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Global convergence analysis of grey wolf optimization algorithm based on
martingale theory
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Abstract: The grey wolf optimization (GWO) algorithm is a stochastic optimization algorithm based on swarm intelligence
which has been successfully used to solve many complex optimization problems. At present, there are many improved
forms of the GWO algorithm, but the lack of rigorous convergence analysis leads to no theoretical support for the improved
algorithm. In order to make up for this deficiency, the martingale theory is used to analyze its convergence for the first time.
Firstly, the basic mathematical model is established according to the principle of the GWO algorithm. By defining the
gray wolf state space and the gray wolf group state space, the Markov chain model of the GWO algorithm is established,
and the Markov properties of the algorithm are analyzed. Secondly, the martingale theory is introduced, and a swarm
evolution sequence with the supermartingale as the optimal fitness value is derived. Thirdly, the convergence of the GWO
algorithm is analyzed using the supermartingale convergence theorem and its Markov properties. It is proved that the
GWO algorithm can achieve global convergence with the possibility of 1. Finally, the convergence performance is verified
by numerical experiments. The experimental results show that the GWO algorithm has strong global convergence, low
computation time and high optimization accuracy.
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it AANEE 2K (20) AT LR AL
> F)P(O"™ = 0|0 =u) <
vEO
ZF PO =v|0" =u) =
vEO
u) > PO =0]0" = u) = F(u). (1)
veEO

K4 © f&—~ A, it LA (21) Jior.

ZE LRriR IE BN RE {F(0Y),t > 1} AR
ist3

WG 2, 4t — 00,0 € {0t > 1} i, B
ML FE{F(67),t > 1144 CL L AT RE MR 8RR F(6°).
FHNLH, 2t — oo i, BEIRAS P4 {67, ¢ > 1R LA 1Y
AT RERENSCE 0>, B P{ lim (0" = 0>)} = 1. OJ

FR A i /S, 2R oo M EUEE A M T,
GWOFt LA 1 2RI Sl B 4 IR i ARAE. (R G 2R 6> 1)
HUEARTE M 4, W GWO 1] REAR 2 I8 3 4 5 e
ﬁt.

W6 f1f bk sk

mlnP(Gt“I@t),t > 1, LIS 3

DEDYP AR cofif, P{lim (6" € M)} = 1,5
t=1
GWO 5% LA 1 AT BE kA 2] 4 Jay Wi 8
2)24) " Py < ocolft, 0" A AT RENCSICE] M, I A BE

t=1

fit b, & Pr =

PRAE GWO SHEIA 2 42 JR R SL.

4G, = {00 = ut > 100t ¢ M), FUi{E
WOt =vIFH {0 = v,t > 1} M # . b, W E
4p = min{|F(u) — F@)|, F(u) £ F(0)} AT
S AFF F (u) — F(v) > rp.

AR 5 A ST B2 P Jo mT LA 3]

E(F(0") — E(F(0')) =
E(F(0") — E(E(F(0')]0")) =
> PO =u)(F(0") - E(F(0")]0" = u)) =
uee®
ST PO =u) Y Plu)(F(u) — F(v)).
uee® vEO
WHs e 1, w2 M@ eh ik Py =
min(P(910%)), [R5 48 A A2 2
> P(vfu) > P(vlu),
vEO
>y P = > PO =u),
ued uNM=0o
CIRPRCES
E(F(0") — E(F(0")) >
Z P(O" = u) Z P(v|u)rp >
uee vEO
Z P(6 (vju)rp = Z P(0" =w)rpP; >
ued ued

> P =

uNM=9g

A EReP R £ B N RAN, 1535
E(F(0) > E(F(0")) — E(F(0")) >

N
rpZP(Gt)P
t=1

BN — colff, F(0) lrp#2 A BRI, 7 LS 2 ASE
B2y

w)rpP; > rpP P(Gy).

> P(G)P; < .
t=1

Tﬁ@;ﬂ%Gwoé)%%cﬁjz%ﬁﬁ#‘%ﬁﬁ
)4 Pr = ocofif, P(Gy) — 0. BEh T G,

t=1

AWANCIES
Py Jim (0
P{tliglo(et eEM,t>1)}=1
Mt — colth, RN {08, ¢ > 1} L1 Al fE P8
ZHFOREHHLE R0~ € {0°,t > 1}, BrLLo> fH

—u,t>1NM =)} =0,
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RS M b AR A4, 2 S P = ool Y]
=1
GWO B LI 1 (97T A 14 F ek,
22> Py < oo, P(Gy) — 0,803 P(Gy) —
t=1

e,e € (0,1).

HP(G) — O, 5158 1) KA, [F 2, /RS
GWO By L1 I rT REPEIA B A RISk, 4 P(Gy) —
efif, 0> HUA T REATER MMAPIRASE M . BN
t — cofff, {08, ¢ > 1} L1 R AT REME ISR BER A B
PUAER O € {0t > 1} {HEe # 0, XBEHREAFLE
T A0 TR HUE M KR BERES L4, ey € ©
HyNM = o. d1~ A L7 A dn @l 7 (8 F ). AR
A7, B EIRE T A {08t > 1} B TRERA
Eylf, 0y NEUE. My M = o, BRBER
BAREIL BB EARSHE M, BTG KRR
ﬁﬁfm’*ﬁ g AL B2 Rk, XN, 24
> P < oo, T HORA NS RAEAE — Al — 1

FETRI G B | GWO SLHE45 2 53l ok, T 4 e
5.0

SET BM € 0,0 birte— MR I
yAETMEETO. 3yeo0HyNM = 2.

SR ¢ AR R, R B R AR,
3 ELRAT RS N B IORLERA, B lim X = g0,
T H g £ g2 MR fr BAR A Fa iy X0
= (97,97,97,9") ¢ M C X,Z/ M FPIRZA AR
. M IRAMAIICE g N TR BERA N 07 —
(X7, X7, X)) RRBERAS 0 RIS, BT g7
L gt RO ¢ M. AT LRI — A LR 0
RS EYy,yc 0 Hy M =2. 0

AT 7 i I, GWO B3 S M S
A, TN GWO B4 U P B R B o 1)
SARAR, FLAETE 138 S T a, 7 DL B
AR B AR BT, 7 {5 GWO B S 4
Ve, GWO B He 5T 55 U A, SR B 514
R ER R, G ERODTHE > 0L

> Py = oo. JITLLGWO S HURF 4 i L 6 A8l
t=1

T 1), B~ Py = oo. BEHI GWOSLIE AL 1 AT gt
t=1
K F 4 R .
5 GWOHEMBELK 551
AR 38 i BUME 52 58 ok B0 R AR SRR I U
ARSI 24T M58 Windows10 #:4E R 45« Intel(R)
Core(TM) i5-10400F CPU @2.90GHz &b ¥E45. 16G

P A7 A1 GTX1650. 3% ] Matlab2018a iz 17 532, T
O CHAXT ABC L. CSH L. PSOK L. BAK
PEBACIEAT T SO B A BT, O T S I R
R GWO ELiE RIS, K GWO Sk 5 FiR ik Ik H
HEAT HUE S, R AE R 1E 18 4T, 1 BUH [ (1
AL RN E N Ny = 30,48 D = 30. 47
JxF S FRAS [F] ) EE AT S8R B, SR 1R, TR
E H GWO B ¥ il S 502 S /b 1.

®1 BAESHRE

ik ZHRE

GWO  a M2 ~ OBEIEA UK N, £8P ik
ABC HIFHHN N, #5#124limit = 0.6 x N x D
CS  KRIMWERP =0.25, 6 KifATiEa =0.01, 258 = 1.5

PSO A E w = 0.75,¢1 = co = 2,

BRHEE Vinax = 0.1(Xmax — Xmin)
BA  Wif¥e = 0.9, JKMEED = 0.9 I finin = 0, fmax = 2

51 MR

A S 3% B 10 AN 9032 pR 4. A Sphere (FY)-
Schwefel’s 2.22 (F5)+ Schwefel’s 1.2 (F3) Fll Schwefel’s
2.21 (Fy) a0 R 4, B 05 R K] F 100X 50025 0
TP KE B A3 B B Rastrigin (F5) N 2 U6 2R 2L,
Shifted Rastrigin (Fg) 4 2 U§ i # o% 4], Shifted and
Rotated ~ Weierstrass (F;) 1 Shifted and Rotated
Schwefel (Fy) 24 2 W (i #4 Jig % o8 £y, 22 U R BUAE
) A7 AR KB Ry P AR, BE M AR I =B S BRI 42 )
94 2% FV 38 4 = 35 B¢ A8 1 € /7 ; Hybrid Function 6 (Fy)
1 Composition Function 2 (Fio) 733 NI G R E R
& R A RS R BN S S O TR SRR Bk
R ER AL I RE ), AR EE PR R 5T K I BE
7.
52 HEXWSERSR

KR A 5 R0 R e S 23 0 6 10 A4S
PR HO ST 32 AT 30 IR, fie KIEARIR 73 30 9 1000 A1
2000. XF 4 it 22 AR O SL I8 4T (1)1 3 56 I
(Phs Jyshny #AT givt. b, B E AR BRI 2R
J&, bn e 22 R BRI RS B . W RIS AT A R 5 H sk
s AEAE 22 /N T 1078, e SR ).

2910 R BUE A T 000 IR ARALIZAT 30
AT 0 25 5L, A D0k R BOMH S PR R i e ) B 45
R LR, R 20 s T DUE H, 1E 5L R
B F, ~ Fy b, GWOSIEHA S Th stk 2] 1 4 il
18, Ui B GWO 5% R A Y sl 2 42 Jmy e LD RE 0. B
IR CS FLILAE Fy R A B W SIORS J2 #% &1, {5 GWO




N ~ K5
2846 1= 5 & %
R2 BREF ~ FoBITER (1000%%
Pk PEREFE AR GWO ABC (o PSO BA
mean 4.54e-59 7.39¢e-01 4.09e-03 5.24e+01 5.45e+04
Fy std 7.30e-59 1.40e+00 2.92¢-03 1.89e+01 1.05e+04
time/s 0.177 0.823 0.405 0.573 0.134
mean 1.46e-34 3.42e+01 1.16e-01 4.14e-01 1.24e+02
Fy std 2.61e-34 3.37e+01 4.43e-02 8.36e-02 1.35e+01
time/s 0.178 0.816 0.412 0.592 0.135
mean 1.77e-14 6.49e+04 2.83e+02 3.81e+01 9.32e+04
Fy std 6.08e-14 1.07e+04 7.49e+01 1.23e+01 3.54e+04
time/s 0.392 1.279 0.852 0.802 0.363
mean 7.33e-15 6.01e+01 5.88e+00 1.33e+00 7.58e+01
Fy std 9.92¢-15 5.71e+00 1.95e+00 1.50e-01 6.12e+00
time/s 0.180 0.807 0.403 0.567 0.134
mean 1.81e-01 2.34e+02 7.81e+01 7.36e+00 2.01e+02
Fs std 7.09¢-01 1.64e+01 1.10e+01 4.06e+00 2.92e+01
time/s 0.180 0.842 0.450 0.573 0.146
mean 8.95e+02 1.04e+03 9.01e+02 8.56e+03 9.95e+02
Fg std 2.31e+01 1.94e+01 1.44e+01 1.19e+03 4.57e+01
time/s 0.228 0.957 0.511 0.211 0.155
mean 6.16e+02 6.41e+02 6.29¢+02 6.38¢+02 6.41e+02
F; std 3.36e+00 8.94e-01 1.55e+00 3.09e+00 2.59e+00
time/s 1.600 4.086 3.326 1.744 1.770
mean 4.57e+03 9.12e+03 5.16e+03 9.82e+03 5.88e+03
Fs std 6.99¢+02 3.39e+02 1.66e+02 7.80e+02 5.72e+02
time/s 0.308 1.146 0.699 0.313 0.244
mean 2.64e+03 3.17e+03 2.57e+03 3.49¢+07 3.51e+03
Fy std 1.77e+02 1.54e+02 1.28e+02 1.86e+08 5.32e+02
time/s 0.288 1.136 0.655 0.285 0.232
mean 2.60e+03 2.65e+03 2.63e+03 7.85e+03 2.70e+03
Fio std 1.29e-02 5.47e+00 3.38e+00 7.07e+02 2.97e+01
time/s 0.446 1.490 0.969 0.459 0.411
FVRAE LR LTS 45 RHAE T8 20, AR T CS  VEMIBATRERTMUR T BA B, CS HE R Sl s Ab

R BRI S, GWO 5L 98 26 4 v T A 4 b
S AERE AR R T T B T BRI Fo By Fy- Fo,
GWO HiEfE A A e e T HAL S VL. B
3 (7) /T LA H, GWO SLVE AR 3T A B 37 1 3 72
WL 7R R T RT3 Sk IRIR IO A7 BLAS R X s B
HHLHE GWO Sy e B I IR I 22—, VERIR
BAT IS (A 0] DUE 75 R 2L Py b, GWO Bk
{1 E I d5¢ R 1 78 L A o 35 E, BA SV FE R B0 1H
J&, BA SR TE A8 20K B AN RS e M O T A 1 A B IR 4
72 B4k b, ABC VLR S K, Tl ABC BIETE iR
K Py RSB PR SN AT GWO HLVE
AL S R A AR T At 4 R AR T H GWO B

TH4%, ABC. PSO R BA 532 IS SICPE REAH XS 4 55.

HER2H BB Fs ~ Fio%id 1000 Y04, &
A IEE A RRL. B TR ~ Fot 2
NS (I3 BR B, 78 T B 1) i S (] WP AR TE KR
PR ARG, AR AR 3 4 R B . X BB Py ~ o,
TE HoAth 52 56 PR 858 I 5% A AN AR IR 0 T, B R IE AR IR
H3E 0 22 2000 73 B3R 3 &5 L. B3R 3 e g T
LA L BRELFs ~ Fio £F 2000 JOER G, %A Bk
Firfg g BT 2 2, B4 4 R . JUHAE R
H Fs b, GWO BRIk E] T 42 JR i . [FIIT, & 3 11
o 2 7R, GWO S LEWCSIOR B 7 T 1) PE RE A2 54T
0. 1o BH RS0 T~ — L6 53 7% R B, B o5 R AR B 1
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N, GWO SE N B W17 22 R i L 53k, T H R AT 3L
I AOUSCSSCRF 8. A8 PR B P, B, GWO SV FUAE I 5
76 AR BRI A 1, BA SV I RE I B 7

F£*3 BB Fs ~ FioBITER (2000 %ERK)

CEAR2ME I LA H, GWO FiE s 6
T HAAFE L RO T RIFROBEH RS 5
RE IR 5t ) R

PR PEREFR AR GWO ABC CS PSO BA
mean 0.00e+00 2.29e+02 5.73e+01 4.76e+00 2.00e+02
Fs std 0.00e+00 1.04e+01 9.64e+00 3.14e+00 3.48e+01
time/s 0.352 1.680 0.881 1.140 0.286
mean 8.90e+02 1.03e+03 8.70e+02 8.52e+03 9.81e+02
Fg std 2.19e+01 1.28e+01 1.20e+01 1.21e+03 2.80e+01
time/s 0.458 1.883 1.031 0.433 0.320
mean 6.15e+02 6.40e+02 6.27e+02 6.37e+02 6.40e+02
Fr std 2.72e+00 7.70e-01 1.25e+00 2.87e+00 2.09e+00
time/s 3.171 8.396 6.640 3.460 3.689
mean 4.17e+03 9.03e+03 4.95e+03 9.66e+03 5.47e+03
Fy std 8.98e+02 3.53e+02 2.46e+02 7.56e+02 6.81e+02
time/s 0.610 2.231 1.375 0.613 0.483
mean 2.57e+03 3.13e+03 2.55e+03 3.48e+07 3.48e+03
Fy std 1.59e+02 1.05e+02 9.67e+01 1.73e+08 3.37e+02
time/s 0.579 2.301 1.313 0.566 0.463
mean 2.60e+03 2.64e+03 2.63e+03 7.83e+03 2.68e+03
Fio std 3.74e-03 5.47e+00 1.50e+00 4.94e+02 2.51e+01
time/s 0.889 2.961 1.909 0.908 0.816

6 & it

ASCAE 53 T GWO Hv% J7 B il B, iz FH
W T T GWO B3 W St K AR B 3k 10 7 51
AN B R A B ol S0 IR B T GWO IR
%}ﬁ. 24 TR B, GWO ST R U SRE Pr > 0,
Z P} = oo, UF#] 7 GWO 53 DL 1 (1) AT R ik 21 42
%h&ﬁﬁ(. E BH A BT A BT 925, S GWO B IR
S A AT B AL 1B B i R 2 9 GWO B
ERRK AN BE5E 1 R o 1 A0 il i il i 4T
AH S HUE B2 58, B E T A SC B 2 A 0 IR A . SR
SE LR, GWO BLVEAR bE T Ho At Bk, LA 20K R4
1~ A8 PR I [H) B2 AR, O% T GWO BNk
P i B At AH OC J7 T, W VK (1) 32 47 I [A] 124 45 FE
RHRIE T E AT B2 HHETT.
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