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Robust tracking control for nonlinear systems based on critic learning
formulation with single network
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Abstract: For a kind of continuous-time nonlinear systems with uncertainties, a robust tracking control method is
established based on critic learning formulation with single network. Firstly, an augmented system consisting of the
tracking error and the reference trajectory is established, and the robust tracking control problem is transformed into a
stabilization design problem. By adopting a cost function with a discount factor and a special utility term, the robust
stabilization problem is transformed into an optimal control problem. Then, the optimal cost function is estimated by
building a critic neural network, and consequently the optimal tracking control algorithm can be derived. In order to relax
the initial admissible control conditions in the proposed algorithm, an extra term is added to the weight updating law of the
critic neural network. Furthermore, the stability of the closed-loop system and the robust tracking performance are proved
using the Lyapunov approach. Finally, the effectiveness and applicability of the developed approach are demonstrated via
simulation results.

Keywords: critic learning formulation with single network; nonlinear system; uncertainties; neural networks; optimal
control; robust tracking control
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&(t) = f(z(t)) + g(z(t))u(t) + Af(z(t)). (@)
Hep:z(t) € R*Fu(t) € R™ 9N RGUIRE M
HEIN; f(r) € R filg(z) € RV™NEHREL H
f(0) =0;Af(x) € R*ANRFNPLS), HAF(0) =0. 18
W, 2 2(0) = 2o NRGRVIEIRES. AT EE0Hr it
fEPE, 45 i MR
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R™ I3 & JR 3 Lipschitz E 422644, H R4 (1) & n]
(). ANHAE A f () A—A C AR B kg () 5 R
[Af (@) < Fkar(z) Hkar(0) = 0.
N T W T ER B ] )L 45 E U0 R 2% R G
Zq(t) = 6(xa(t)). ()
Hr:zy(t) € R NIEIIE, 24(0) = 2403 6(2a(t))
i A2 JR 3 Lipschitz #2226, H 6(0) = 0. & ERER
WENN() = x(t) — zq(t), BWIEHE I N(0) = no =
o — Tao. WA, EEN (D) E Q)T LIS RIERESR Z3)
n(t) = f(n(t) + za(t)) + g(n(t) + za(t))u(t)—
6(za(t)) + Af(n(t) + za(t)). 3)
SESCHET RN S(t) = (0" (), 25 (1)]" € R*, HAH
MLRIEEAE N S(0) = Sy = [nd, 25T iRHE=(2) A
Q) RGN AE TR RIR N
S(t) = F(S(t)) + G(S(t))u(t) + AF(S(t). (4
H:FiR>™ — R, G:R? — R>™ ™ AF(S(t))
€ R*", [FINA

F1() + wa(t)) = b(a(2))
F(S(t) = )
o l (xa(t))
G(S() = lg(n(tg +xd<t>>] )
AF(S() = Af<n<é>+xd<t>>]. )

B 159 93 & 02, bR B w i A i e
AF(S(t) A R MR AL, (TR N AF(S)| =
IAf (@) < kn(x) 2 k().

T ARS ()X S (2) 18 R H
1, Kt BOE AR ETE AF(S(2)) f) 255 (4), H bR
e 4R B — A R A () MR IR R G FR E
(). 42N ke, IE B s R R4 1) i 70 R DL 46 g ot A
RLFRFR £ G0 () B A2 il 1] /L TS 4, AR R R AR ) B2
TR N

S(t) = F(S(t) + G(S(t))u(t). (6)

X T30 (6) XA HELRME R Gt A AR B — AN I 54
Bru(S) Rl /Mean AR AL

J(S(t)) = L“e-w-f){q?(sm) + U(S(7),u(r))}dr.

@)

He e > 0TI T (S) > 0 NS A0 E

HRIJBHNIG U (S, u) NEEARRH %L U(0,0) = 0,

HXFAEZE S M, U(S,u) > 0¥IROL. 2 U(S,u) =

STQSS + uTRu’)ﬂ\” QS’ = dlag{Q: Onxn}

FEIX — 3 Hh, 2% 18 B AT AR B8 H (7) I BRAR 2R
4t (6) F e e 42 i 1v) &, W] RAAS H 3E 4k ¥ Lyapunov J7
&

0=0(S)+U(S,u(S)) + (VJ(S)"
[F(S) + G(S)u(S)] - &J(S5), ®)
HrrJ(0) = 0. %€ X Hamiltonian
H(S,u(S),VJ(S)) =
W (S) 4+ U(S,u(S))+
(VI(S)T[F(S) + G(S)u(S)] - £J(S),  (9)

Hv()29(1)/08S.
& ST R KL
J7(8) = min J(S), (10)

Hr () NEFIEHIES. J(S) W2 W N HIB /7
T

0= glpl(r}z H(S,u(S), VJ*(S)), (11)
HHRE R e PIE e v 428 il A Ay
u*(S) = fiR‘lGT(S)VJ*(S). (12)

253:0®) 512, T HIB T IEES N
0=w(S) + U(S,u*(S)) + (VJ(S) "
[F(S) + G(S)u™(9)] = £J7(9), (13)
HrrJ+(0) = 0. b5, 2#HMAH I (S) A~
w(S) = i(VJ*(S))TVJ*(S) +k2,(9). (14
H T B ER R HIB J7 2 (13) 140 R M, 32 ok
piBUE ﬁlﬁ%ﬂﬂ%ﬂﬂéﬁ:ﬂ%ﬁﬂﬁﬁﬁ PRI ABAAE, AT 3E
— S e PR A .
2 ETADPREHEREEH W
21 PRI
KA N N 2ok s R AT R R R A
J*(S) = wl @e(S) + <e(S). (15)
Hrw, € RN AR HEEBUE HE; p.(S) € RY
U R AL N AR 4 TR o (S) € RAEN
WRZE. FH N IR [ B ] 5
VI (S) = (Vee(S)) we + Vee(S).  (16)
FE B B VP 28 v, 28 R S B ARAUE AR 0
()15 450, 388 5 DA [m] B8 A Ak T o, 8 B VT ) X 2%
KIE T BARARM B, B AR ARARAM B BT 5 R
JH(S) = @Fp.(S). (17)
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530 (16) AL, AT EAAS 2
VI (S) = (Vee(S)) " G- (18)
I B AL AR o8 B 8 B2 (16), K A I 428 i) 42
(12 M5 N
W(8) = 5 R G (S)[(Vie(S))Twe + Vel S)]
(19)
() 38, 25 T ALl s LA R B A6 B2 (18) 15 B ALl A
P s il 4
0(8) =~ RGN (S)(Veu(S) e @0)
H 3 Ak B A% A (20) AR AFRFRIG |~ R 4 (6), A1 FF
RGEHNETREEIS = F(S) + G(S)a*(S)) (€= N
§=F(S) ~ SGSRGT(S)(VeelS) o @)
R T TRBa AT i, &
V(S) = (Vee(9)G(S)RIGT(S) (Ve (),
W(S) = (Vie(9)) (Vipe(9)) "
TEVPHI 25 HE SR T AR B R sl A S mT DASR
T NAUE ) & Y B8 2. DRIk, 48 S Y Hamiltonian AT DA
B R MBSl w, T 7R, B
H(S,w.) =
STQsS +w! Ve (S)F(S) — tw, pe(S)—
iwCTV(S)wC + iwcTW(S)wc + k3, (S) + suys = 0.
(22)
Horb g NI ZE, T R
SHJB =

Vee(S)TF(S) = &6(S) + i(V%(S))TV%(S)*

—~

(Vee(9)) ' G(S)RTIGT(S)(Vpe(9)) Twe—

(Vee(S)TG(S)RT'GT(S)Vee(S)+

| — i~ DN~

5 (Vse(9)) T (Vepe(9)) Twe. (23)
LA THFAUE 7] 5, 32 8h Hamiltonian 7] PASR 7R
H(S,@.) = S"QsS + 0 Vipo(S)F(S) — €07 ¢e(S)—

iw;f V(S)a, + inW(S)wc +Ek2,(9).
(24)
ENARFE e, = H(S,0.) — H(S,w,), H HFEER (22)
WL e, = H(S,d,). & VAR 4 BB Al 1
WEHNG. = we — O, FE(22) 5 (24), e FIFRIE
LS N
ec = H(S, &) — H(S,w,) =

—@0IV(S) @ + =0l V(S)we+

1
2
Lamw(s)a. — %a;;fww)wc — B, (25)
B HIRREE N E, = (1/2)ele., Bt I ZiT
HIM 258 B, HIE /).
N T TR X AT 48 1) %A B0 240 SR, A — F P )
W 28 A B T R, R B 25 H DL R R s, A T2 5 Y
FaE Y.
B2 % i E A 1A B M) bR AR T R
25 (6) P AL 154 1143 (12), 4 Lo (S) N Lyapunov B
e, I 2
Ly(S) = (VL2(9)T(F(S) + G(S)u*(S)) <0,
(26)
HAVLy(S) N Lo (S) A TAREZE S IR -FHL. 7
AP AFAE N IEE HE B MAEAS T 2Rz
(VL2(S) " (F(S) + G(S)u*(9)) <
= Amin(M)[[ VLo (). 27)
A1 X (Q27) 72 OA STk RS (SR
[23,26,29]), {8 T~ & P26 3 48 i A k. AR 48 STk
[29] [ 25 SR, B FH e AR 428 il A 1) PR B &R G 2 A 9 1Y,
M H XA B ST BLR IR A — A R4S 1) & 1 R 2R
753X B fE B R R % | F(S) + G(S)u*(S)] <
BIV Ly (S) ||, 3 8 > 0, ATLAFFE || (V L2 (S)) T (F(S)+
GSuw I < BIVLAS)|? & & X 26) 5
Amin(M)[[VL2(S)[? < (VLa(S))" MV Ly (S) <
Amax (M) ||V Lo (S) |2, AT LIS R 2 2 & BT,
N7 SEIZ AL, AT Do I A E R PRIR S AR
12 A2 Ly (S), BN, 4 La(S) = 0.557TS.
ARG B U T S ) B e U DT ) I 2 R A
1H:

We =

_ ac<2§j )+ S VeS)GS)RG(S)VL(S).

(28)
H:a, > 0 NFEHIME 22K, o, > 0NN
SETIZE SR, V Ly (S) HER B2 45 .
22 BEMSH
NS BUE TR Z W 8) 12 7 R it 5
(PZSIEES
Oe,
O,
1 1
V. (S)F(S) - §V(S)wc + 5W(S)wc —&pe(9).
(29)
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A8 (28) LA K o = — 13 BIBUE f THRZE 1
21T R

We =
OE.
(%

) - %V%(S)G(S)R*GT(S)VLQ(S).

Qe
(30)
Ziei25529), KGO EIFEEN

. 1
G = ae( = DI VS)F(S) = 7 V(S)Det

(Ve S)F(S) — V(S + ZV(S)at
1 1 .
SW(S)we = SW(S)e = Ep(S) ) -

SVeS)GSRTET(S)VLAS). (D)

F T SR NGAUF B 7E Dl e A 5 o SR AE LT, VR
D) 268 ASAEL A 15 22 R0 AR R GRS — B & 7t
(uniformly ultimately bounded, UUB). iiE B #i, /£ LL R
Fr%‘vjﬂb,fﬁi&[z,m,%]_

B3 (VeS| < ko, IVl < ke,
Ilsassll < kg [GES)RTIGT(S)|| < k1, G(S) <
ko FeF b~ ki~ gy~ k1~ ko YN IEHHL

EE1 KT RS(6), RipHEHH H R (20) 4 H,
PP ) 4 1) A B8 7 48 1 =X (28) 45 HH . R 1 R 5%
il 48 FVE FH T, IR R GRS FOVT 3 ) 28 BB A -2
#315 UUB.

YEBH  JEHUA & Y Lyapunov pR AT

L(t) = 5

L 576, + 2L (S), (32)
Qe Qe
Hodr Ly (S) B AR 5 2.
X} Lyapunov BR 45 (32) 3R 5¢ T 8] 1) 5: 8, 7T 15
L(t) = ai@c%c + %(VLz(S))TS. (33)
BRQHMGBHARNGB3), TSGR G EE N
i(t) =57 (~ T Vgu(S)F(S) — Z6TV(S)e+

1 1
~GIV(S)we + ~ 0 W(S)@.—

27 4°

%@CTW(S)% — SHJB + 5@3%(5))'
(V@C(S)F(S) - %V(S)wc + %V(S)@c—i-
1 1 -

W (S)we = SW(S)e - 5%(5)>—

I (S)G(S) R G (S)VEa(S)+

%(VLQ(S))TS. (34)

655 V(S) MERENL, T
N 1 1 N
oF (V@C(S)F(S) - §V(S)wc + §V(S)wc) =
X (VLy(S)TS. (35)
i — 1
L(t) = — (87Ve(8)$ — (BTV(S)a. — 6T u(S) -
1 1
1 DIW(S)a, + inW(S)wc + §HJB>'
(GJCTV@C(S)S - %OJT W(S)w.+

I 7
SOTW(S)we — EpelS) ) -

DI Ve(S)GS)RTGT(S)VL(S)+

%(VLQ(S))TS. (36)
KH Q9 FrsE bl w (S), HHERM AN RER
S* = F(S) + G(S)u*(S), i S
£(t) =~ (7 V6u(8)8"+ JBTV(S)~ €T pu(S)+

STV (S)G(S)RIGT(S)Ve.(S) -

((IJ;FVQOC(S)S* + %JJCTV(S)@C+
—0TVp (S)G(S)R™IGT(S)Vs.(S)—

~oTW(S)@. + %JJCTW(S)% - «S%(S))—

s TV e(S)G(S)RIGT(S)V La(S) +
%(VLz(S))TS. (37)
P, ¥ 20 (37) 14 B G I Jee I, 36 AT AR . 1 2
a8, I R 3 T 4 E R A AR B R
&

L(t) < — ka||@e||* + Es|@e||? + k32—

Qs

OV (S)G(S)RTIGT(S)VLy(S)+

20,
%(VLQ(S))TS, (38)
H ko ks ;u ka ¥R IEH L & (38) i 2 Fil i
w33
L(t) < — kal|@cl|* + ksl @el|® + K3+

(VLo (ST (F(S) + G(S)u*(S))+

(VL (8)TG(S)RTIGT(S)Ve.(S) <

- k2||LDCH4 + k3||‘DCH2 + ki_
Qg
;AHIIH(M)|IVL2(S)H2+

C
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ke [V La(9)]| < (VJ*(8) G(S)u*(S) =
*T * T *
_k2(||@c\|2—2%)2+k5— —¥(S) +u" (S)Ru™(S) — 5" QsS +EJ7(9).
2 (46)
s kike, 2 - NI
Z*)xmin(M)(HVLg(S)H* o (;\4)) , B 2 (20) H1 (46), K5 ALk A 42 1l 2 L A
o) WUENITRYE @), BRI B ] S 50
HApEEIN J*(S) =
k3 4 4kok3 askik? VI (S)[F(S) + G(S)a*(S) + AF(S
F L T 0, 24 §S +u" (S)Ru*(S) + £J7(S)~
PR 2u*T<S>Ru (9)+ <VJ*<S>>TA F(8) =
@l = +\/>ékau, (41) qT o1
2ks ko STQsS + u (S)Ru*(S) — 2u™" (S)Ra*(S)—
5 L9 - AF(S)] ' FVJ*(S) —AR(S)| -
IVLa(S)] > —rhs ks 2y X .
22 i (M) O Amin(M) 72 k3 (S) + (AF(S))TAF(S) 4 £J*(S) <
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