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o superior-inferior relation entropy and its application in multi-attribute
decision making

WU Jia-ming', HUANG Zhe-huang"t, LI Jin-jin'?, LIU Dan-yue*

(1. College of Mathematical Sciences, Huaqiao University, Quanzhou 362021, China; 2. College of Mathematics and
Statistics, Minnan Normal University, Zhangzhou 363000, China)

Abstract: At present, most fuzzy relation entropies are constructed by means of general fuzzy binary relations, which
cannot effectively evaluate the fuzzy relation families with order attributes. This limits their application in
multi-attribute decision-making. For this reason, a new superior-inferior relationship entropy is presented in this paper.
First, a parameterized fuzzy superior-inferior relation is studied to characterize the differences between samples, and
some fuzzy classes are then proposed with o superior-inferior relation. On this basis, a new o superior-inferior relation
entropy are proposed, and some of its derived entropy, such as o superior-inferior relation conditional entropy, o
superior-inferior relation joint entropy and o superior-inferior relation mutual information, are then introduced. We
discuss the relationship between them and some important properties are explored. Finally, two multi-attribute
decision-making methods with o superior-inferior relation entropy are developed, and the effectiveness and feasibility
of the presented method are verified by data examples. Comparison and sensitivity analysis show that the ranking
results of the proposed model and some classical methods are highly consistent. In particular, the proposed method has
wider applicability in the multiple expert evaluation environment.

Keywords: dominance relation; rough sets; fuzzy sets; information entropy; multi-attribute decision making
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RZ N R =R3%,

=1,2,3,4) MU Lot 4%

U” - |RE N R
I(R";R")zlog—:
o |RZ[ - |R]|
Uf®
log —— = H(R]).
| R !

2) UERA 5 1) 28481, k. O

H—NoMBERREEOE T H—MEHN o
B R RHPER, o B K RO EETHM oS
KRFPER o 55 R

MER10 2 RIMRI(O
Aol R R A RE, U

D) I(RZ; R'T)=H(RZ)+H(R'Z)—H(RZ, R');

IR RT) = H(RZ) — H(REIR?S) =
H(R'S) — H(R'|RS).

UERH 1) B R 8,432

H(R)+ H(R'Z) -

=1,2,3,4) AU k12

H(RE,R'S) =
H(RZ) — H(RZ|R'S) =

R3] |RGNRY|

1 =
U T TR
U RSO R _
R3] |R'T)|

— log

log

I(RZ; R'Y).
2) UFBA 5 1) 2548, k. O
HH PR T 10 5515, o .95 95 22 008 B AT AR 06 1R 1 5%
KWK 3R,

H(RS,R%)

H(RS|R'3) H(R'| R?)

/

H(R?) I(R3;R%)
B3 oMEXAMBMRAETEMBNEXER
175-']5 U:{Ul,Uz,ug,u4,u5}y‘35ﬂ]$%ﬂftﬁﬁn ﬁJ\
Al E 5 B SR AMEBA R RRS. C = {Cy, s,
03704,05,06}j36/\TE|7]‘T 3 ke E M V2 e
R B s v A SR, PRAN S5 R an 2 ir
TR

H(RY)
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®2 SHERM~REOZEMERR

Cl Cz Cs C4 Cs CS
Uy 0.55 0.83 0.74 0.70 0.30 0.61
Uz 0.25 0.40 0.52 0.81 0.47 0.60

us 0.60 0.70 0.40 0.71 0.35 0.55
Ug 0.72 0.26 0.50 0.58 0.64 0.72

us 052 040 033 075 054 062
T o KRR A 0=0.6,132]
uy <06

U2 <06 Ui, U2 <06 U2, U2 <06 Us,
uz <0 U2, U3 <06 us, u3 <00 a5
g <" uy;

Us —<0'6 Uy, Us —<0'6 Us.

T o BTSN
[ ]9 = {ur}, fuol?® = {ur, us,us},
[U3] = {ug,ug,u4} [ ] = {U4},
[us]?® = {us, us}.
M o L3 B
[10000]
11001
RY=101110
00010
(00011

T o HHKR,20=0.6, f:filJ
U1 >— ' ul, Ul >— ' uz; U >— ' uz, Ug >0‘6 us3;
Us >_0.6 Us; Ug >_0.6 U3 Ug >_0.6 Ug, Ug >_0.6 Us;
us >0.6 Us, Us >0.6 us
Mo KN
[ur]5® = {ur, us}, [ua]y® = {us, us},

[Us]o'ﬁ = {w1,uz}, [u 4]8'6 = {us, uq, us},

[us]® = {ua, us}.
M o B3 HFER
11000
01100
RS°=110100
00111
01001
H o 25 56, 7%%?0%%‘9‘%%%%?\3
10
0.6 —1 | 1 |__1 1
H(Ry®) = —log e 0g oo =0.916 3,
H(RYS) = — log | hl — “log 2 — 08210,
U2 895
0.6 0.6
H(RY®, Ry®) = —log N R |9|2R L 1.6094,

0.6 M RO.6
H(R3®|R}) = ~log W = 06931,
1
U2 . |RO6 M) RO-6
I(R(1)6, R(2)6) = log ‘ |R0|‘6 1. 20.62 | = 0.1278.
|RYO] - | Ry

4 HToMERAMBHZ BIERFARE

AR o M55 9% 3 A ik v B ORI PR A
ESYIEAE L iriS A LTpa
4.1 [EIEEFUE

Bkl ={L,L,..., [} NINEFR, EF I (k=
1,2, ..., 1) X Fu BV E L b;, Row, Ho b, €
[0, 1], # 488 b;, A XS BT A 4% 18 77 R AT HE 7, by, 1E
TR, £ 3 75 8wy IR P RS T

BRI AR FK N7 R w KPR E b, KT E
5wy PR E by, W KL AN TT R Ty,
HIE L ) o BT IT = [cij]nxn, FoH

1, b, 2 b,
Cij = i ,j:1,2,...,n
0, by, < bjy;

1H2 E%%lﬂﬂ‘ﬁmuzﬁ’ﬂﬁﬁﬁb% INFER
T uy VRS b, , W K TN AT B 5T uy,
L K o BIARFRER IE = [cij]nsn, FoH

Cij = 0, b, >b“’z'j:12...n.
(¥ 1 b bjk, I < bl

42 REFE

LHRHI={N,1Is,... L} "&1ETT ZHAT V.
TR AIETT R uw Mo R B RARRK, MR o LH
KA EE T ESE T RN o RBERRFMIE, A

|RE N 1S
| R3]

JRS RN, 2 T R A W A A
43 EToMBREANZRMRREE

N T FRHIERIR R, TR AV T =
(I Io,..., I}, 5%

B #1877 SRR UL R S ) B 2K T

step 10 FH #5126 7 58 R RFAE i80S o fIL 3
KARFEE.

step 2: MR4EE XAKVEAET = {1, I5,..., [} 15
BB LKW o L3I R

step 3: THH o TLH O R 564148, B

H(I5|RS) = —log ——-% & =1,2.

o Ik
H(IF|R]) = —log |R1Q 1', k=1,2,...,1
| R7|
step4: R H(IJ|R7) = min{H(I}|R]),

H(I?|R]),...,H(IL|R)}, Wwk sk B AR I;.
step S: H I; I I B9 B 5 1 7 R IIHER .
fil6 A FEKGESASTT N A T HEAT 5. &
Jug AN IR T, C = {Cy, Co, Cs,

U = {Ul,UQ,...
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Cy, Cs} NN T B L2 (1) 5A T T, 43 5 9k 5758 1%
THOL LA TRE 71 BIRIATRE 1. NAZRE 71 LA
MNBRAAERE ). A FEREZ 9L L T LA ESA 7T
MR L AT A4, 1% 942 B Trh ik i 1 455 T
T. 94 G THUSFERR R 3 Fis. 16 F1E 0 =0.6,3
A7 F % 3 VAL N

03 04 09 08 06 0.7

LH=—+—+—+—+—+—+

U1 Uo us Uy Us Up

0.1 02 05

— 4+ — 4+ —,

w7 us Ug

05 0.8 09 04 07 06

—t — 4+ — 4+ — 4+ —+—+

I, = -

Uy U2 us Uy Us Ue

0.1 0.2 0.3

—_—t —+ —,

Uz Uus Ug

0.7 05 06 08 09

Ii=—+—H—+—4+—+

Uy Uz us Uyg Us

0.3 0.2 0.4 0 1

— + — 4+ —

Ue U7 Us U9

#3 9BRTHIFHEHIR

Cl Cz Cg C4 CS
uy 0.607 0.550 0.511 0.518 0.468
ug 0.547 0.467 0.563 0.550 0.605
us3 0.647 0.578 0.574 0.636 0.592
Uy 0.529 0.597 0.468 0.492 0.507
ws 0.438 0.652 0.471 0.617 0.502
ug 0.626 0.647 0.434 0.503 0.512
wr 0.524 0.514 0.481 0.542 0.497
ug 0.587 0.529 0.464 0.454 0.522
ug 0.562 0.480 0.468 0.520 0.560

B0, 198 o 38K
.6 0.6

Ui = {u17u2yu37u5au6}7 [U2]1 = {U27U3}7

us 0= {U3}7

[wn]{
[us]{
[ua]}® = {us, ug, us, ua, us, ue, uo },
[us]}® = {ug, us, us},
[u6]%% = {ua, us, us, ug, g},
[ur]}® = {us, ug, us, ua, us, ue, uz, us},
[us](® = {ur, ug, us, ua, us, ug, ug, ug},
[ug] 7 = {u1, us, us, us, uz, ug}.
MM o DL HFERE Ay
(111011000]
011000000
001000000
111111001
R®=1011010000
011011001
111111110
111111011
111010101

* R %39%
EE3M%%E’JLHE 3% Uafiﬁ*%‘%ﬁ@"”ﬂjj

111111001
011111001
001000000
001100000

Il=l001111000],
001101000
111111111
111111011
001111001
[(111011000]
011000000
001000000
111111000

F=1011010000],
011011000
111111111
111111011
111111001
(100110000]
111110000
101110000
000110000

P=1000010000
111111010
111111110
111110010
111111111 ]|

R 500 0 P35 A A B
H(II|RYS) =

|R0 6 m 1‘ 33

w —log — T =0.3102,

H(I2|R)) =

RO 42

e =~ log 4z = 00690,

H(I7|R)®) =

RN 32

7|R(1"6| = —log T 0.3409.
HH(IF|RYC) < H(IT|RY®) < H(I?|R)®), I\ AN

TR L BIVPAS TN HER, Bl ug = ug = us > ug = uq >

Uy = Ug = Ug = uy, BORFIE R us (E AT 02 L, Ho

E LXK L, BAIEAH, A G /1AL TAE.

— log

— log

— log
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44 BT oHBEXRNZRBMREKEEZE

BN IR TT RIRHERIR R, TR ARG T =
(I, I,...,I,},2¥o;

b &R T RWHEE LU R S E R T R .

step 1: H 1% 7 ZE HRFE IR R A3 H o BFH K
FRHRE.

step 2: MR L FKHAMVEAET = {1, Io,..., [} 13
FIHLFKW o HHRRIE.
step 3: 11 o BH KRR XM N
H(I§|RS) = —1og7|RgﬂI§‘, k=1,2,...,1
| R |

step4: o H(IJ|RZ) = min{H(I}|R3),
H(I3|RS),..., H(IL|RS)}, MM H BAr N ;.

step 5: H1 I; M IF {5 B3 B4 1% 77 RIGHET.

57 HAHERAR R, 153 0 KK

0.6 __
2 - {ul,U4,U7,U87U9},

[u4]
[U’Q}gﬁ = {u17 U2, Uq, Us, Up, UT, ’LLg,Ug},

[UBB‘(S = {u1,u2, us, ug, us, U, U7, Us, Ug },

[u4}8'6 = {ua, ur, ug},
[u5}36 = {ul’u47u57u67u77u8au9}7

[ug]® = {u, ua, ug, ur, us}, [ur]s® = {ur, uo},

[us}8'6 = {U%us}, [Ug]g'G = {U47U67U87u9}-

MG 3] o 25 R 1%

2

=

Il
O O R = O K~ = o
O O O O O = = O
O O O O O = O O
— O O R B = B = =
SO O O = O = = O
O O R = O K~ = O
e e
= i
— O R O = O B = =

(000101011 ]
H1% K IP-Al, o HBHERET N
10 1

O O O O O O R o o
o O O O O = = O O
O O O = = = = O O
o O O = O = = O O
L e
= O = = = =

_ O O R R = = O O

11
11
11
11
11
00
00
11
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[100100111]
110111111
111111111
000100111

IZ=]100111111],
100101111
000000100
000000110
(000000111 |
[111001111]
010001111
011001111
111101111

IL={111111111
000001101
000000101
000001111
000000001

M 5 M o BB RAIHN
H(ILRY®) =

Ry N1 33
—log 222l — jog =2 = 0.3102
o8 o) og T ,
H(I3|Ry®) =
[R3° N 13 42
—log T2 12l — _jog == =0.0690
08 g og 1= :

H(I3|Ry*) =
0.6 M 73
|R|2R806|I2 = —log % = 0.3409.

M H (I3|R9°) < H(I3|Ry°) < H(I3|R3®), A A
LR L BIPEAS SE R, B ug = uo = us = ug = ug >
Ug > Ug > g > ur, A TR IEFE ug FENILTS AT [F
FERTHE L 5K I, A IEA 2, B IE S AT VR4S TAE.
4.5 EBROH

NI i3 7 IR A RO AT AT AT, A
SRt 771k 5 JUA & T VEREAT BUIL, 23 0l 9 IR AR

F4 TRIFENHFSER

— log

VS WIRrS 4
TN U3 > U > U5 > U >~ Ul >
ik (o RBHBHKR) 3 2 5 6 !
Ug > Ug > U > UT
P U3 > U > U5 > Ug = UL >~
T2 (0 HHFKR) 3 He m s e ML
Ug > U9 > U > UT
” N U3 > U2 > Ug >~ Us > U >
WAA 5L 5%
Ug > UQ > UT > US
TOPSIS 77 % U3 e U2 o Us UL

Ug > Ug > U > UT
ug > U2 > U5 > U > UL >
Ug > U9 > U > UT
U3 > Uz > U > U5 > Ug
U7 > UL - UG > U8

Zhang 254 )7 1

Ye ) i 77
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xR ¥39%

P35 (WAA) 51 751 BEAEf# (TOPSIS) /7% Zhang
BN TR Ye FEB U k. — T &, HE iR
T7 i 24 i AR B B A R AT 7 8, A S
TIX 24 B AR5 HAB R 5 53047 LU 6 T4 6 (1) [l
B, ER TR S R R 4 s,

R AR, B 4 B R R IR AN [R] T v HE 4
R 2R Frigth 7751 50772 B HE 7 45 R 2 A1 [
), WAE T IR GERR AT .

H B4 0T L, b3 73 5 A S 71245 B B Akt
R, B A us. B BRIk v 15 3 52 B ) HE
JF, 1K R YRR 3# n AR S b 7R SR R A G I U
PRAFHE T 45 B BRI A 7k 5 AR ST i HE T 5
AN 5E A A R, {H A 3 e 22 S e RV 1, Rl e = B
Zhang %509 B 5 5 AR AT 45 R 5L

NIGAEAR STV A 20, R 3T B 2R 2 Fk A
K R H(SRCC) 73 H1 A [F) 75325 (0 HE 7 485 5 18] 1)+ %
. SRCC BT 2+ Fs:

10 n
8t WS o AT 6 d?
5 7 -+ TOPSIS J5i% _ i=1
i or ol e Ye S5 A SRCC=1- n(n? —1)
I | ‘*\\\‘\ e A ¥ S N N . N " N N
o T R BRI 4y = o, — g w TS
2r Tk VR TT Fw KA,y A — M7 & 107 3
O U u, U U 4 4 4 w; (IHE44 . — RT3, 24 SRCC HIE K T 0.8 1, FH1 2
LTI %R FhITIE I HE T 25 S AH SRR B 2 2 1.
B4 ANFGESEMFGENRIFSERILE AILT7 155 HoAh 7] 1) SRCCs, W3 5 Fis.
&5 A REIFHZEBEHSRCCs
AT WAA TOPSIS Zhang 251341 (17 12 Ye 235V (1) 753
AILTTE 1 0.9667 0.9500 1 0.8500
WAA 5771 - 1 0.9667 0.9667 0.9167
TOPSIS J7i%: - - 1 0.9500 0.8500
Zhang 25134 7 i - - - 1 0.8500
Ye 235V (1) 753 - - - - 1
I R BB A AT, SRR T AR ST VAR R ®71 ohBXEPFE o HHIFER
Tt Wz NS - -
T%Tﬂ%,’lﬂ‘ﬂ*H‘Z&Iﬁ/ig;gx:f@ﬁ/fﬁﬁﬁﬁ %ﬂiﬁ o H(I%IR‘;) H(If‘RT) H(If)lRij)
BsF s L A T AR _—
BERT i, B G A SO E AR s AN 6 B . ©.02] 05371 05371 05596
£6 AREHFEZEMNER (0.2,0.4] 0.4729 0.4274 0.5452
(0.4,0.6] 0.3102 0.069 0 0.3409
NG EoppeS EAEN AT e (0.6,0.8] 0.146 6 0.0465 0.3185
—— J J J (0.8,1] 0 0 0.08
WAA ST - - v RS o SBRRBRE o MHFER
TOPSIS J7i% x x N
1 o 2 o 3 o
Zhang 454 1777 x v v i H1R;)  HLIRG)  HLIR)
Ye 351 (1) 775 N N J (0,0.2] 0.5371 0.5371 0.5596
(0.2,0.4] 0.4729 0.4274 0.5452
R 6 0] I, LR AR vk i Z a0 R (0.4, 0.6] 0.3102 0.0690 0.3409
1) SO R PTR 4 % 50 g AT LU, T (06,08 01466 00465 03185
(0.8,1] 0 0 0.08

KT T M.

2) AL 7R Zhang 2554 (1) 77 35 2% (R T
Tl AR T EX—FEE

3) ARSI HA T RE 19 B IR T RN
Hr.
4.6 HURMSHT

NP EE o [P HUEL O HE P 45 SR i s el 452 T Kol %ot
1] 6 FEAT BBUREE 73 A7, G5 SR AN 7RI R 8 o

HI26 7 ML 8 T WL, % 5K I W o I 95 5% F ok A4
B e /N, B2 BTN N R K L (VP4 SN
HERA, B IE & B, BE A AR VRS AR, o B, %
Fo 8 T7 SR 1] ) B0 T Fr, 32 21 S RE MR
Z, 0 UK, 75 # 0 TT S 1A BU OB, 2 2 E B R
P R SRR K 25 o B ) 4 N 200 SR 2 A i 1, B
B &k TT 52 B A 5 R UL L STl I R 2
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BORPAT, R o f.95 5% 2 2% PRI 1 X 9 1t B T B
. PRI AR T BN AR o (EIEAT VR,
5 4 #®

F R EE S R 0 A TR 20, e DU
F T 2 J& P v 35 v R, HAS R) & SO0 F A I AFAN 7T
RE AN, AT —MET o R B KX RNIE
B K BAE 2 R v RN . 158, 5l N ot 95 5%
RIHER, I LT 4R o 95K R A, 1R 5
filh b, 32 H T ot 95 0% oM A AT AR A, IR R — Lk
B REANIZ MR R w5, A H2MET o
95 K R &M 1 22 J@ M v s 7 ik, 23 %o L R B,
AT LR SR 45 R 5 WAA 573, TOPSIS 5%
Zhang 2504 {1 770 UL K Ye 25050 1) 7 0 R AT i g —
FrE, R LR AR A E AT . R, AR SOk
HA R ZEH .

TEASR I T, DL o) BHEAS 3 — D H e,
P AEARFVRLEE 2 R B3 sh 845 B AL B R AME S 18
2 1 1) 8L AR, 7R IS AR VG TR 2 SR AR AR R AN 5
10, WA TEANSE %45 B RGP i vk 2 J& M p 3R 1)
g —AMEAF 1 ] L
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