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Multi-attribute decision-making method based on the reconciled hesitant
fuzzy information

FANG Bing®, HAN Bing, ZHU Jiang
(Army Command College of PLA, Nanjing 210045, China)

Abstract: It has been found that hesitant fuzzy information and probabilistic hesitant fuzzy information have some
problems with calculating, such as cumbersome calculations and incompatibility with quantitative calculation rules. In
this work, we propose a set of solutions, based on the reconciled hesitant fuzzy elements (RHFEs), to solve these
problems. By defining the RHFEs as a set of probabilistic hesitant fuzzy elements (PHFEs) with the same probability
distribution, this work bridges the gap between hesitant fuzzy information and probabilistic hesitant fuzzy information,
and incorporates them into a unified processing framework. Based on this, we build a reconciled hesitant fuzzy
multi-attribute decision-making (MADM) method, by developing the operation rules, the information aggregation
operators, the distance measures and the hybrid entropy measure for RHFEs, and further apply it to evaluate the
command and control (C2) capability of the army’s combined brigades. Numerical experiments show that the theory of
reconciled hesitant fuzzy decision-making overcomes the shortcomings of existing theories, and has some advantages of
controllable calculations, easy to program and compatible with quantitative calculation rules.

Keywords: hesitant fuzzy elements; probabilistic hesitant fuzzy elements; reconciled hesitant fuzzy elements;

aggregation operator; distance measure; entropy measure
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I U B (r) B A2 AR SAS AP 2

DO E(r)<1

2) E(r) = 0¥ HA Y r = {01} 8ir = {1]1};

3) E(r) = 13 BA 4 r = {0.5]1};

4) E(r) = E(r°);

5) E(r) W{E 2T B 20 B d(r, {0.5]1}) 3836k

1EE I3 FTER AL N, T HEEA
3 (16), 7T AR a0 fr B 2 00 A =

l
Bi(r) =) (1—2y" —0.5))p’,
=1

27)

(28)

l

Hep a0y |y —0.5]p" IEf dy (r, {0.5]1}) B9,
IR (19) FT . TR BB A R B (r) RS2 2 X
13 BT LR B 5 AN A BRI 25 1.
42 (hEEEEENE

TEM 14 458 A EHOR TR AV B A0 e
r1 = q(Vp) Fry = gu(Yilp?),i = 1,2,...,1. A
FIPLTGAERA TC 1 Fl rg 2Z ] Eﬁ%ﬂﬁ%?ﬂﬂ%ﬂ%)‘(?’ﬂ

‘Z%p -

"(r1,72) = |s(r1) — s(ra)],

(29)
oot B s (ry ) A s (o) 70 990 A R RUPE BRSO 6y A
7o (A0 B AL
AR STHR [16] Hh B A0 TR AR 7o 1) O B 8 065 =2
SC AP BB 7T 14 D B AR 2 T 5 SCAnR
EX15 4 BN ARG Tr =

q(v'pt),i = 1,2,... 1. AR KA B (r) 2 H A B B 4%
DFE, 0 B (r) S22 AT SAS A A S A

DO E(r) <1

2) E(r) =0 5 HA e = {01} 8ir = {11},

3) E(r) = 15 HAMEr = {0.5]1};

4 B(r) = B(re);

5) E(r) BHER T BRI &' (r, {0.51}) 395,

FETE 15 P BRI A B S50 R, 2 TR R Y
N3 (29), AT DA a0 R P R A A =X

1
2(r) = 1_2’271‘#‘
i=1

. 0.5) =1 2|s(r) — 0.5],

(30)

Forh ek B s (r) A TGRSR 7T r HI45- 70 BR AL
4.3 RANENE

A J5n b U, PEB IR 2 6 AR AN B E A I AL P
53, i Oy PR B U6 e o AR ANt v M I B R DRI, T AE
BEARA E M 5 AMAEAN G 1t 2 R HEAT & AT, 4
R a0 2 R

Es(r)=(1—a)Ei(r) + aEs(r) =

l

1—2afs(r) = 0.5 = 2(1— ) Y |y" = 0.5p', (1)
=1

Hrfa e [0, 1] R 5850 ARG R &8 10 S, B
J AN Dy B A R L RR T .

N TR 3 3 e I HE AT R, AN SO 5 AN
AHETEAGR 7 R AR5 I 58 1) T B 45 R 3R 1 fios , % 5
A 5> ML A0 TR o R 98 I R 1 oF B A SR Nk 2
PR, AT A T IR E R R R N o = 0.5.

®1 FFIRBIERETERSG) (o = 0.5)

AT 7T Ey(r) Es(r) E;(r)
r = {0.0]0.5,1.0/0.5} 0 1 05
r = {0.2]0.5,0.8/0.5} 0.4 1 0.7
r = {0.4]0.5,0.6|0.5} 0.8 1 0.9
r = {0.6]0.5,0.6|0.5} 0.8 0.8 0.8
r = {0.4]0.5,0.4]0.5} 0.8 0.8 0.8

R2 BERBGRMEHE RG] (o =0.5)

HWEAARTRAER 7T Ei(q) E»(q) Es(q)
q = {0.4]0.5,0.6]0.5} 0.8 1 0.90
q = {0.4]0.4,0.6]0.6} 0.8 0.96 0.88
q = {0.4]0.3,0.6]0.7} 0.8 0.92 0.86
q = {0.4]0.2,0.6/0.8} 0.8 0.88 0.84
q = {0.4]0.0,0.6]1.0} 0.8 0.80 0.80

I 2% 1 AER 2 1 v B 45 B n] % Oy R B8 065 X 45
a3 A [ 74D 8 R0 T4 B0 G T8V X 43, an R 1 )
B (r) Bt B0 28 A0k SR B R0 SR B AR EVE X 4,
MR 2H I By (q) Atz (B2, V8 4005 B 0% 16 £ B BE 5



#1027

7ok H A TFTIRARRBEMIZ LGS EERE TR 2663

S5 R0 Py P 905 10 B0 w5 110 )BT o IR A1 T ) e A
5 RAMBEWZ B MR-

AT DL R T8O R 3 0 R B L 2l T
TOPSIS B3, IR A 35 57 AR LA T 35 5
TR T WA BB 2 & 1 S i
5.1 [aE@EA

BB — A2 @ P W SR Il LS m S 45 1 7 SR
nMEMEME. ARG X = {21, 20,..., 0, NEIE
TREHESA = {ar, a9, .., a,} IO BIESE, w
= (w1, wa, ..., w,) T NBHEAE N E. PR
ﬁﬂiﬁ%w%fm@%E@%%ﬁwemﬂg

= 1,2,...,n) M) w; = 1. & H bR RTE R HEACE

=1

BRI E IS BT R = 1,2,
)R . TR ) R e
R A SR 5 R 2B, e 7V (0
Lo BV {2 VPR v, B, Y 44 77
Fa(i=1,2,....m)KTEM(G =1,2,...,n) 1
P L A R0 T T 45 U0 5 24 H
{5 A 08 S S ke, FT A4S0 01
ST

11 T12 ... Tin
21 T22 ... T2pn

R=| ] S, (32)
Tm1 Tm2 --- Tmn

FERE R P TG 51 1) 48 oy — 2R RN T2 ARk T
52 ETRABHERMNERE
FRAE (3 1) R A I 1 S, T R PRI
Rk me Y NSO R S IR =S|
@;wi;?%mﬁj_1g,“m. (33)
G B EER AL P E; (G = 1,2,...,n) A
/0N, FH N PR A A R e RN S B, 2 T i

JEVE R PR (5 SR O A, TR, & J 1tk B A EE AT LA
5N

1-FE;
wj:n7]7j2172,...7n. (34)
> (1-E))
j=1

53 ETTOPSISHIZRBMREKSE

TOPSIS J7 % & 5 T XUk rd 1) 48 S HE 7 92,
IE AR AR AT E AR

E X 16 515 53 A8 1) K/, B 200 T8 BH
W B R Y IE # 48 f# (reference positive ideal

solution, R-PIS) A 5& XK

Rt ={rf = max
J i=1,2,....m

S(Tij), ] = 1, 2, e ,n}; (35)

H A PEAEfR (reference negative ideal solution, R-NIS)
Al E XN
R ={r; = i:{gfr},ms(rij), i=1,2,...,n}. (36)
MR 16, &R ET R (i = 1,2,...,m) 5
NEZR A TG AT e 50 B R (1) 1 B AR A 2 [ ) LR
AR N

DF = wjdy(rijrf), i=1,2,...,m; (37
j=1

B/ R (i =1,2,...,m) 5 R IR FE (A
A IABBE B AT 5

D; = ijdQ(Tijar;)7 ’L = 1,2, cee,Mm. (38)
j=1

X (37) M1 (38) 4 ] 1 I AIHE TZ A M Euclidean F
IR BRI, Bk T (i = 1,2,...,m) SRR
R R (Y L2 AR A 2 8 (R R e B mT 3 S

D; )
CI(IIL) = ﬁll)ﬂ" 1= ].,2, ey M. (39)

MR CL(x;) (i = 1,2,...,m) F{ERI AT &2k 7
BATHET, CL(x; ) MEAR K, #3577 & o, SR F5.
54 BETEEERNZEBMHREKESE

B T5 AR R 77 AT Y 5 75 0T e SR
RYERE ] Lt — D ME SRR, i RAE AR Ll —
ANPGRS . SR 4 X (14) 5 (15) B
AN 2575 O 4 T8 R VPN BT 45 A
R, LA L2 A 19 A (R T
6 SESHT

5 IR Ak A AR, B B B R A HRAT “ REST
B AT AL 75 Ay AT 45 I BE A &% 5, PR P 1l i
J2 L 58 AR RAE SRAT 25 A% O B ER. NS A BUIR$E
PR 1 B8 J1 VP4l A2 BT ) % I PRAE 15 58 1 3
AR R K E IR R, BAIR R A R TS
FEVEHIRE I VAN F AR A 2R, A6 E A B (0 VP ik A5 2
PPAl 792, RS T B 25 G Fa 4 0 V7 8 2 42 1 P A
PYIER, R A 2 4 R 48 4 45 1 B8 VR4, It gt
i 22 0 BN TR s . A S DUHT oA R Ak R A K
Gy B b, AR Bt 25 1 4 8 7 SR FR P P ) Ak AR
BWHLIR, 55T OODA M4t T Wik 3 Fiios (1 & e 48
PRV RE JIVRAG Fabn iR R N HERA 38 BT IR &
BA B 70 322 1 R 3, S T ZE ML G &5 da P R e 9
ICIREER . B HE, RS E. . 24K



2664 # % 5 2 K

®3I ARIRIBEIEHIRE AR A R
PREEEED EEIEP'd

BRI oy BRI TR AEL . REWRSERBORRL S RSB . AP It
FRIVRAE T ar  REWSTRHRBS B /R, MRS AL “ BURE RRF9 07 ARSI, R 52 R peds
WiRERRE ) as  TRBMTENE FE, SRR RS, 26000 B RE KA U2, R BB (A e 35 Y 2, 1 2 s R

F4 BRINTGEMRRIERE R

E37%

&k % R
o {0.72/0.4,0.72|0.2,0.76|0.2, 0.76]0.2}

. o {0.75|0.4,0.75|0.2,0.75|0.2, 0.75]0.2}

! =3 {0.54/0.4,0.58|0.2,0.58|0.2, 0.60/0.2}

T4 {0.52|0.4,0.55|0.2,0.55|0.2, 0.55/0.2}
o {0.53]0.2,0.55|0.1,0.55]|0.2,0.56|0.1, 0.56/0.1, 0.56|0.3}
o {0.59|0.2,0.59]0.1,0.62|0.2,0.62|0.1, 0.62|0.1, 0.66|0.3}

2 =3 {0.64/0.2,0.64[0.1,0.64]0.2,0.67|0.1,0.67|0.1, 0.67|0.3}
T4 {0.55|0.2,0.55|0.1,0.55]|0.2,0.55|0.1, 0.58/0.1, 0.58|0.3}
o {0.68]0.5,0.680.1,0.77]0.4}
o {0.58/0.5,0.62|0.1,0.62]|0.4}

s o3 {0.62/0.5,0.62|0.1,0.62|0.4}
T4 {0.67]0.5,0.71]0.1,0.71]|0.4}

TUE 55 A% VR 0 R A6 L SRR 6 2 v S0 45 5 9, X T )
AANE BRI {21, T, T3, 24 ) FITRTESEHIGE D EAT T %
TRPEAG . 93 B 2 A A [R] 2 0, VAl 2008 AR 2R 74
BRI 7T T s L, R4 id — & B T AL TR, #2215 51
TR 4 FroR MRS IR U S AR B R A LSRR
e R A, &9 ) AR A — AL AU SRR 7, HAR
ROVPALE B2 A DT 28 APl 45 3. A H
A MR 4 R SR AR B R, X 4 N6 IR {31, 22, 23, 74}
FRFERE I RE AT S5 S HE T
6.1 FAERMNERE
W SR R B o S 1 AR ) i, R TR A
TR S, BB IR T
step 1: FR 4 3K (28) TH 5 U SR H B R 1 I 25 6
55
0.5280 0.8980 0.5680
0.5000 0.7540 0.8000
0.8640 0.6900 0.7600
0.9240 0.8760 0.6200
step 2: AR X (30) T 5 Y SR A FE R 1% Bl B 25 00
gie]i4s

E, =

0.5280 0.8980 0.5680
0.5000 0.7540 0.8000
0.8640 0.6900 0.7600
0.9240 0.8760 0.6200
step3: Wi R E RIIE G E Es =
E, = E,. XB E; = E\ = Ey 2R, AR FE
K R b A MR BRSO e B SRR 38 KT 0.5.
step4: FE TR G W5 FE Es, IR P8 20 (34) K % 8 1

Ey, =

FIRE i E N w, = 0.3679,wy = 0.2430,w3 =
0.3891.
6.2 ETFTOPSIS E:EH#ITHRF
TOPSIS H% & — P Bt T B A 228 i sk 7
% HBAPIRIR.
step 1: iR (5), R BE RIMAG 43 FERETHE N
0.7360 0.5510 0.7160
0.7500 0.6230 0.6000
0.5680 0.6550 0.6200
0.5380 0.5620 0.6900
step 2: FET15 73 H M S, MR 4E & L (16), ¥4 PR HE
FE RV IEERAEMER T N RT = {ro1, rag, r13}; ERAH
FETAE N R™ = {ra1, 12,723}
step3: MR A7), 1M HANEHUR & BHEES
IEFARME RT % J8 M {E 1 Buclidean FE 25 B 46 FE
0.0241 0.1044 0
0 0.0369 0.1198
0.1836 0 0.1056
0.2125 0.0934 0.0397
step4: WA A7), THEANEGRURS BIEES
AR R~ %% )& A A Buclidean FH 250 5 0 f
0.1985 0 0.1198
0.2125 0.0747 0
0.0319 0.1044 0.028 3
0 0.0158 0.0900
step 5: & 20 (39), 4 & Rl 5 1E HE AR AR (1) AH
Xt WG 3 AT 5N Cl(z,) = 0.7776,Cl(zy) =
0.6341,CI(x3) = 0.3070, CI(x4) = 0.250 3.

D+_
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ook F AT RARBAAGE &0 5 B R Tk
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step 6: FRAE FH X WG FE AR, 7T DAKE 445 Bk
FHAREESIRE T Ny = 2 = 23 = 24.
63 ETEEREREFHITHRF

K HME BAE R T 2, 75 0 22 4 Fros i) Tk S5
B Rt — Dt AT B2 i 8, FOP BRI

step 1: i % J5 F IR AP0 FROBOR o SR B R Ank

step 2: FRAE T (14), REUIMBUE A 21177 2, 4
PSR FE B R A () PEANAE SR AT 1 ) 4R A, I SR HAS
IHE, A13R 6 P AT SR BUIA LA~ 34 1) 77 2, AR
5 20 (15), K PR S0 BE R v 1 VP A5 15 B30 AT B 1) 42
B, FE SR ILAT 0, an 3R 7 B,

step 3: MR 6 F13R 7 1T B4 3, nlKs 446 A
IRAZ ARSI RE JHE T N 1 = 20 = 23 = 240

5 7.

=5 AMABIERRRER R

Bk ES R
z {0.72|0.2,0.72/0.1,0.72|0.1,0.72]0.1, 0.72/0.1, 0.76|0.1, 0.76]0.1, 0.76]0.2}
" Zo {0.75/0.2,0.75/0.1,0.75|0.1,0.75]0.1, 0.75|0.1, 0.75|0.1, 0.75|0.1, 0.75]0.2}
! z3 {0.54/0.2,0.54/0.1,0.54]0.1,0.58]0.1, 0.58|0.1, 0.58|0.1, 0.58/0.1, 0.60[0.2}
Z4 {0.52(0.2,0.52/0.1,0.52|0.1,0.55]0.1, 0.55/0.1, 0.55|0.1, 0.55|0.1, 0.55]0.2}
z {0.53|0.2,0.55/0.1,0.55|0.1, 0.55|0.1, 0.56|0.1, 0.56|0.1, 0.56|0.1, 0.56]0.2}
" Zo {0.59|0.2, 0.59]0.1, 0.62]0.1,0.62|0.1, 0.62|0.1, 0.62|0.1, 0.66|0.1, 0.66]0.2}
2 z5 {0.64]0.2,0.64/0.1, 0.64/0.1, 0.64|0.1, 0.67|0.1, 0.67|0.1, 0.67|0.1, 0.67]0.2}
Z4 {0.55]0.2, 0.55|0.1, 0.55|0.1, 0.55|0.1, 0.55|0.1, 0.58/0.1, 0.58/0.1, 0.58/0.2}
z {0.68]0.2,0.68|0.1, 0.68|0.1, 0.68|0.1, 0.68|0.1, 0.77]0.1, 0.77|0.1, 0.77|0.2}
" Za {0.58]0.2, 0.58|0.1, 0.58|0.1, 0.58|0.1, 0.62|0.1, 0.62]0.1, 0.62|0.1, 0.62|0.2}
3 z5 {0.62]0.2,0.62|0.1, 0.62]0.1, 0.62|0.1, 0.62|0.1, 0.62]0.1, 0.62|0.1, 0.62|0.2}
Z4 {0.67]0.2,0.67|0.1,0.67|0.1, 0.67|0.1, 0.71]0.1, 0.71]0.1, 0.71]0.1, 0.71]0.2}
F=6 MNEAREHHNAR
HE A E o1
z;  {0.6655]0.2,0.6690]0.1,0.669 0/0.1,0.669 0]0.1,0.670 8|0.1,0.726 5/0.1,0.726 5/0.1,0.726 5|0.2}  0.6915
z,  {0.6550/0.2,0.6550]0.1,0.661 3|0.1, 0.661 3|0.1,0.674 3|0.1,0.674 3|0.1,0.6829]|0.1,0.682 9|0.2}  0.6685
z3  {0.5976]0.2,0.5976/0.1,0.597 6/0.1,0.6109|0.1,0.6190/0.1,0.6190/0.1,0.619 0|0.1, 0.625 8|0.2}  0.6110
z,  {0.5916]0.2,0.5916/0.1,0.591 6]|0.1, 0.601 2|0.1, 0.620 7|0.1, 0.627 0]0.1, 0.627 0|0.1, 0.627 0|0.2}  0.609 6
F=7 MRULAIEHNAER
Yok LEATEE R (el
z;  {0.6536/0.2,0.6596|0.1,0.659 6/0.1,0.659 6]0.1,0.662 4|0.1, 0.709 2|0.1, 0.709 2|0.1,0.709 2|0.2}  0.678 5
z,  {0.6402|0.2,0.6402|0.1,0.647 9|0.1,0.647 9|0.1,0.665 0/0.1, 0.665 0]0.1, 0.675 2|0.1,0.675 2|0.2}  0.657 2
z;  {0.5938]0.2,0.5938|0.1,0.5938|0.1,0.609 7|0.1,0.616 5/0.1,0.616 5/0.1, 0.616 5/0.1,0.624 2|0.2}  0.608 3
z, {0.5818]0.2,0.5818|0.1,0.5818|0.1,0.5939|0.1,0.607 4]0.1, 0.615 3]|0.1, 0.615 3|0.1,0.615 3|0.2}  0.599 0

6.4 LR
4 I EE RUE T OTHR (4], I UL AR F- 1)
1977 AT T TAL 3. 0 AL EAE F 2 5K (14), 4
AN R AU AR AR, 25 L OR B PR A /N B R SO T 3
b7 V2 HE e 45 SR 5 STk (4] Bt 3 M7 VR B HE e &5
RUESHIR.
RS HFERIE

ik Hr 451
TOPSIS .75 T1 > Ty > T3 > Ta
AU AR Ty > Ty > Tz > Ty
B L35 Ty = Ty = Ty - Ty
WHR[4) T HPFO“WA BT o1 > o > X3 > T4
XHR[4]FHHPFO'WASLF 5 = oy = T3 > x4
HR[4) T HPFOWA H T 1 > 25 > T2 > X4

H1 3% 8 BR324 SR A 60 AR SCRIT S 3 Fh 73k i

F £ A 58 4 — B I 5 SCHR (40 B P 5 VR B HR e 25 2
AR —BLIRX TR U] T A SO R S BAE AN 2
P TR FERE, 56 T IR AR BRI E B 2 )8
E R 57595 BAT LU L%

1) AP BAERA5 2 03 SRR T g R S B,
[R5 CIECR

2) BEZRIU TR O A TR R 70 mT 22l g o
AT EE FAL B 4 RS R MR R SR T, M T SE B Ak 2
JHERISE—;

3) FEF MR REE MR B REA S TR
JFORME R AR TC A5 E L i 22 B2 ARG I 2 45,
RE 547 2508 o S AT ML VA R 045 B 45 g

4) AP RASERIVES 15 65 00 JEE R 0% e A A AR
JE Rk, B BOR A X 7 BE



2666 = % 5 *x K 37 %
5) TRAIN TR AFORA FE A 38 SN Be il J2 A Bt [10] JA /NS, SR Th. MEZR M TR R S vk S L o) 4% B s

GG A O 5 PR AR 2 1 SR AL
7 % @

ARSI TGRS L FME R A (5 B A
SIS A A L ) R, B M TR T AR ISR T
BB R 715, 87 7 15 Re s M B 5 R AT R T4
BOBE BN Gt — b BEAE 2. 78 1 FUIE B AR 7C 5E
SRR b A R GiHh e ST A OSSR
FEAIE SN L B R S B O RV A Je I i, i
AR T AR TR AR T A S, A SO IR
A T il 2 A R i 44 5 e 0 VR A FiofE Sk

0 28 B AR ST HR R T R AL IR B S B 2 8
PR TT IR B BB 5 T mAEscil. i
SR AT TR A IR A RS AL
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