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A review of numerical solutions of variable-order fractional differential
equations

SUN Bao't, ZHANG Wen-chao®, LI Zhan-long?, FAN Kai'

(1. School of Applied Science, Taiyuan University of Science and Technology, Taiyuan 030024, China; 2. School of
Mechanical Engineering, Taiyuan University of Science and Technology, Taiyuan 030024, China)

Abstract: In recent years, fractional calculus as a tool has been widely used in various fields of engineering. Compared
with the constant order fractional calculus operator, the variable order fractional calculus operator can describe the physical
properties of complex systems more accurately. As a powerful mathematical tool, the variable order fractional calculus
modeling provides convenience for engineering modeling. On the basis of previous excellent research results, combined
with the research results of domestic and foreign scholars in recent years, this paper makes a comprehensive review of
the research of variable fractional calculus equations. The variable-order fractional differential equations (VO-FDEs),
the variable-order time fractional convection-diffusion equations (VOTFC-DEs), the variable-order fractional reaction-
diffusion equations (VOTFR-DEj5), the variable-order fractional integral-differential equations (VO-FIDEs), the variable-
order delay fractional differential equations (VO-DFDEs) and the variable-order fractional optimal control problems (V-
FOCPs) are taken as the main research objects, which are introduced from several aspects of variable fractional calculus
operator related definitions, models, numerical solutions and applications in engineering. It is found that most of
the algorithms in recent years are based on polynomial algorithms, which can realize the transformation of variable
order differential equations to algebraic equations by constructing different operation matrices. This review can provide
reference for researchers in related fields.

Keywords: variable-order fractional calculus; fractional calculus; numerical solution; optimal control; existence and
uniqueness; polynomial algorithm
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SKAR— AW 73 B -9 HOT R
32 TRV RE-A#HE
B BB R R AR B H N )

() — AR5 B sl 20 7 2, 3 R R AR A 2 rh
(RIPARPIT A% AR A, N BB R AR A 20 R B T it 18
DA N AR AR B 2 b R A0 2 IO, (E 28 L3 B 8
Hh O BT R Rk U R R At ) 2
T RER IR, — M AR 43 B I R) 97 17 R 7 an
T

§ DY = dugy (@, t) = f(x,0),  (12)

u(z,0) = @o(z), x € £2. (13)
0 < at) < 1, FREA) AR EOIRE 241 <
alt) < 25, 5 (12) Ry #0518, HAIME R

uy(x,t)]i—0 = p1(x),x € £2.
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Ahmadinia &% 3£ T 7% 8] J&) A 3% £ Galerkin
VRN 6] A R 22 2 BR B T — Fh 78 & B UK =)
A 1% 4 Galerkin A% R SR #8579 HOM S
BRI AR 73 H B 54y 77 B8 B BB AR, R IE I T IR R
A BT A WSCSIGE 2 43 38 O (RFFL + Ag2—atn))
1 O(h*+1 + At). Dehestani 65! DL Lucas % /NI B
FOME 1 1) 14 3z 5500 B O B Aill, % Caputo & UK
B R AT 8RR AR 7 BB S M- T R R AT K AR, I
T4 R ZE AN B AE B T R B A U
Kumar %5521 7% Gegenbauer /) % [ 2 fith I, F1| FH A8 By
) Gegenbauer /N iz S FE SR 1 I 2 73 b 4R 46
PE SR BT FE AN AR G At A i AN AL~ 4 O 12
Pandey %153 % T 28 5 95 Chebyshev £ 1l = 1) /& A2
B Chebyshev it & V%, K it 1 — 2K & 1 Mittag-lefHler
AR 2 AR 3 B I B4 BT 7.

33 THBMRS-HaRE

A5 B AR 3 - 3 7 AR B — o X an

Da(t)u(x)—l—j: u(t)dt + b(z)u' (x) + c(x)u(z) = f(x).
(14)

B 5 735 3 B o 2 T R B o 0 5 3,
W A28 B TAEIAE FE R Bl b kAT oo, )\
T SR — LL N B 2% 1R 38 43 BB SRR 43 J7 72 % T
VO-FIDEs, i1 T-1X J 77 & i & A 70 i AR 70 551 01,
X IX 2R 77 RREAE SR AR T S0 AN AR 7 S5 2
T ASF AL #E. Doha %554 7F Legendre Gauss-Lobatto
SR LA B 3R 7 — MR £ Legendre  Gauss-
Lobatto it & 2%, F T 3K fif B A WIME 5% 1F 80 HE R i
5 I AZ B 43 BT Volterra B2 73~ 43 J7 #5. Babaei
ZEBS HE T 7 25 6 95 Chebyshev 2 171 X 1) 48 [ 73 2o
TS A B, FER A B B R — R AR A AR 4 2L
B — R AR -Ador 5 R A N AR S E R EOT R A [
4, Babaei 551561 18 1o 100 XU 20 A 7 B 2 2 A 4B U7 V%
Xof SR T Coimbra 8 AR i 73 Kb £ DL S 5 4% O AR
43 T, FF R F 25 T B4R B 4 AU B O 1) Sine T
BRSPS A (AR AT B, TSR AR 2 4 T (AR
I3 B AR o3 -5y 7 R BB % . Dehestani 55007 g
T3 BB Genocchi bR IE sk S T 20 BB AL 4>
A 53 1 O 38 S50 B, F T 38 3 A8 B 43 H B i AR
J7 F. Agarwal %08 7E #2471 Vieta-Fibonacci % Tz [
FERlh b, R 3 (0 A2 oy B O o) s SRR B, IR S A
Tau J5 %43 | VO-FIDE [l (i) 5UE A, Bk 1 1% 0535
[13E F PE RN HERR PE. Heydaril 3 T —Fh 2t TR 47
Chebyshev R 1) 4 26 11 22 B 0 BB — AR 73 O 2
A THE 5 FE. Ray® O HE S T —4E 7 1) Legendre

NS B R, BT AR AR Ay B R 4 B, SR A
AE o B AR 7 T AR
34 BEFEDEMHSHIE

N 5090 7 R A — SRR IR IR ELAG IV PR A 4 T
2, BIPE 3 — I 220 2R o B0 1) 5 02 T — I 20 2
B AT RN, FLAD YR T DAIE 3 21 19 120 20 4FAR61.

Xof T I A2 3 BB 73 J7 A, Yaghoobi 251621 2
7 — P T = ORE SR AT 1) B B It ) v R
W R T SRR — 2 A 2 At AR B I i 4 B T
T, HIGUE T 1% 7 1 B HERf M AT 2501 . Maleki 55063
HESH T — PSR AR A 28 1178 2 B B 7 FE ) % 20
fiC & V2. Zadiga-Aguilar Y $EH T —Fh BT 04
A TR 43 JEAS 52 3R Lagrange 22 T 348 18 A0 A28 43 20
i EE s i 20 FE B . Sweilam S5O HE H T —
B 22 ) ZE AR B SN AR B e AR Y, I ad o T - A
1E V2 F FL Y Adams-Moulton 72 X 12 455 4 3547 BUE 1
Ft.. Sweilam S50 R H AR NIAL T 3506 BI- 22 40 92:%F
— R 4 B AT LU AR ZEIR ) AZ B Burgers 7 FEREAT
I, 45 BRI TT 15 A 2. El-Sayed 07 2 H T
— T IR AL Jacobi ig B, F T 3R — K 2 0
I3 A IR TR, A

Z aijj(t)u(t) +appu(t—1) =
j=1

F(t,u(t), D", D= . D u(t —1)). (15)
WA ZRAT N
U(t) = g(t)’ te [_7—7 0}7 U(O) = Uop- (16)
H g, eR(G=1,2,...,n+1),a,01 #0,0< T,
DX Wyt)(j =1,2,...,n) A Caputo & X F 175 4>
o S48
B J5 , Khodabandehlo S5 68012 By HET™ 21 5K il
— R SAELR AR I A LAY T R, 45 AR BZ
] F TSR R A 2 T AR B i k40 R
4 TREFHERER 25 E e
TR J TRERF 403, 53 H5B 428 i 2 18 AH X 3¢
BT, AR 23 B B A s ) 10 A 8 L Y 4 BB B AT
s ) ) A O H AR B o B B A 4
) R B I 78 22 N —4E RN 4R B4 1a) .
—2EAR 43 B i A ) 1) ] R AR
min J{u] = [ F(t,2(), u(t))dt.
XL AR 3 B RGN
CpeDy(t) = Gt a(t),ut), n—1 < at) < n.
(18)

(17
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YRR o B B DA R ) R T Rk Oy R T A
min J[u,v] = jol jol F(z,t,u(x,t),v(z,t))dzdt.
(19)
Xf L AR B 3 B e 7> 3R 48N
§ D7 ua, 1) =
Gz, t,u(z, t), us(z, t), ug(z, t),
Uz (2, 1), v(2, 1)), 1 < afz,t) < 2. (20)

B b — 4 B B A,
Heydari 270 & Hy T — F 3% T Legendre /N 71 5
77, 78 Riemann-Liouville & 3N HAZ B 73 B AR
I IB SRR AL 7 b 31 1 B GE A N T SR
fl FRL AR 2 MEAREOT RE A, 45 R W, %07 VR0 T 3K i
AR oy B S Az 40 A Rk AE UL RRAE |, Heydari
ST FaR T7 VR N TR il — 28 YR R 2 AR B
I3 B R e A ) ] e, 5 SR AR W% T I A e T
T YEAR B A A AR ) ) R SR AR B S, Heydari 4572
J= T Taylor 20 U — 24 A8 B £ A0 4% 1) 0] 230 ) oK At
2 XK. Heydari 2573 7F Lucas 2 101 X 1) 3£ il _F
Wit T — LA 5%, FH R SRR VO 73 BB 0 -4
AL 7 15, Hassani S804 K 3 T — 2898 1 7 X AL
Legendre % T AAE 5 bR 4, XF— 28 B R4 AR By
Iy B E MG ) FEBEAT T BT, Sweilam S5 HTIEAR
SRR T VEAN T SRR T R0 — R B A I AR
B KA Tl o0 R R P g e 42 1) ) AT SRAE, 5 Y
FhRLVE I 25 AT LR X T 28 B 43 B TR 43 1
T 5E I A LR TAR SR ) 22> U7 1), X B AN EAT
FEORTEANRI 41,

5 4 &

AR SO JUAR A R AR I 70 B AR 23 T T2 1)
BUE M AT T 2531&, L HH Riemann-Liouville. Caputo-
Griinwald-Letnikov . Atangana-Baleanu-Caputo. Caputo
-Fabrizio. Heydari-Hosseininia 7= 3 #4573 20 i ok
I3 BT FITAL S B AR B 23 BB S o3 D R AR B I T 23
-5 O AR 7> B OB -5 O R AR
A QT 1 A AT N I L S G
A5y Bz BR AL T R DA KR 4y H i B s R
FEHF TS R, ORI, B TR T AR 2 A G
i) R P 5 M SRR T 9T AR b T 22 U GE T SN
Gy MR b R A B — S8 FH I 22 TS, G Jacobi
Legendre. Fibonacci~ Lucas 5. 7E M4 @i
HH AN [ 11 32 5 B SR Ak 380 77 R v 1R AR B 0 B A7
T, I Sl Ak 7 R a5, 15 7 R O EUE

AR 43 B B B B ARSI, BE g F B

b BB R S AR MR IR B T2 R 4B A
R, ICHIE XS TR ARG A 7 BB 53 J7 2 SR &
Gr AR, BT A2 70 B S5 R ) AR e B, A4S AR
A G = N T ST NI PPN
I0 T SR ff e B, DU IR X T M b A I i 9, 7R B
B2 W BR ) 2%, O HMESRAS AR EL 2 R, AR B 40 BB 1k
3 TT R EUE VR R A B R T AR AL 7
T, X e ARy FE AR AR 8@ A R, S0 AN [R1 R AL R AR iy
G3 BN 5 RS, an o] 75 J A B Al b R
A RCHAT H 7 PR A g H FTRIE 7T B B R
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