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Analytic solutions to the optimal design for fast consensus of low-order
multi-agent systems

DAI Jia-hao, YI Jing-wen', CHAI Li

(Engineering Research Center of Metallurgical Automation and Measurement Technology, Wuhan University of Science
and Technology, Wuhan 430081, China)

Abstract: A large class of multi-agent systems can be described by second-order and third-order models in practical
applications. This paper consider the consensus and the optimization problem of the convergence rate of second-order
and third-order multi-agent systems under undirected topologies. A constant control protocol is applied to discrete-time
agents. Firstly, a necessary and sufficient condition for consensus is presented, as well as the explicit formula of the
consensus state. Then, the problem of accelerated consensus is transformed into the optimization problem of convergence
rate. Explicit formulas for the optimal convergence rate and control gains of second-order and third-order multi-agent
systems are obtained by applying the Routh criterion. Finally, simulation examples are given to illustrate the effectiveness
of the theoretical results.

Keywords: multi-agent system; low-order; consensus; optimization; convergence rate; Routh criterion

0 5 &

AR, 28 Bk R G BEEAT IR T V% 3%
(9 0, A HAE AT B T2 R, 4 A R
B R A S — A T s b R B R % R e
Th RGIBEBAT AT IE A 2 — 160, — ke o
22 %80 B 43 A 2 150 42 ) 010 — AN 6 AR ol L, A e 1%
i 5 5 A S B S ) PR 2R s 5 L A0 2 1 0 £
BT E P, AR T B AR R AR B8
T AR 90 4 R 2 1 SR R G (1 R [, —
OV 1) JE A 9 TT R B0 9t R L2 B dR b

s HER: 2021-01-25; A BHj: 2021-07-05.

EEWH: ExEREIAESTE (61625305, 61701355).

RERE: EUR.
VA IA/ES . E-mail: yijingwen@wust.edu.cn.

O — R, A I SE R — SO SR 1 — B
PENOL BEAL — B AR L R e il — Bl 4%
e S5 B A — Bk M K — A SR IR Y
B REVR B 152 70 9 B ORI 82 1) 75 100, WL S L 1
WP FT 50 D3 SR 18] s — Sk S35 M 2 U A i
— BV b 2 B R A RGN E — BRI W
2 BT AL B U 8] R 24T B, SRR TR 2 E
R 7N memory! ™ AN Y L 2K 22 T 21T 2% SR
[16] A P55 5 SRS Ui 8 1) AT 9T T — B 22 e A
ARG Bk ] B, 22 8 R A 0 2% FA Rk — B i



2544 = # 5 *x K %37 %
UG AR A I E O 2 1 22 T ise T I A, B T B i diag{d,,ds, ..., dn}. BIFE R ETAERE L 9— P 1E
S 1) 4 AR 2B [F) — B0 vk 1 o SR g 7 =X SEXTFRA R, A R 43 i

H A, P — ST e — i 2 B RE R R g
T 58 3. SEBR B A ¥ 2 R G000 %N\
KR 7 I ZFr DL m B R Bh 1 R IR 2
SHHEWI T = 2 8 Re R R g8 — EkN20 R Hlle s
RS SR [21] % 58 T LR R S IEOE
JE£, 38 3 56F 58 G0 A MR AR AR I AR 32 40, 45 H sk
TR AT DU R PRI SR A, SR [22] B8 T B B K
FRG PSSO B, TE X 28 0 40 PR AR A1 B %) S50 R0 i 08
I RVNR G, 45 R ) s A i 0 . SCHR (23] 7
T SR N (1] 7 B A0 R DX % Hh i Y — s s B
BT ] DL Ik 0 P R 2 St AT B UG B A BT R
R WAL ST B2 SRR [24] 75 B BN 8] = B AR 4 A R A
BATEREE TR B EA B R, 45t T —3
PEUSCSRZR I T F AR 4 A ) 1 A R e . SOk
[25] 7E SCHR [24] O FE Gt L, 38 31 SR 4% AC 8 Riceati 77 12
R —HEE R FERIG B2 7 — B SR T
Ft.

— REMLR TERETH A =28 6
I R G AT RR, inF SL s N2, To NS BART
T ol A% S A I 2 P8 55 U BT 2 B R AR R — B
PO KERE TS R AR A — R A ) 75 2L
fift R, AT B G AR Y iR AN IE I, B T RSk
B —FUHE B RES. B B — o2 B e U,
T 2 HCN [R) — o F0 =i 22 48 RE AR 2R G in sk — BUME R
FU S BB AT EE TAR N D) 45 il A Aa e
[RRAE 2 2 ReAA 2R G2 (1) — SICPE A O ad ik 23 i i B i
RREBEA K — B 2) BRI & RGLiE —5
PR B 7R Rk 20 B Be ik i R B HPIRAS 2 —
KENE I —FE 3) K i f =B Z ek RS
PRI — SO ] U A W SR B AR AL il L, R 5 B
S 6 75 1A% B B e — SRR AT SR 4 o 1 2 ) A
fitt.

1 P AR A R A
1.1 R#ER

Z B e A @ AE H— AN e B R R, 1Id
G=V,E A). HH:V = {vy,vq,..., o5} AT AEE,
ECVxVNIULE, A= [a;] € RN*N NI B EH
B, 25 005 v, 5T vy Z IRV EAS, WKL N e
= (vi,vj) €E.AN; ={v; €V : (v;,v;) € E}RRN

N

B RIS d = > a; BT v, M. L
j=1
17 & G B R TP E N L =D — A HH D =

L=VAVT,
HA:V = [v,vq,...,05] € RNVN H—/NEEFE,
A=diag{\1, N, ..., An}. LIHREAR I 2
0=X <A<~ <Ay <d,

Hrhd = miax{di}?\jE‘JBE'&jiE A1 = 0% B FRFALE

1
ARy = —1, K1 =[1,1,...,1]".
1=y [ ]

1.2 &EEEA

S F TR B 1) B e A R 4
2 (k) -,
v (k) - 7,

i€{l,2,...,N}. (1)

oM (k) € R AR ek 5 TR (5 B (2

Fofr B, 2P F g, 2 s ), ui (k) € R™ A

HlAN, T € RT RFE L. A A [&m = 1I1E
B, m>1 & R AT iE I 50 2 A se AR BT ).

Laik) = [ k), 2P (k),. .., 2™ 8)]T, ¥ F

() EAEERNAE

x;(k+1) = Az;(k) + Bu;(k). ()
Hrp
17 0
1° :
A= . B=|"]. 3)
T 0
1 T

A1 STHR[291/E W AL 2 B Rk R ge i) — Bk
I 4 TP R GRS I, BB BRI PR S AE R
AP A DL T F S s 0. PR, RT3 R SR
SE B DL T, B TORES — BUEE XA K. B RS
AT E I, W T — B 1) E AR A e R,
XA B AR S5 1R AR AR IR T, W Sk [24-25] R
G (17 <D VYD Wva o FleA = 5 MES A 790 i i Y <A L]
TE3R 2G5, BT /AT S B BSR4 )
aru (k) = K, (k) 34T B w0 B, 36 B AR0€ 211 57
Fa €, SR 5 A 4R A5 2 BRPIRAS S ik 1) — 2ok, A
R A, K e A E I 2 AR 88 RGN L2
REfAR AR G0 — BUME AR, MR ST 5 XA S
PR N A, T S SR A B R TR T
ATIAE I, B SRR I Z R4 R G0 (D).



%1081 BREE 5 AN 2 AR K A Sobeik — SO AR 6 IRAT 7 ok 2545

K I
wi(k) = K Y aij(@; (k) — ai(k)), 4
JEN;
HPK = [K, Ky, ..., K, 9fEHE G 2 x(k) =
[21(k)T, o (K)T, ..., en(kK)T|, RAE Q) WS N T

W
x(k+1)=[In®A—L®BK|x(k). %)
EX1 FEERHRE) T E 2R GRS

(1), #FZ 0 FAE R IRIaa1E, T oz
Jim [ (k) — 2 (k)] = 0,
i,j7€{1,2,...,N}, 1 €{1,2,...,n},
WFRIZ R G S T i — B
AR SL R B R AR T 1 (4) PR S T ) 22 58
RRARZ)ELABEERG=V,E, A) Li—3t
FS S,
2 FEHLR
ARG B U 7] 2 3 BE AR RGO B — BN
FRBEFAT, I AgE IR =B R G ISR S
Pl 3 25 1) WoR RA A
21 —HWRSVLERH
WH;=A—\BK, R L=V AVT 152K (5) 1
BT RN
x(k) =
(V@ I,)diag{A, Ho, ..
(V ® I,,)diag{ A*, HY .

SHNY (VT L)x(k—1) =
L HNY VT L)x(0) =

1
1y @ L)AL @ L)a(0)+

(v2 ® In)Hy (v @ I)a(0) + - - - +

(v ®I,L)H]'§,('UJTV ® I,)x(0). 6)
EN2 TEPHIEML @) T, & ST — S sk

RH

r=_max  p(Hi), ™
ot p(-) Jils4t

T SEgh AR R SR e ST B — B A
ARG I — B0 e 240 B PIR A
EIE1 HEAELEHITL@G) FRIZ KRS
(D). B A Y r < LW, Z ARG RS IE 2] — B0k, 1AL,
W — BER S R A BoRRIA N
Jim 0
lim x(k) =1y ® : , (®)

k—o0
lim s, (k)
k—o0

y
+

1 n—j+1 N
S0 = % 3 TICp S 4 (o),
m=1 p=1
i=1,2,...,n

WA BT H, 2P, B A e
i} P
s} P H

H; = Pdiag {p1, pa, . ..
W lim HF = lim Pdiag {u}, 45, ...
k— o0 k—o0 -
W%T<L#mfﬁ:&mmﬁ%%%
— 00

1
hmmmzﬁuN®m£&A%®®hm@z

k—o0

1 . T k
ngngo(lNlN)@oA x(0). )
* TR G, SRR
N
. Lo
i 2i(h) = 3y fim 4732, 0), (10

ﬁ%&?*ﬁﬁ%%%ﬁg@%@—ﬁ%ﬂ:&
FAh, TR AT DA 2

10l 32 - op ]
1 Cir
A= cir o2 | (D
1 Cir
1 .

ﬁ*q:wwﬁwr%ﬁanﬁAamﬁﬂ~ﬁ@
REW®) Frw. O

2 AiRE

e(k) = (k) — 1 (Ly ® 1,)A°(1 @ 1,)a(0).

I (6) FT A1 2k — oo, [Je(k)[|2 ~ O(r*). VEEF,
KRS kX NI B ¢ = K, 7E I TB] ¢ ) 5% 25 3% A2
ggM@MNOW”yWﬁEE§Wﬁ$rﬁ%ﬁ
JAR T 5. N e < 1 YN R A 2 U8
RN, T — 0, WU Skos B e ] LUk BT
PR SCHR [23] BF 5 T 3% S (8] s Y R G USSR
F WA DA PR 2R e AT B s P B DA BT s PR T
W SAH

A3 BREMAREAIEIME - RBER
PE W B RS B AR A BR B T WA
(1) ~F 35, A B A5 I B 4% A DL Y) 0 o 1 P 38 O /)
KWL B P IR — 2L B4k, Ak, T B
%ﬁ%m&%&ﬁ%ﬁ%%%%%%ﬁ%%m

ST al™ () = 0,m € {I +1,... 0} 58 RG]
SRS 1T B,
22 ZMARGIET

ARG ()L n = 2, FEA/NTXT I I 2 2 6
TR R G SRR AT A BT



ysas B oM 5 & R il
VL H; RHAE TN h(2) = det(2] — H;),i € R e
2,3,..., N}, al LAt 553 h
{ } ERCE s.t. bo(Xi) =0, by(N;) =0, ba(N;) >0,
(2) = 2% + (NiTKy — 2)z + 1+ Ai € {2, X, An (20)

NT2 Ky — \iTKy = 0. (12)
5131 FELmEdEE G Bk 2 & ae ik

ARG, RBEEHITL(4), 20 = A\ <X < < Ay
o B 5 S0 R B () AR AL, 2 HA Y

7K, — K, <0,

MNoT? Ky — 207K 4+ 4 > 0, (13)

ANTPK] — 227Ky +4 >0
BT, FR G0 ] LLIA BT — B
EH RO, S o= U G
e, 155w i k2 WA
hi(w) = N Kyw? + 207(Ka — 7K )w+
44+ NT2K] — 207Ky = 0.
H1 95 ik e HHE A5 20 (14) A e R
TK) — Ky <0,
{ NT2 Ky — 207Ky +4 > 0.

(14)

(15)

HT Ao < X < A, AR A5 EN T (13). B, 24
BAUCHAZE ﬁfﬂ(mﬁiu,%é}ﬁu 15 B — 5
. O

FE 51 B 1R i — B IX (E] A, 52 B 2 45 H e/
PRI AT AT S 1 B 0o I 8 e DAL 42 o) 0

EE2 HEELAEEEG LT 2 B Rk
RGE(1), RIZ R P (4), R GEIk BIHTIT— SR 5
(&S &SV
AN = A

* = . 16
N DY (10
ot 2 5t 44 2
2X2
Kf=—_—"22
1 7_2()\2+)\N))\N’
2
K= —. 1
f=s (17)
W fﬁam¢7Z7g 135
Hrp
bO()\z) ()\iTKQ —2)T+1+)\iT2K1 _)\Z'TKQ’
bl(/\z) —2(1+/\'72K1—)\‘TK2)
bg(/\i)—’f’ —(/\TK2—2)T+1+AT2K1 /\Z'TKQ.
(19)

FoF 55 W K B R GBI U S e R AL A
X I /83t

8 Xo <A< AN, XT3 (20) FF A2 AT AN S AR
AR, 153

2
TKl— (1_7")

(1—T)K2+

>0,

—27'K1+2K2—

TK1 —

(1+7r)Ks +

K@D 3MAEXA N, 53]
14172 _ 1—77“2 > 0.
ANT AoT
e 20 (22) 13 BERARICSR I R N
AN — A2
AN+ A2

@n

(22)

> (23)

B HALY

(1-r)
1-r)K =0
( T) 2+ )\NT ’
1— 2
—TK1+K2— )\7"

TK1 —

24

= (J7
2T

1 2
(1+1)Ks + (1+7)
)\NT

BRAL, AR B S SR (16) Mg A1 425 il
23 =MAEZRIET
RS ()P4 n = 3 EARNTIRIL =/ 28 5
R GRS AT A BT
H, WRFE D FE 40 R
22+ (NTK3 —3)2% + (3 — 2\ 7 K3 + T2 Ko) 2 —
14+ N7Ks3 — Aﬂ?KQ + )\-TgKl =0. (25)

(25 H, % vZ—rw 33

TKl— :0

W5 17).0

Co(/\i)’w + cl(/\i)w + CQ()\i)’u) + Cg()\i) =0. (26)

Hrp
co(\i) = 1% — dy(\)r? + da(Ng)r + ds(\),
cr(Ai) = 3r% — dy(\)r? — dy(Ns)r — 3ds(N),
ca(Ni) = 3r® 4+ dy(\)r? — da(\)r + 3ds(\;),
ca(Ni) =12+ di(\)r? 4+ da(N)r — da(N). (27)

X
di(\) =3 — MTKs3,
do(Ni) =3 — 207 K3 + MiT? K,
ds(\;) = MTKs — MT2 Ky + MK — 1.



%1081 BEEE KNS H

BEAR B b ik — BOb AR T A9 FRAT T ok 2547

R 57 i 4 B = 2 G0 R bR — B ] A £
R AL )

min_ 7
Kl K2 Kg

s.t.co(Ni) =0, e1(N;) =0, eca(N;) =0, c3(N\;) =0,
(N =0, A € oy Aas et An ) (28)
Hop
car () = 1% — da(N)r* — dy(N)ds(N)r® — [ds(\)]?.
WARA ] A 5(N — 1) A2, 1T HLZE IR Bl
e R SRR R ) P A R AL S TR SR DAL T A (28)
H 2R BEAT S5 e

SIEE2 AR (28) ZE 0T tn R AL Ak e R .
min 7
Ki,K>,K3

s.t.co(A2) 20, c1(An) =0, c2(X2) =0,
cs(An) 20, c21(A2) 20, ca1(An) 2 0. (29)
P R FLAH () = 0,e1(\) = 0,
ca(Ni) = 0,e3(Ni) = 0XIHRT N EAEASE AL AR
i Ao <N <A, 4N ERIMEATE AL, 2 HA

-1 2_2r 41 —1)°
Kl“‘(r )K2+T 27“ K?,?—L )7
T T A2
3— 24+2r—3
3, 4 BT g, A28
T 72
_3(r— 1)2(7" +1)
AN ’
2 _ _
3K1_(3+T)K2_r 221“ 3K3/
T T
3(r—1)(r+ 1)
Ao ’
2
K, (r+1)K2_r —i—27"—i—1K3>
72
r+1

Bl eo(A2) = 0,e1(An) = 0,c2(A2) = 0,e3(AN) = 0.
T S A R A B
FO) =A% +pad+p3, 0< Xa <A< Ay,
A ps <0, IAZEX f(N) > 055 T
{pv\% +p2A2 +p3 20,
PIXY + P2AN + p3 = 0.
AERL W o1 (N) 200 FRKT N FI = IIER
piAi” 4 p2)i 4+ p3 =0, (3D
Hrhps=(r? — 1) <0. B, eo1 (N) > 01HRRAL, 2 H.
L ea1(N2) =0, co1 (M) = 0. &5 E, AL 1] 75 (28) &5

iR R (29). O

EE3 HIELEEKG B =2 8 Rk

A4S (1), XEHZEHIMY (4), REUIE R — S AR IR

- (" o)

X I P g 428 i) 3 2 A
— 7K} + 72K§>,

*

1( 2
1_7’3 )\24‘)\1\/

1
K; = N2 (Br™ — AT K3r" + 2X7K5 — 3),
N . -
i = 5oy B0 + A0 =30 —Xa)]. (33)
UERA F20(30) HH i 4 AN AN A N, 75 2]
-1 41
Ao ANTE > 0. (34)
{138 (34) A BCSR I T
AN — A\ 1/3
r}()\N+)\2) ) (35)

HHAY

co(A2) =0, c1(An) =0, ca(A2) =0,

c3(An) =0, c21(A2) =0, e21(An) =0, (36)
B3 B S SR (32). o I Py e A0 425 11 164 25 (33) FH A
TR (36)15E]. O

E4H lim [le(t)]|2~O(rt/7) TR, £E Y S8R
R BTG OUT, SRAE I N, RG0E B — 8P
WSSO B . 25 SRR R ] — 0, M R G 3R Fak

FUE R R AW SICR B B A = R G A

W RIANE 7. 35— 0,385 2 To PR 58 1, U
s pLE I w B R e 55 K.

ES A SRR R U B R = 2 R R
A ZR G A A2 WSO B SR P T i Sl e 5
TELEZE g /AN K. Ao/ A R K, RS 30 1 S5 44 1

R, — B S BB R, 25 Ay = Ay I, 4
2O AEIE, — D MR SRAGT 25 2 hg = O, B4

PR B 20 2 A TARFAEAR, N 46 AN, I TE
FIER]—HL
A6 SCHR[13] K%T#EE%J&U{%%UT*M

5 BRI ) 22 2 ﬁ%1¢%é}EEﬁBﬁﬁE4&J&i/\N+/\ X

R [24) 388 3 X 28 G0 60 B AR AAE R 14 S 38 R i 3 2R A T 40
Kitig, ﬁ@JT 53 b M H B I R G SR

AN =2 e g B B ISR R AL
AN + )\2
>\N

A3 = I AR CSIOE | 2 3T R4,
SCRR [25] MOIR 25 2% [R) R L AT Rlccanﬁfftljﬁ uERg T
W%W%ﬁt@N_b).%%matmﬁﬁ*

+ Ao
BURAREE. @t% I e 1.

E7 B TAR T A= R G 1 ] 1
2 FETFRAIT FR, BT 138 U1 1) 42 1l 2% 7E S B B R 5 T 5k




2548

E37%

BT AN L0 0 X 4%, ] LA 21 P o 32 iy 307 e
IR, BN 7 Ao A1\ B AT SR A 552 10 42 i 184
a1 (17) F1(33). £E 5L BR S A, Y 22 ) 2% 1R RS Dl K,
T M DA SR A5 By 1T R R A R SR T,
75 B8 O REOTT V0] DA R Al T Ao AT, A
A2, An] C [Aa, An]. B SCBCIR R B0 0 S A i S R

= )\Cr[ria)g ]p(A — ABK). i}, o] LS AR HOE
I 10T 5 N AR L7 R 307 46 R 3 2 42 1 R Ay
BEAT 72 1) 18 2 1 BevE, 5 B SR B B M sl
7= ()\N - )\2>1/n,n:2,3.

*

5\N+5\2
3 ALK

A 25 47 ELSEE F TR S B A
SRR IE R

L1 B0 UE P R G A A SR B A AR

Y. BRI (4) TR = 2 Rk R4 (1),
WAy =0.5,\y =8.5,7 = 0.05. {2 H# 27 DLt 5
R3], r* =0.9428, K; = 5.2288, Ki = 4.7059. H X
(13) 53— X 1), B Fos. R ER TR
WSSO 7 o I P 428 1) 2 B SE TR B AN TS, 0T
S P 42 i) 23 RT3 3 Pl A A B 4 )N, B AU S R
(K3, K3), 0 NS N r =1,

10

e
o | Bbisr —

[CREFS
Y

(=)

0 40 80 120 160 200
K,

E1 —HMXE
TSR UERFAE FE 3 N /Ay 72 SE BRI SR 1 52
FRBATR 3N R HON 8 MM 2% PR AR I Gy FORE]
G~ BENLAE B /I R 2% 18] G (T 1 2 i 7). B
FEFI T = 0.05. B2 (17) 70 59l SR AT X8 2 0 428 i) 184
N{K; =7.9110,K; =10.3956}¢,, { K} = 25.548 4,
K3 =10}g,, {K; =13.7136, K; =6.760 2}¢,. # 141

j AN

E2 /NMEFRREG,

0 20 40 60 80 100

0 20 40 60 80 100

x?(k)

100

(c) G, sk

B3 ZMRREDAEG . G2\ Gz EHIBARUE
®1 LRGSR
[FEEEEN g1 Ga Gs
FHELLR N /AN 0.0396 0.1464 0.1129
ZHrim s ) 0.9612 0.8629 0.8928
=B i g 0.9740 0.906 3 0.9272

H T AE 3NN E R BIRFAE L2 \o /A v AR AN SR
oy, B 1AL, FHE L EEK, I KRGt —
B U Sh R kN, YL SO B BR R 7E [—1, 1) T BE LA
B BE R AT AR IR S, i 2 3 R A R G S B8
T 0040 P 3 iz, BR300, Ao /A N FRIAELBR K, — By
RGP I B — B, thas R S5 HR T — 8. =
Bﬁ%%ﬂ‘ﬁ"éﬁ&%%%%ﬁ"]*ﬁ‘flﬂﬁﬁﬁkli}rg(}x(k) =
Jim 1y ®[0.0179% +0.0790,0.358 8.

SERG2 R =B AR G A A ] SR A R
FIBEEEGIH @G TR =M 2 AR5 1), K
Ao = 0.5, \y = 8.5, 7 = 0.05. fid i 2 ¥ 3, 1H 515 5] =
B s LIS r* = 0.961 5 LA K S fe s il 36 28 K =
3.6481, K3 ="7.2462, K3 =4.7976. % K\ K3 K1t
AR QS RBE M z(\) AR, @ THE RS 2(\2)
= {0.9615,0.9593 4+ 0.06534}, 2(Ax) = {—0.9615,
0.9613 =+ 0.021 8}, EATIA UF 7 A LE A2 Jre 1A
b AR IE R A

R TH6T EE AR [ RRRAE B3R Ny /Ay 7E SEBRUS S
(1 5% 18], SR Y () X 8% 5 52 56 1 AR TR]. R A i =
0.05. H 20 (33) sRAF #2375 70 0~ {K7 = 3.7100,



%101

BREE 5 AN 2 AR K A Sobeik — SO AR 6 IRAT 7 ok 2549

K; =10.8269, K% = 10.5321}g,, {K7 = 44.5580,
K; = 37.4338, K% = 10.4829}¢,, {KF = 18.3985,
K3=19.6733, K =7.0122}g,. 15N T =M R %
TEG1+Gon Gy LIRS vy, BHFR 1 0] W, FRAE B
R, =B RGP I — B USSR Bk, Y Sl
FEBRPR. £E [—10, 10] H BEALAE BB BEAR IR 4IRS,
=W 2 E R R G LRSI L B 4 Fros. B4
A, Ao /Ay BAE R R, =i 5 Gk bRt ik 1) — S5,
WE RGBT —8 =M TR AL
E@—%ﬂt‘rﬁaﬂﬁ?&?’vkg& z(k) = lim 1y ® [1.9990 +
0.1720k + 0.004 1 k2,3.5229 4 0.162 1 k, 3.241 1]".

50
=
:R
750 1 1 1 1
0 200 40 60 80 100
k
(a) ¢ LRk
50
<
= 0
=
750 1 1 1 1
0 200 40 60 80 100
k
<
%
_50 1 1 1 1

0 20 40 60 80 100

(c) g, bk
4 ZMBREDHTEG G\ G3 ERIRMUEL

L3 BB IR = RS L
1) S5 W T R ST SB0TE BE. BE L AR i — AN T R 20 1)
AN TR 2 Gy, W 5 BT, Fo iR Ay = 0.714.9, Ao =
7.825 8. FREAEIZ ML L —Fr s A = R4, 0]

I=RyaN AN — A — =)
Bl i AR SR rp = T2 = 0.8326, “H i
AN+ A2

. A — A e
U SE s = | 222 = 0.912 5, =M et sz
AN + Ao
= 2N 00408, WE 7 = 0.05. RETW
AN + Ao

N N
S BREIEEE, 4 Y 2P (0) =0 2P (0)=0,

(61834 B G035 BB B BT 14— St 134
R TIL ER E B 25 (e 2 ), 1
10, 10] s B HLA: PR B £ 16 W16 B 45 8, 5
SRR T 5 L 6 T, £ 4 5 5 B i A BT AR

Es MEFMLEG,
=2 B E SRR

LR RGN IR —pH3 Zkr =k
s 0.8326 0.9125 0.940 8
K} 0.2342 8.556 8 9.2815
K} N/A 5.1113 12.1087
K3 N/A N/A 5.2657
10
<
= 5
= } -
0 r 1 1
0 50 100 150
k

(a) —Br&%

x"(k)

100 150

x"(k)

0 50 100 150
k

() =B &%
El6 —Mr ZMF=M RGHYER MU

G E R 2 R ek R Gk B — S0 T IR
AEEEZ, WSUFEE.

SCUG 4 U0 E e PG A5 ) SR I R K RIASE ) 245 v
R, RN 100 B /N THE L 2% A 45
BEIEME p = 0.6. B 1% W AR 7 BEHLAE Bl — A
A2, An] C [0.5,9.5] BTG @ E G, W 7 Fs. ¥
B =0.05, 13 (32) F1(33) 7 B KB =M RS i IR
50 B LSS v+ = 0.965 5 AT B7 f 2 1) 184 2%



2550 w % 5 & K #37%

K, =2.6281,K, = 58117, K5 = 4.2840. f£[~4,6] 4 % W

AL A R BEAA AT IRIRAS, B 8 N =B RGEAE I ISR T B O ) R = £ A e Ak R G
B BB B SN T IS O PIEIBEALE o — s Aok e, o 2, SR T — A8 B 142 1
EE?;;B@\V] < [0-57%5};?@@@- BIOMZ iy ot 2 Gk BT — B R A4 1 2 0 e
B R GEAE 80 K L e MR S . I I 8 M 9 7] . ‘ oA
BRI b R S St RS, oA A ALB R 5
L S G374 ) LA BB — SR8, o
e i 8 ) 20 R H 57 3R 9 2t e, R AR A 1] A
LA ANSE I 5T SR AT S DML S8R DA B 38 ) 1
FIREAT AR, 15 B 45 RIGE T EaR S50 10 IERfPE.

S E 3Rk (References)

(1] kug, sk £ 8 EKRGEH 2 A X5
i [M]. Jbat: BHE R, 2015: 1-166.
(Zhang Q, Zhang J F. Distributed estimation and control

=

h

of multi-agent systems[M]. Beijing: Science Press, 2015:
1-166.)

2] EESCR, )R, ROROR. 2 8 aE iR R G0 A b R
B [M]. b5 BSHE HARAL, 2016: 1-242.
(Yu W W, Wen G H, Chen G R. Distributed cooperative
control of multi-agent systems[M]. Beijing: Higher
Education Press, 2016: 1-242.)

7 KRG,

(k)

0 50 100 150 200 250 (3] IR, LU, B, . ZRRE ARG KN (B
k M. b TR H AR A, 2018: 1-216.
(a) PLERE (Wang C J, Shi Z Z, Chang L, et al. Multi-agent systems

and applications (volume 2)[M]. Beijing: Tsinghua
University Press, 2018: 1-216.)

5::/ (4]  BRAS, 7, k. 2 8RR R G R REAR IS Bl i
lok il [M]. A6 xT: BE2E H R EE, 2020: 1-228.
0 5'0 1(')0 1 5' 0 2(')0 250 (Chen J, Fang H, Xin B. Cooperative swarm motion
& control of multi-agent systems[M]. Beijing: Science
(b) HEEEIRAS Press, 2020: 1-228.)

[5] Olfati-Saber R, Fax J A, Murray R M. Consensus
and cooperation in networked multi-agent systems[J].
Proceedings of the IEEE, 2007, 95(1): 215-233.

[6] Cao Y C, Yu W W, Ren W, et al. An overview of

recent progress in the study of distributed multi-agent

xV(k)

0 50 100 150 200 250
K coordination[J]. IEEE Transactions on Industrial

(c) MHEEERA Informatics, 2013, 9(1): 427-438.
[7] Olfati-Saber R, Murray R M. Consensus problems
B8 =MHRSEG, LR
2 MR O RIS in networks of agents with switching topology and
0.98 Y T time-delays[J]. IEEE Transactions on Automatic Control,
s
2004, 49(9): 1520-1533.

— AR REE
o & B AR [8] Chen Y Y, Shi Y. Consensus for linear multiagent

0.97

0.96 ¥
systems with time-varying delays: A frequency domain

0.95r perspective[J]. IEEE Transactions on Cybernetics, 2017,
0.94 1 47(8): 2143-2150.
0.93 ' ' : [9] Prakash M, Talukdar S, Attree S, et al. Distributed
0 20 40 60 80 . L. .
Ao stopping criterion for consensus in the presence of

delays[J]. IEEE Transactions on Control of Network
o 80/NBEHLE L O HaE yslil



%101

BEE F:

&I % %7 A AR R Suba — B AR AR A9 R AT 77

2551

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

(20]

(21]

Systems, 2020, 7(1): 85-95.

Bernuau E, Moulay E, Coirault P, et al. Practical
consensus of homogeneous sampled-data multiagent
systems[J]. IEEE Transactions on Automatic Control,
2019, 64(11): 4691-4697.

T, Wi, K. £ B BAREE R 5 R R
HFIZRAR[]]. LR, 2013, 39(11): 1805-1811.
(Li T, Meng Y, Zhang J F. An overview on quantized
consensus and consensus with limited data rate of
multi-agent systems[J]. Acta Automatica Sinica, 2013,
39(11): 1805-1811.)

Wang W, Long J, Wen C Y, et al. Recent advances
in distributed adaptive consensus control of uncertain
nonlinear multi-agent systems[J]. Journal of Control and
Decision, 2020, 7(1): 44-63.

Xiao L, Boyd S. Fast linear iterations for distributed
averaging[J]. Systems & Control Letters, 2004, 53(1):
65-78.

Sarlette A. Adding a single state memory optimally
accelerates symmetric linear maps[J]. IEEE Transactions
on Automatic Control, 2016, 61(11): 3533-3538.
Montijano E, Montijano J I, Sagues C. Chebyshev
polynomials in distributed consensus applications[J].
IEEE Transactions on Signal Processing, 2013, 61(3):
693-706.

Yi J W, Chai L, Zhang J X. Average consensus by
graph filtering: New approach, explicit convergence rate,
and optimal design[J]. IEEE Transactions on Automatic
Control, 2020, 65(1): 191-206.

He W, Cao J. Consensus control for high-order
systems[J]. IET Control Theory &
Applications, 2011, 5(1): 231.

Yu W W, Chen G R, Ren W, et al. Distributed higher

order consensus protocols in multiagent dynamical

multi-agent

systems[J]. IEEE Transactions on Circuits and Systems
I: Regular Papers, 2011, 58(8): 1924-1932.

Rezace H, Abdollahi F. Average consensus over
high-order multiagent systems[J]. IEEE Transactions on
Automatic Control, 2015, 60(11): 3047-3052.
Abdessameud A, Tayebi A. Distributed consensus
algorithms for a class of high-order multi-agent systems
on directed graphs[J]. IEEE Transactions on Automatic
Control, 2018, 63(10): 3464-3470.

Zhu J D. On consensus speed of multi-agent systems

with double-integrator dynamics[J]. Linear Algebra and

(22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

Its Applications, 2011, 434(1): 294-306.

Eichler A, Werner H. Closed-form solution for optimal
convergence speed of multi-agent systems with
discrete-time double-integrator dynamics for fixed
weight ratios[J]. Systems & Control Letters, 2014, 71:
7-13.

Parlangeli G, Valcher M E. Accelerating consensus in
high-order leader-follower networks[J]. IEEE Control
Systems Letters, 2018, 2(3): 381-386.

YouK Y, Xie L H. Network topology and communication
data rate for consensusability of discrete-time multi-agent
systems[J]. IEEE Transactions on Automatic Control,
2011, 56(10): 2262-2275.

Li L, Fu M Y, Zhang H S, et al. Consensus control
for a network of high order continuous-time agents
with communication delays[J]. Automatica, 2018, 89:
144-150.

LuPF, Yu W W, Chen G R, et al. Leaderless consensus
of ring-networked mobile robots via distributed saturated
control[J]. IEEE Transactions on Industrial Electronics,
2020, 67(12): 10723-10731.

Liao F, Teo R, Wang J L, et al. Distributed formation
and reconfiguration control of VTOL UAVs[J]. IEEE
Transactions on Control Systems Technology, 2017,
25(1): 270-277.

Zheng M, Liu C L, Liu F. Average-consensus tracking
of sensor network via distributed coordination control
of heterogeneous multi-agent systems[J]. IEEE Control
Systems Letters, 2019, 3(1): 132-137.

Ma C Q, Zhang J F. Necessary and sufficient conditions
for consensusability of linear multi-agent systems[J].
IEEE Transactions on Automatic Control, 2010, 55(5):
1263-1268.

EEBN

W (1996-), 55, L4, NHLZ B REAR RS 0 Ai

AL I 5T, E-mail: jiahaodai96@163.com;

Dyf L (1988—), 2, BIHUR, i+, NHRIRZ B Rk

W 48 AT S 4] G S A S R, E-mail: yijingwen@

wust.edu.cn;

SR (1972—), 55, #fz, MEE T, WS uER AR 41

ZREEAR . 2R AE T AL T R 2t s o) T A % 8 SR

E-mail: chaili@wust.edu.cn.

(Fisthdh: 4 k)



