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Robust finite-time /., control for uncertain discrete-time semi-Markov
jump systems
ZHENG Bai-hao?, JlXiao—ful’Q‘L, ZHU Yit

(1. School of Internet of Things Engineering, Jiangnan University, Wuxi 214122, China; 2. Key Laboratory of
Advanced Process Control for Light Industry of Ministry of Education, Jiangnan University, Wuxi 214122, China)

Abstract: This paper studies the problem of robust finite-time H. control for a class of uncertain discrete-time
semi-Markov jump systems. The semi-Markov kernel approach is employed to model the semi-Markov jump process,
in which the probability density function of sojourn time takes into account both the present and next system mode, and
different types of sojourn time probability distribution can be considered in the proposed criteria. The method of
estimating the maximum number of jumps is proposed for the finite-time analysis of the stochastic switching system.
The upper and lower bound of sojourn time are considered simultaneously, which gives a novel concept of finite-time
boundedness and guarantees the corresponding criteria based on the semi-Markov kernel to be numerically testable. On
the basis of this concept, the H, performance is studied and the corresponding design method of the mode-dependent
state-feedback control law is given to guarantee the corresponding closed-loop system to be finite-time bounded with
given H, performance. Two numerical examples are delivered to illustrate the feasibility and effectiveness of the
proposed theoretical method.

Keywords:  discrete-time system; semi-Markov jump systems; finite-time boundness; robust H., control;
semi-Markov kernel; linear matrix inequality
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ATP, 0
CTP, 0
’ <0, (21a)
~P; PM,
* —el
ST w0 P = Py Y mi(r) <0, 21b)
€T €L
R < P, < ¢R, (21c)
R N ey + RET T N (K — 1)d < ¢, (21d)

WZRGKT (c1,c0,7,d, Kp, R, TR, TE ) 7 0-Ho
A BRI [R) A7 5 R, e h:r?eazx{hi},ﬂ:r?ea%{ui},]v
W2 2R (5), Hoo TERETE IR 7= /5 2.
BB 2 J(k) =7*w (kw(k) — E{z"(k)z(k)},

WFVEE [kn, knpy — 1,5

E{V(z(k+1),r(kn))}—

(o) EAV (2(k), 7(kn))} — J (k) =

E{[(A; + AA;(k))x(k) + Ciw(k)]"P;x

[(Ai + AA;(k))z (k) + Ciw(k)]}—

hiE{z"(k)Px(k)}+

E{z"(k)D; Dix(k)} — v°w' (k)w(k) =

E{X"(k)ZiX(k)}. (22)
H: X (k) 5XQDHE, HA
Yi1i (A + AA(R)TPC;

X =
* CIP,C; —~*I

b
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211,1' =
(A; + AA; (k)" P(A; + AA;(k)) — h;P; + DI D;.
51 BE R 2R L, 2N (21a) TRIE T 2 < 0
ST HTA AA; (k) ¥IoT. R, 5T Vk € [k, kng —
1,94
E{V(x(k+1),r(ky))} <
(o) EAV (@(k), 7(kn)) } + J(F), (23)
NIT=]

E{V(z(k+1),r(k.))} <

}+Zh’”J

W B (o

(24)
2 (21b), 153

E{V(x(kn)vT(kn))Hx(knq),r(knq) <
L (k) BV (@(kn ), 7 (Rn—1)) Ha(kn— 1) r(knn)- (25)

g5 4K (24) F1(25), 15 2
E{V(z(k+1),r(ky))} <

R e BAV (k) 7 (1)) }
k

D B d(s) <

s=ky,

RERT NV (w(ko ), (ko)) +
k1—1

iy Z hF=J(s) +

S:k)[)
kn—1

Z RF=5J (s

Z RF= J (s (26)
s=ky_1

Horbr N IS [E] X35 (Ko, K] W E‘J%éﬁwﬁ}{mi&. 3 (26)
TEOWIUE KA N, A

kll
0< ™y (s

s=ko

A+ Zh’f sJ(s). (27)

BECE)

ki1—1

_NE{ Z hk*SzT(s)z(s)} +...+

s=ko

HTOSKNKN,H

k

ﬁkE{ Z ZT(S)Z(S)} < W EN~? zk: w' (s)w(s).

s=ko s=ko

(29)
L ko=0,k=K;,7*=a"~2, Elait(29) S

Ky
E{ZZT k)z k)} < 7QZwT(k)w(k)
k=0
5 R FE R, 4
Al = max (/\max(R*EPT(O)Rfé)),

r(0)eT
>\2 = 7,(]];2i)réI(Amin(R7§P7'(kn)R7§))7
CIEEE
E{2"(k)Rxz(k)} <
RN N yey + A Ny (K — 1)d
A :
PR Q21c) A1(21d), 33 2T (k) Ra (k) < co, &5 B 7E X
50 %1, S-MIS (1) KX F (e1, 02,7, d, Ky, R, T T )
Jeo-Ho AR A . O
EIB3 LB E L (] S-MIS (8). 45 % b
Hea>cer>0.d>0. IEBHTE, (TE (i €T) MIEE X
PRIERE R XS T Vin j €TRIVT € Zypy o B AFAERR L
§>0.7>0+h; > 15 p; > 1.9 >0, 1EE X FRAFE X; A
FEFE Y, T 2 DA 2R AR AN 45

(30)

—hiX; 0 X, AT+Y'BT
S cr
* * —-X; —
* * *
* * k
X;NE+Y NS 0 XDl
0 0 0
0 SM; 0
— Y 0 0 <0, (31a)
* —6I O
* —I ]
_—,u-X- (1) X;L,(7)
J J; J 173 < 07 (Slb)
* —-X
YR V< X; <R, (31c)
I }_-LKf _N
v Ve ~0, (31d)
* g — hEr 1 pNy2 (K — 1)d

DU AT AL a2t G PR S r s i A
u(k) =YX a(k),
A AT 2 B B TA] S-MUS (8) % T (¢, 2,7, d, K
R, Ty Toax) 7 0-Hog ﬁIIEHTIEﬂﬁE‘%E’J EEP h =
v mj1(7), /T2 (T
mim (7)), X = dlag{Xl,Xg,...,XM},N/VﬁE
2(5), Hoo PEREAHR 5 — /772

max{h} = max{ui} L;(
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B M A + B K+ AA; (k) + AB; (k) K, ¥ #t Xi,Yi,¥,0,1 € T.
KA, + AA; (k) 152 s.t. (31a) ~ (31d).
E{V(x(k+1),7(kn))}— 3 BHIMGE
o LV (k). v ()} — J (k) = % A A B B ) s-Ms:
( )T X (k). (32) z(k+1)=A;x(k) + Byw(k). PR 7 il a0
A
H: X (k) 50, BA L
‘e l—o.zs 0.54] B l—O.l].
Y, = N I U/ S T I I O
* CihCi— | 02m 0a9] L o1
Y= 27 20291077 77 o |

(A; + BiK; + AA;(k) + AB; (k) K;)" Py (Ai+
B;K; + AA;(k) + AB;(k)K;) — h;P; + D] D;.
A Schur #h 5| 2, 7, < 0 %44
~hiP;+D{D; 0  Zi3;
* i1 Cf
* * —Pi_1
Hrh =215, = AT + KBl + AAT(k) + KIAB] (k).
¥ =, KA WY TR LR RE diag{ P, 1, T}, %5 18
(2), 5 < 0% M T

—_
- =
—

P =

<0, (33)

—hP7t+ P7IDID,PTY 0
* —nyI —
* k
PLAT + PTUKTBY
— cr +
,plil

_Ple;i + P'K N},

0 AY(K)0 0 M|+
i 0
[0
0 | A(k)[Nai P '+ Ny K P7H 0 0]<0. (34)
M;

51 2 1A Schur #h 51 BE, If 2 L X, = PTHAIY; =
K P, 552 1A B A2 284, B =R (31a) 73 I
(33) oz, 1k (31b) ~ (31d) 5 15 5 (21b) ~ (21d). 3
ABL s B 2 (0 40E B AT, AN 2 1] S-MUS (8) Ok
F (e, 2,7, d, Ky, Rymin’, T2 ) 5 o-Ho, A PRI A]
5. O

5 A (31a). (31b) A1 (31d) I AR /™8 (1 £k M40
B AN 25 5, e 45 5 A B by A gy O R T Al 2k
P A 2 R A, TR b, s 39 3 405 ) 1Y) 20 i (] S-
MIS [ BRI 6] & ¥ H o 5 SR BT 7 V5 T # 4

I HUEE TR MR AN S SRR 1)
min ~2;
Ryt

ZRGHIN DR REEFEM TN, = 0y =
1,011 = Oop = 0. BB 1) 5 B B 18] AR MAF 25 1) 43
A, 6 T Vi g e {1, 2), WA R 2% R AN

[fi5(T)] =

0.67 - 0.415-7 . 15!
0

(15 — 7)I7!

0.57 - 0.515-7 . 15!
(15 — 7)!7!

Pl 1 D 1525 I B I ) 7 P 4B 28 B2 BRI o (7)
M for (7). BT fra(7), 1 € Zp g i, FEREREE
J12(7) < 0.01, £E L B B FH A AT 220, PRIk W] =5 i
R (A R AT =5, [FFE B A B AR T =13,
X T for (1), BT € Zpy o) N, KRR FE fo1 (1) <0.01,
E S o N2 FH Hh AT 22086, DR RT 2% RS T B I IR R S
T2, =3, [FI 2, B i [A) B SR T2, =12.

0

0.3 ,
——®-- fIZ(T)

P _._fu(f)
02
.\\:
=
2 0.1

0 L L

0 5 10 15

I BA I 8] ¢
B 1 HEERHE T BIMEERZE R fio(7) F0 for (1)

N5 53 & bR B HUE XS o- A7 BRI A A 5 A1)
WIS, B B EA K by (i = 1,2), 3%
c1 = 1,R = diag{1,1}, K; = 50,d = 0.002, T}, =
5Tk, = 13,72 = 3,T2, = 12. EI2 A& €
R1.001,1.019] My € Ry1.01,1.1] AR, o # 1 AR
ARG L o-AT BRI A AT 5[0 o T/ ME. 2R JE A
[5] ¥ 5 B ] (8] bR 50 o- A7 BRI ) 47 5 0 408 1 52
M. 4 c; =1, R=diag{1,1}, Ky = 50,d = 0.002, h; =
1.001, p; = 1.005, 7 = 1, 2, 3L 5 B 1 SR AFAS 7] 5 B9 Hsf
() 249 5 i A2 o - AT BRIN RIS T ) o Al e R /IMEL, W3R
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AL E FHTEREDRT AT R %6948 FRet i) &4 H 54 843

LR, R 1 AT, o 1 9 RAL oA BRI (8] 47 S AR X
TG A IR IN ()47 S B IR 22 B3, 0 (T Tie)
IR i) 7™ %, o i . AN 7] PR B B I [R) 20 PR 2 15 3 A
[7 ) o F5e/IMEL.

80 60
60 50
S 40 40
20! 30
ol | 1 20
1.10 1.02
105 ) 00100 101

B2 hHp(i=1,2) THEHR o-AIREE AR

com/ME

R T Tin(i=1,2) BT o Fi B o- B BRATIE)

AR &ME
(Tnlxin’ Triax) (Tm2in7 TIY2IBX) g C2
(1, 15) (1, 15) 1.5796 x 10°°  12.6733
(5,13) (3,12) 0.0110 10.493 1
(8,13) (7,12) 0.306 7 10.218 3
(5,9) (3,8) 0.449 6 10.5345

2 pe HAG 3 /MBS I B B 1) S-MTS (1), A2 4
B
B

A =

—0.33 0.63 —0.1
) Bl = )
—1.66 1.81] [ 0.1 ]
T
o= | 0| p 003
0.1 0.03

T
M, = 0.05 Ny = 0.08 . Ny = 0.04;
0 0.08

0.1 0.08
A3
0
Ay — 0.31 0.57 By 7
—0.34 1.25 0

T

o1 | o0.03

C3_ l011 ) D3 - l0031 )
T
0.05 008 B

0.1 ] » Naz = lo.OS]  Nog = 0.04.

N T IR 4% 1) S WA 22 MR AT I LT A AL
P, RS T AR ZS 3 10 5 B B TR AE R 4 A 40 )

M; =

BTSSR o3 A A3 A7 7R 70 A1, A 2 AL 2 7 LB Al
ANFEZEBIR AT, 3T Vis § € {1,2, 3} 45 5 B I [a]
W% 2 R AN

[fi (7)) =

0 0.67 - 0.410-7 . 10!
(10 — 7)!7!
0.90-Y* —0.97 0
041" _ 047" 0,301 _0.37

0.47 - 0.61077 . 10!

0.8

(10 — 7)!7!
. 0.519. 10!
0
e TR RS RS
0 0.70.3
0i;]=104 0 06
0505 0

Lc; =1,¢5 = 20, R = diag{1,1}, K; = 50,d =
0.002,6 = 0.1,1% S-MJS (1) A~ /& 3 BR A (8] 45 5. B

Tnllin = 3’ Tnllax = 8’T‘nzlin = 1’Tanax = 7’ Tn?;in = 1’
T3 = 3,h; = 1.001,u; = 1.001(i = 1,2,3). Jbif

o =0.057 3, B & B 3, il W T AR S AR 2 I o ol
BAETR IR R G0 2 o-H o A PRI 1A 7L, 45 245
I SR HE R 3 5N K = [8.0189  — 7.8659), Ko =
[3.0862 — 10.5193], K3 = [0 0], XK &ALzl
IR Ny =1.3327. N T it — DI UE IS A
R, 77 A2 100 IR By /R AT R BEAL A A2, B 3(a) #
3(b) 43 714 100 ¥k~ B 7R A K Bl ALk AR i 72 R I

KRG RS 2T Re U, B 3(a) AT DL, FF 34
40

30F

201N

x'Rx

10

SR BT 1) ke
(a) T ARG

T
x Rx

x'Rx

—
T

0 1b 2'0 3'0 4'0 50
SRRERT 8] k
ONEEEN

3 S-MISRZS#NZ 2" Rx B9 100 X SEIR
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RGN A BRI (B 5, TS AR AR 35 S 15
PR B0 PH A 2R S8 RE S W A2 BRIN 18] A 5, 2011 3(b)
F.
4 % ®
ASCHTTE T AN 7€ 25 BN TA) S-MUTS H)A BRI [7]
B Hoo 21 in) @ 385 51 NS B B I 1a) 1) R
G T A E B EUN [R] S-MIS 1) o - BRIV 8] 47 5+
ML, 51N T SMK J7 3200 2 By /R AT R BE ALk A2 1k
REREATER A, 25 T AN R B 1A ) S-MUS 2 o7 FR
I (8] F 78 40 26 1R, HXF Hoo PERETR bR, 45 AL 15
R GU T 0- Hoo BRI 8] A 1178 73 264, it 1
BUHIRE RBHE R R RIEAM RSt o-Ho A IR
I 6] 7. f e, L B 7 B SGAIE 1 B R A AT
AT VERIAT R
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