 5 Ak G S B S A VR 4
6 4 W

AR SCER T B (1) — e AR It (005 4 A7 AE
F i A, B HE T R TR AR A BN S S M T
e AR TR AT A0 I B A 2 SR S 1 O TR A
0B (V0005 5 SO B2 A 3, IR 4 48 BB BB R
55 B 10 FRBORA o 5 2 =0 o HLAA A
WNEGIEAT T X EC AT, o T 5 SR AT DL H, R S0
WETRASRI I B35 2 T AT A RSR 95 1 A B K s S
AR HE DU, SRE A P — SRR R [ A TR AR . (R 5 vl
R DR IH, A ST T i R TSR 98 R B o
b B A TSR T RSO, I 5 36 T A A 4R
WEE. a8 AR BT T PR EBIR AR
85 B0 A 20k R S P
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