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Consensus of discontinuous multi-agent systems with hybrid self-delays
via saturated distributed control
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(1. School of Internet of Things Engineering, Jiangnan University, Wuxi 214122, China; 2. College of Mathematics
and Statistics, Shenzhen University, Shenzhen 518061, China)

Abstract: This paper investigates the globally and exponentially consensus problem for a kind of multi-agent systems
with discontinuous dynamics and hybrid self-delays. Through implementing the distributed negative feedback control
strategy with time-varying control gain, the communication of state information among agents is achieved. Since it is
impossible for the amplitude of the control signal to reach infinite in practical applications, the saturation strategy is
utilized to limit the control effect into certain reasonable ranges. In order to reduce the non-smoothness of control signal,
the Gaussian error function and the differential mean value theorem are jointly taken to simulate the saturation effect.
Furthermore, the Filippov differential inclusion and the measure selection theorem are utilized to deal with discontinuous
differential equations. Then the exponentially consensus criteria and the admissible delay are derived by applying the
generalized Halanay inequality and the Lyapunov stability theorem. Finally, the effectiveness of the proposed control
strategy is verified by numerical simulation.
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ARG 5 AT L, IR $ i P2 ) ) R A
FEF AT SN (14) Lh S 3 A 5042 il 45 (6), 753 21
IR 25 2 W R R IR 2 R G
€i(t) = Bei(t) + Di(f1(t, zi(t)) — fu(t, 21 (2)))+
Da(fa(t, @i(t — 7)) — fa(t, 21(t — 7))+

i+ G i )p(t) Y sz (t)+

kG’ (w;(t))sign(e;(t)). (15)
NTAET &5 457871, B Kronecker 1 5 5] # 3, ¥ 2
(15) Fe e e T T X

é(t) =
(In_1 ® B)e(t) + (In_1 ® Dy)(H® — H™)+
(IN—l X DQ)(Hg‘(thé) _ th(tfrs))_i_
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A= p(t)(P ® L,)G (w(1))e(t)—

kG’ (w(t))sign(e(t)). (16)
Hrp
e(t> = [eg(t)a eg(t)v SER) e%(t)]Ta
HE =

[FE (w2 (), fi (a3 (t)), - .
Hi' =1n-1 ® fi(t,21(1)),
Hy ) = [ (1 @t — ), S (8 25— 7)),
S fa (G EN (=T,
Hy ™) =1y @ fot, 34 (t — 7)),
A=1y_,1® A,
G'(w(t)) = diag(¢'(w3), .- -, ¢'(wh), ¢'(w3), - - -,
9 (@5), .., g (@) -, ' (@)
R E 15513 1, /] LG 2
F{e(t)} <
(In_1 ® B)F{e(t)} + {A}+
(In-1 ®D1)F{(Hi“ Hy') b+
(In-1 ® Do) F{(H;" "7 — Hy 7))
k- G'(w(t)) F{SIGN(e(t))} -
p(t)(P @ 1,)G' (w(t)) Fe(t)}, (17
H A SIGN(e(t)) = [SIGNT(ex(t)), SIGNT (es(t)),
-, SIGN" (en ()" M 418 BR % SIGN(el (1)) (i =

e )]

2,3,...,N,j=1,2,...,n) & CNINTFES:
{~1}, €l(t) <0
SIGN(¢] () = (—LD,#@%=&
{1}, el(t) >
EE1 X TARELREA AN T2 ik R4

(1), 5 & TS B0 AR 1 ~ R 3, 78 AT 40 A 2%
1 45t 4% ] 45 (6) 5 U LR S mE (14) BFIAE R R, B
W R 2R AT

EmaxAmax + NP

. - (18)
PlinaxAgAmin +2A5

2m15\D2
MNZARE SR A B I I 2 5
30 WA %2
PRI SE Ny

+v>1.
HER RG] S 4 R A
TREMR R G LI — BUE R RO E

! )\ Al’l’llIl
o ((PEmax n 7).
2m1 >\D2

_ 13\
Pm |€max)‘9 Amin;

o= sup |p(t) —

_2(m0)‘D2 + S‘B) B
2m15\D2
;\A N ;\B S\D2 (pﬁj\%ujj%55$A®D1

3 —1
ml)\glﬁ

min

"y:

B. Dy #l

(A @ 1,)G"(w(t)) M KRFEAR; A WHFE G (o (1))
NS
UEBA 1% X Lyapunov bR %
Vi) = AR L. (9)

NEFESHES, T [FEIR AR
gmdxv( ) ~ ;eT(t) ( ) < Smlnv( ) (20)

e, R e X3 55 B, HFE V() R TR
44 1H Lie T4

Ly(V(#)
Flet ()(/1®B)e(t)}
F{e"(t)(A® Dy)(H" — H™)}+
F{eT(6)(A® Do) (HE ™) — gi =)
F{ke™ (t)(A® 1,)G' (w(t))SIGN (e(1)) } —
F{p(t ) T()(AP ® I,)G' (w(t))eT (t) 1+
F{e"(t)(A® I,)A}. on

FRIEVE 1, 7EIS [ ¢ € [0, 00) PN LAFFE T bR £
B X (t) € F{H} L, YA(t) € F{H'}, Xo(t — 1) €
F{H; "N Yyt — ) € F{H, ")}, i

[
H
N N
~
N—
—
~
®
k>
S~—
~—N N
>
N
~
N~— ('b

p(t)e™ (1) (AP ® I,)G (w(t))e" (t) =
LYWV +LPwve)+LPw@e). @
W T2, T3 5

LV (t) =

PV
" (£)(A® Da)(Xa(t — ) —
moe” (£)(A ® Da)e(t)+

S
my Y el (t— 1) (A® Dy)e(t — 75) <

s=1

2moAp, V (t) + 2miip,

Yo(t — 7)) <

sup (V(t+4q)). (23)

—7<g<0

bt JE, ARG 51 2 R % 2 P K 2K (20) i LL1S 3]
LP V() =
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et (t)(A® I,)A-
ke (£)(A ® 1,)G' (w(t))SIGN (e(t)) +
e (H)(A® D) (X (t) = Ya(t) <

62 leF (B As]| — wke™ (£)SIGN(e(t))+

YA RO AGESAGIES

N N n
Emax Amax Y el =0k D le] (1) |+
i=2 i=2 j=1

MaAD, Enine” ()e(t) + 105, [T (1)) <

min

N
(gmaxA_max =+ l/\gl) Z Hel(t)||+
=2

N n
maAD, Gl V(E) — 0k > > lel (1)] <

i=2 j=1
N n
(gmaxA_max + l;\gl - Sﬁk) Z Z |€z (t)|+
=2 j=1
miAD €V () <
miAD, €V (1), (24)
LOW () =
e"(t)(A® B)e(t)—

p()e (AP © L,) G (w(t))e™ () <

23V (t) — 22, p(D)eT () (AP © PTA) <

2
PV (t) — %)xg/\minp(t)eT(t)e(t) <
(2AB = Lmmx A g Aminp (1) V (1) (25)

g LS5 (22) ~ (25) AT 5
Ly(V(t)) <
(2moAp, + maAp by + 2Ap—
Emnx g Aminp (D) V (D) +
2midp, sup (V(t+q)) =

—7<q<0
—p@®V(t) +v(t) sup (V(t+q)). (26)
—7<g<0
Hrp
p(t) =
Gt Aminp(t) = 2moAp, — maAp &k, — 2X,

v(t) = 2m15\D2.

MRAR R 3, I A5 5 AT — A 0 102
IR o 2 = [ 7 p()dt > p > 0.8 51
SHUEE,

& = pErL AgAmin — 2moAp, —

ml;‘glgr;iln — 25\3 — 2m15\D2,

o= sup |p(t) — ﬁm|£r:1;x)\g)\miﬂ'
m,t=>0

MR B AR AF (18), 23 R0 1 skar:
74 (1 —e™)sup |v(t)| > 0.
t

gk b, 2R EEIRAR ZE R G5 (5) fE A6 A 3%
48 (6) S S R AN SRS (14) FIME T, e 1A 3
2 JRIB R E. X EWRE FESR G AN JE LM
Z R BeAR R G (1), 75 & IS H0 2 o B 1 s 261
B AT DASE I 4 R e 2 — 2k, B i K] VYRR 48
7.0

d4 XA T - thiEsd 2Rk is
82— FovE ) UL A SCRIH T B Lipschitz 2% 44
(lax(®) = B < mallha(t) — ha(t)]] 4 DK AEE
SR AR 21 B 775 bR B AT e A AL B [FIR,R T
AL BR B S5 5 FE, B F Filippov 52 (8 W5 21 18 K
7 IR 1) 7 5 Bk o3 B %) SR A H. AR )5 F1 A Filippov il
538 F 55 0 B 4 e #2459 B A Filippove & ST 1)
fit. B Ja 45 ) X Halanay A %% 3 55 Lyapunov 3 € 1
8 PR 19 3 — Bt ) SR S B K A R VT AE.

S5 RS e R AR B 1 RS R
i TR A 5 Fi8 250 S S50 AR, BT 15 T 14 4 i 4 8
BE —p - sign(e(t))]ei(t)]?(q € [0,1]) I Hrh, =
q = 1, 3o SR () 28 M 4% ] 2%, v DA R R A vk &R
GUETIT AR E 08 2 g € (0, 1) B, 42 1l 8% ) A 2 4%
i, AT DL R S TS R 4738, B BRI R g
AR E S E) 1 AR g = 0, T177E
55 R, LA R AR el s il 45 1@ S A Filippov
ooy B B S N R a5 28 5 AL, X I ) 2 ) A R mT BA
3 BRUER. A SCHIE 7L I SRR A I IE £ 2 Rk &
G FE R — Bk i), R )T Y Lipschitz 25261440
AEFELL ARG B 750K (). BT FE IR B
73 0] WU bR ) A E — M, i R K Q) R IR B R ZE
PRI AE BT 0 AT A 1 25 (6) B, NN — & - sign(e;(¢))
AT R ZZAME. 331 S0 kAR 2 2 BRAA I (18) I
K NI BN SO RN GO N E= R S ETIF SO & /87
JRIZN, 3N 2 2 B R AR R GuIA B A /R — 2T
(B 38 ). N

E6 TR (6) LSRRI p(t) > (1) —

=1
() HRBL T 4045 5% ) LA 3 R 584
Fu () AT 2, (¢) R IME BRI g 2 s
HEBHBEENERBARSE R MEmS, T —
W 1 53 A 2 il 4, 42 ) 16 2 08 R e BN A2,
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SR, 9T 386 04 ) R 9 [ B 1 4 ) 28R, A S
%A AT A A B T — R AR A AR
F 3Lk [26-271, A SO AR 3 35 p(¢) R A
RNz, R B R AT BRI N, AR5 3518 o, A7
1E B p, WHER T 3 i, B AR 42 il 3 B 1) [ e {8 T 2
VR IRIE. IX 2 I AR 48 ) 18 a5 HL A 1R 9 1l 1k, o] B2
F AN [R50 A5 fn 428 1) 1 2545 5 28 ok e 4 /1) El —
FBER T A 5 B A N H A G IR ESZ A5 5. =
W AE 5, BAR TR S T OB i e ar gz ). S
23 1) 14 2545 5 AR I I3 9 52 2 A S8 R AT 4. £
ot R 43, K 2 1 B 4 B E i S — P IR IE.

F7 HELIA W KT 28k RAE LR
FE (PRI FE AR, R R T R — L 1)
TR SR, 5 R B SE bR ARG, 2 B itk R 4R
FAEZ AN BN ZE F I B 3. TR, AR S 2 3
REfR R G AR 2 %8 T ARG BT
Fi(t —7)(s = 1,2,....9). FilHh, %4 S = 1,0
AT DUAH LA B A TAF R AE DG &5 182123, A,
AR RN RGBT —

8 5CHR [26-271 AH L, AL H 0 40 A 04
1) SR M S%of B AR 42 1) 38 25 p(¢) IO PR 1) LR AR B 92, FemT o
FHF 22 P s s 00 R b, 25 25 FE 32 1) 3 25 52 21
RPN E RS

o(t) = p+ei(t), t € [mT,mT +¢T¢);
p+eat), t € [mT +¢T°, (m+1)T),
Horb AR W B p VIR B RS, e, ()G = 1,2) N
JE AR AR T ) R Z1 i #3330, T 9 TF 1)
BNARREL (BN = 1 (nIERED. s < n 6
BB PR 1 A — AN b 3 P 96 3 T4 4% B A A
FHISF D). AR 21, 5 B A BIFE ML TOU T, 23 fefk
KRG EHHRE— BN h
fmaxAm;}; +IND, <1
(p+ é)grgixxg)‘min +2\p
2miAp,

27)

+v>1.

=

E=¢E1+ (n—q)éy,
1 (t+T¢

= FL ei(t)dt.
() BN 15 21 e K2R VRN JiE

1 (p + E7)61?1;0(}\5])‘min

= —1 = .

(o . ( 2777‘1/\[)2 + '7)
ZER A SR AT N R — MR T T, A R
P 3 e A7 S AR 3 AT BRI, T HUE BH I FE R AT AR

QI

Rl

e 2119 21, £ A AR,

3 HEGE
FEAT vh, 8 5 1k BUAS R R p(t) (G 1R 5%
fB5 SMEES. AT 18I F SO —5H)
5E -5 B R VI S A S A 2t
F & 4B BRI 2 Re ik R 4, AN
REfRHCA 3RS &, B AT
rl(t) = —1.3z}

K2 7

t) + 021z} (t — 1)+
0.1sign(x}(t — 1)),

0.1sign(z2(t — 72)),

i (
(
z2(t) = —1.522(t) + 0.2122(t — 7o)+
(
(

23(t) = —2.423(t) + 0.2123(t) + 0.123(¢).
#|B = diag(—1.3,—1.5,—2.4), D; = diag(0,0,1),
Dy = diag(1,1,0). S = 2,81 J12: R f(2) = 0.212+
0.1sign(z) (Rlmy = 0.21,1 = 0.2). B®lmg = 0.1.

o3 AT 2 A5 I R R

0 0 00
A— |33 008
0 -2 20
-3 -4 -138
A4S 51 38 3 7] LA 3]
300
P=1|-2 2 0.
-4 -138

A = diag(0.875,0.5625,0.125), Amin = 1.6344,
Emax = 0.875, Emin = 0.125. BRI WA 1 Frow.

1 @fEHh

Tic B VR SR 2 4, X T A S S S AR DARR
1 20 %, 30 %, 50 %, Bl G(ww;(t)) = diag(0.2,0.3,0.5),
i = 1,2,3,4. fMETI A; = [0.101,0.021,0.093] T, Ht
Amax = 0.1, U BIE Ik = 0.27.

ZE ERATLM3E: NS = 0125, 05 = —1.2,\p, =
1,0 = 04375\, = 0.2. &S ¥ 2

maXA_max lXA
¢ TIADL 952 <1
pk

ElESEL
_Q(mo)‘Dz + )‘B) - ml)‘ﬁfr;iln

= = 22.83.
le)\pz

’)/:
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B 5, 30 0 A (7 28 Y ) B AR 4 1 3 85 (), 8
53 VB UE AR SC R4 H 1) — 0K 8 25 1 5 B R VT o
FEAL S A R T 4
1) p(t) A2 IESL A5 5 WA 4.5, J I M 0.4, . s
M 5, = 2.86. Bl p = 2.5, 30 /& 0 1 2 3 4
—e—1 ) ) 1 t/'s
pgmax)\g)\rrim +23p +v=1.2475 > 1. (a) p(O) N=HAWET
2m1>\D2 ’
B KA VE I AE S
~ 1 p Emix )\ /\mm [\ - I
2 tls
L =0.12,79 = 0.24. P ELERIME2 iR, s Z\\‘
5 = N
4t -5 : ;
~ 3l 0 2 4 6 3 10
3 5 5 t/s
1 S op—=
0 " " YR =g
0 1 2 3 4 s
t/s 0 2 4 6 8 10
(@) p() NLIEZES t/s
10 (b) RGREHALE
S o> 3 p() A= FRESHAGRSRERLER
10, 2 4 6 8 10 RAEIES, p + & = po = 2.8. LIRS HH L
t/s
10 1
- \ (p+8)£max>‘ )\m1n+2)\B +'Y: 15143 > 1.
:;1 0 -/ 27711)\1)2
% & 10 B RAVPIT 4E
t/'s
- 10 7‘: 1 <(,0 + 5)£max>\ )\mll’l + 7) — 0692
< 0 o 2my Ap,
-10

t/s
(b) RGREHALE
B2 pt) A RIEZESHAFGRSRERNKERL
2) p(t) N=MPAE 5, TRAE R 7.2, I8 0.3, 1)
pm = 3.6. Bl p = 3.2, ZH0 /&
Phinax o Amin + 205

+y=18701> 1.

2m1 )\D2
%kﬁﬁﬁ@
1 A )\mln
1 (3§9@L—444—4-7)::(1465
g 2my )\D2

47 = 0.23, 79 = 0.15. 7 E45 R & 3 s,

3) N T BEE 8 IR, B 18 p(t) 52 3 SN0 FE T
C <]
p(t) = { Po t o), t € [mT, (m +)T);

po+ p2e(t), t € [((m+<)T, (m+1)T).
AR Mt IR A AN R 3 A A7 FE R BRI A0
WITI BT = T.RIT = 02,p0 = 2.8,¢; =
4

Z sin(30n7t).

n=1

0.2,¢0 =1.2,¢ =0.65. (¢

A =0.52, 75 = 0.48. 1 E L5 R E 4 FR.

p(0)
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ME2(b). El3(b). El4(b) mI LLR HMHLE 5] &
2 2= FRBE I [E) T 0, E]]tliglo le;®)| = 0,i = 2,
3,4. H T2 & p(t) 32 4030 3 TP i 1 i, 5 B
4(b) iR ZE 5 A4 2 AT BT /N IE SR 7, B 24U sk
20, 25 b BE A J A REIE T AEAR THL R, A
B (1) 40 A X ) SR (R0 285tk DA B B 3 — itk
8 S A5 B R ARV I ZE A B X
4 & @

KRB T —RAFARELD) S SR
G EH B AE AR PE 2 R Be ik R G R FE H— Btk
. 4, il Filippov S A i 5 K A7 IR A 8] BT mid ik
26 N AE A, R 5 f# H Filippov il 70 & 5 I B ik
€ FRAS B 210 77 #24E Filippov & 3L T B
B8 5, Bt 1 —Fh R P o A 2 4 ) S DL
SEPLE Re AR 2 [BIR S AE B AC B[R, A Sk bR
TR IR, B e A0 AN IR X 45 i AE S g AT
PR, R FH v 7 % 22 R 305 10 e e BRSO
HS, AR HIME 5 BT FE. B, 2T X
Lipschitz 251+ |~ X Halanay A~ %5 {5 Lyapunov &
JE T E FRAG B T ARE— B A8 SR AT S S RV
RE. I, BUE OF B4 R Bk 7 AR ST A3 BRI
A R ARRAEFE AR B O IR S AR SR &
WEZ B ReAR RGAE L BN T T, 20 A il
AR B I S E k1 B &SR DL AR R
B3 1 R A B T .
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