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Sz A R R . RSN A 56 b A S290 R W), BT S SR AE AN [ MTR $d £ B35 BAT B i i v .
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Multi-target sparse regression with instance and target correlations

HE Du-bo, SUN Sheng-xiang'

(Department of Management Engineering and Equipment Economics, Naval University of Engineering, Wuhan 430033,
China)

Abstract: To address the problem that traditional multitarget regression algorithms only focus on the linear correlation
between input features and target outputs, but ignore the structural information between different instances, i.e., instance
correlation and target correlation, which leads to limited performance of the algorithm, we propose a multi-target sparse
regression algorithm based on instance and target correlation (MTR-ITC). First, we construct latent variable space to
decouple the complex input-output and output correlation structures, and impose sparse constraints on the corresponding
coeflicient matrices to explicit encoding and sparse learning of inter-target correlations in the latent variable space. Then,
manifold learning is introduced to explore the correlation between different instances in the input and output space
to ensure that the model output is consistent with the real results in terms of local and global structure. Finally, an
alternating optimization algorithm is proposed to solve the objective function optimally and converge it to the global
optimum efficiently. Experiments on the benchmark test dataset show that the MTR-ITC improves the performance of
the algorithm compared to existing representative algorithms, and its good convergence makes it possible to iterate and
converge to the global optimum rapidly.

Keywords: multi-target regression; sparse learning; manifold learning; alternating optimization algorithm; kernel
method; instance correlations
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I 45k, 2 B A5 Al )9 (multi-target  regression,
MTR) C4 )72 N H T HAR 29803 o EHLAL
BT 2 WS 45 22 A~ B 5% i Hh 45 4 1R S5 o .
MTR 5L # % SR % SIHESE B — @ rA Il
A, 9 RO DI P 2 2] R AT R L S 5 T Aok 4
FHEEAE H bR B R R I, IX 15 MTR 7EHL 38

s HER: 2022-09-19; FF BHA: 2023-02-11.

MTR T i PRI 8 58 Xt i N -5 % L ) R R A
152, DLRO AN TR H AR R A SR PE T IR R, N TIRR
H b 22 8 22 8] H AR SR A, 4% G MITR A% 78 3 S22 iod 6
A HSCRE AT A TR TR 2D 1 0 A B AR 24 AROR 42 4
o T (0 26 2R 2R, 31 8 07 VA O T 2k 1m] U1 A AE
IR B SR S (AR SR PEAR BT AR, £EVF 2 FSE

HEWMA: ExiaplEi4I5 H (18BGL287, 18BGL285, 19CGL073).

BERE: LN
PEMMEE. E-mail: ssx13397129808@163.com.
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(] U e 30 b, G N 5 i R A R AR AT SR R
AR 2P 50 2R, A [R) 040 4 Hh 1 H bR AR R [A) 4RO
KR FE BN, K33 T A% 58 MTR BB 3E DL
N5 % RFIE T 9 56 28 DA SAS [] H A A% 2 1) 1Y) SR B
SERIATA 80 ). [RI, MTR jn] @ B A
R R AR, 2 B AR TR B — B AR S
SRIK. N 1S4 i R LB R TR ) S5 44 58 &R,
W AR BER R A AE — MIRLE R AR 2t 173 | v, YD
TG He TR 25 S0 R A 2 AH N 1) [l A A, T DA
A7 RAOR] P AR AIE 25 1) b A [ BE A 5 2 25 B S5 M A5 B oK
T EVEANERE, [R] NIk T DL S e AR AS i AT
A G DRI, AR SCHR H — Bl T S48 5 H AR AH S MY
% H ¥5#65% [7] - (multi-target regression with instances
and targets correlation, MTR-ITC) 5.v%. @it 51 A%
T A8 BT 4 S50 AT DL RS AL B AR 2 ¢ 2 B I AR
7 () BN SRR H A 8] B 50 45 Ry #EAT 2 304 5
ARG L 7 =, DA AE B =y O A2 9 AN [R] H A5 A2 B 18] 1)
FHOR G5 4y [R] I, J5E IR0 T 2 =) KA 2800 FH S 481 8] F)
FHOGAT B AT AR, AT $ T P42 5002 1) [l A 4 e

1 MRIAE
1.1 ZHEfEYF

H T MTRIR R | A A H s A8 & 4 14 5615
B8 AR T 2 AN B A O M 1) AR 2, R] RL
AT L H bw ] H J7 95 5 b i T M RE. 5 2 6
243 2% (multi-label classification, MLC) J7 ¥ If) %I 43
AHEPL MTR J7 v — fRT BLRI 73 S P 262 1) T it
# (problem transformation, PT) 28 J5 ¥%; 2) 5. 7% i@ W
(algorithm adaptation, AA) 25 /774,

PT 2877 7 /& 4% MTR [1] JU I i 1 2 4> 5 H # [e]
VA [ 83, 5 8 T A% G0 1) FRL A HS IR VAR AR, i ke i 4
EINE R % N 2 &l [0 5= 1 WS 300 R Rl 1P v g VA
KA. % T MLC 5 MTR 1E 2% S AE 55 E A AL 101,
2 2 BRAE A 21 T I I ME S i AR 43 2 1) AR )
K, SCHR (1132 T 5 H PR HEHE (stacked single-target,
SST) .y A1 4E B [7] 5 % (ensemble of regressor chain,
ERC); SCiik [12] 2 T 3 #1244 77 206 4 2% [a) Bl AL
B HC, 2 T O AR 2 AR A S B SR Ab PR MTR
IF) R SCHR [13] 0 A o S50 B R £ 45 A 1 4 o Tl
I R ) 1 e O 35, 8 A R N T TR AR SRR AR 4R,
PE T —Fh IR BE M EE B (deep tree-ensemble, DTE) J7
2 SCHR [14] K32 A0 5 1 ok SR A Dy A8 88, 0) F A
[F) FA) £ R ATE 2, %6 22 H A HA 325 4T B L%+ (random
output selection, ROS), 1T 52 Bl 45 2 — N ¥ 1 88 itk
J& MTR RS SCHR [15] 18 1 45 6 1 S 2 5 7 A
K 2 R G o, M4 —MoB IR & & X8

R AL FEMTR 7] @ DA 75925 AR S A% R e
— & HIPERE ST, (0 H ARAH SR B 25 FEATI SR 2 S
(), Fe Pk R AT AT B e T Ik SR A% G [l A A, H 24 %
I B RIS OK B N AR AE 24 B2 5 v e, L R AR 1
I 1) ol A, 2 TR 398 .

ANE T PT R I7 4, AA K TEM E TG — A
% i th 45 1 HE 22, I 78 1% HE 28 o [R) B Ak BE S N fa
HOG 2R DL K H b TA)RH 26 8, 48458 284 W DA (] B 2% & DA
FRE. SCHER[16] 25 T 0 IE AL B vt 138 iR 45 2% R
B, A4 50 L 45 A 0 SR R (R AR R T DL R
& % 4 S HF 1A & 9] U5 (multi-output support vector
regressor, MSVR) 5 14, Jf- 2 i 1 — Bk A M AL IR /)
TR S HOIAT R TR (171 $R M 2 0T
[8] 945 IE (calibrated multivariate regression, CMR) 1%t
A, AT AFZ 38 A [5] 5] V2 AT 5% 22 18] 5 AH S, [R] B
A DR HE AN [R]AF 5% b 1) 0k 75 7K P e FL gk AT T8 AR AR
7, A L AR A A At/ IS AT R e 0% S B AT 47 ) 12 e
P SCHR (181 TF K 1 — Fhvml LU &5 8 A 2 AE 55 #k 47
S SR TIN ) 22 H A% [ A (multi-target regression
trees, MTRT) F1 2 % HH FE ML AR AK (multi-output random
forest, MORF), F T~ X AN [F] R L 11 25 4 4 B HH AT 4
SR T SCHR (1918 BR 46 B AR T 2 H & f5
T BRI, T — S B N 4
XU 4 5 1% 8 B ¥ (self-parameterized least absolute
shrinkage and selection operator, SPL) & 75 S 5%+ PN 75 )
bR IR S N\t 9% 2R HEAT ) I A5 STk [201 )
FH 0oy TERAG AR R R0, f 3 T — X B R
HE [ 12 B 2% > HL (outlier-robust ELM, OR-ELM) # %!,
FHR 3122 5 07 [ iR R SR A

AT ULE L IE 230 AA KT VAR 2 E 178 7]
VAR B2 e 1 A (] F T U) £ 24 BR21-230 3 6 [ ) A Y
B T 2 P B] VA HE B2, BRI T R A 5 S 56 AR
H A5 A O 45 6 i 1L, 388 Tt 56 (B =1 R B vt o % A A
BRAE LI RORIRZE AN F] HARIE A SR VETY, 9 Y 54
A 3 A N B H D) P A 2818 OG- PP AR & AA ST
EA AR AR R L SCBR [24] 52 tH— P N % 52 )
(learning output kernels, OKL) /7 V%, il i #% 75 ¥ K 45
i 2 1) o ) 2 0% O IR 25 A, a3 17T S 4 b b 22 H b
() PR Al e 1 S B SCHR [25] R A% 7 v [R] I il 4 S A\
555t TRD PR A B M A DG 2R AR i H TR] 7 &2 2% SR BK,
DAF e A5 2R T 8 3, SR (7, 26] 38 I iR N\ AR
(TR B2 S 45 A0 1R 2 ST HEZE, K N th 5 B At
B] PRI AH DG 1 BEAT . Eak AA SRV AE T8
T xof i AR (A DG 1 AT Y NG A AN 27 2T S A AR
RUEE BRI, (B AT AT IR FE B RAE N
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V7] 5 % L 2 ) 28 I S5 A 15 S, IR AR AR AR S >0
T2 5 2 B S 0 L A N U5
1.2 RFIEME

T IE AR R — MG R T S0 ZRfn 1 fe d2 T
FR) 57 23 35 727 L ) N T 2 A A 23 2RI
70 i BF 2 SYUEIURN 22 Ay H (] Y14 34360 £ 2 A i) i o
LR A SR A R B morh 2R S SRS R
A LA R T SEVEAE 4y AN B] A () 8 R 1 e
. PRk, 52 22 B 25 27 2 vhoR S5 AR S M RTPR 25 AH O
PEZ2 ST I8 R BB /E MTR 0] @, 5 5 4 N 2 (]
tH R I A SR 488, D0 FGAE i 2 ) o 8 2 BT —
SE R AFACLAEE . A STV B N = () v AN (] SE A1) 1) JR) 388
FHIR S5 K45 8 LA Hn th 2 18] vh AN 8] H A 18] 1R 4 )
FHOCEE MG N AR (1) 2 ST R v g T PR AR AR 3
D 55 SBR[ () 25 48— SO, W1 55 04 75 R
THE OGS (R AN R R MR 42 v A R 1) e, L% 0
RE A3 17 R AH S PE REER T
13 fFSRR

STHEEA = (@ jlnxm,t = 1,...,n,j =
L...,m AV AR E r(A) = Z a;; NEEFE A

=1

> al AHFE A ff) Frobenius i

i=1 j=1
$; w2 SUHERE AL,  JEECHN

n m

Al = [3 (S le?) ] @

i=1  j=1

WFERE A 00 YEECN

Al =D i, 2)
i=1 \ j=1

M3 |Allp =

k
=Nk Ea = [0, ||allz = Za? JH
i=1
O VB TR ERE, 1N C R AN 1 .
2 TERH
2.1 1RBVEA
é/fl\%vlléf?\gkptrain = {(wiayi)}i\ilaw € Rd7y =
[Y1,. ., yo|T € ROAXNMZ It H bnfinth, W £ H
PREPERIARE M IRIR Ny = W + b H:
W = [wy,...,wo|T € RO HREBLETHFE, w,
€ RONHBRHH y; BTt B E A1 5, b € R9 Nk
B, d A1 Q 43 BT BT[] YA AR A i N =5 () 4 5
Flfgr H 2S [A 4E . T A Ridge R PERIAME R £
415200 T 5 H ARk AL
min [V - WX - B[ + AW 3)

xR #39%
HA: X = [z,..., ey ABHEANY = [y,...,
yn| AN, B = [...,b,...] € RN N

) O LR R, \ D AR S A 2 8. B AR, A TR
TR W7 AR A3 M LA [ R 0] i N 5 i HE DL A B L TAD £
FHR G AT HER R L. I AR L ET W Z €
RIH FARBH3) 5 )y
win [Y — UZ|}+ AV 3
st.Z=VX+B. %)

HA:Z = [z1,...,2y] € REXN BB EIE, 2, =
Ve, + b e RE MR x; fE7 AL 5 23 (1) . 5
R, (@) P L@ S REOEREV U 43 KR AL &=
g NAZ B G OR R A S AR e i tH AR R ) %
E0C 225 ), 32 T T i N it DR i TR PR O 3R A, &5
FMHEREU B A 7L E 2z SRRy Z A1)
FHIG 285 e, A4S AN [R) H bR A2 & 10 N A2 QB ME T LB
U M B B SR RIS, R T SE A LR & H AR (A (1)
P AE SR B ME, X 45 M B U it — A £o 1 15 46 2
PRI A 22 5] 15 B () S5 K56 B U BA 5 M s 1, 75 2
U M o ST AR

min [|Y" — UZ|%+MVIE+ BIU |25

st.Z=VX+B. )

Horb BN U FI RS B IE WL S 4. @ik xt U
Tt €2 1 TE UL, AT DAS Rl AH OC 1) B A 2 8] 3 238 A8
=, JE A AL B H bR 8] 1) SRR 45 ), 159 31 B A SR
B HRE R U B 0] &5 K RE B U e Jn 4 i 1 2 TR A
AT DL 25 5 RS f1 SR 375 A R AT i 121,
22 ETZEILREEY R

% L& B (5) T B b B BT AR N B Rl
TE R, oV A BT J AR 2 1 Ok R, B T 3R s E B
(representer theorem) 5 HH1 (1) H A5 b Eos AT 2, Al
HAT DAAE W] B AR Ay JKfH KR 7 18] (reproducing  kernel
Hilbert space, RKHS) H &b 3 = 25 4 1) %y A i i o¢
B FETEREASEX(G), 53

min (Y ~U(VX +B)"(Y ~U(VX+

B))) + Mr(V'V) + gtr(UDU™). (6)
Horb D yx ke, A

1

D) = 57—, 7

P = Sl ®

w, U 5. Oy 1 G BN 0, 38— e
1

D) = ——, 8

D) 2v/uTu; +¢ ®

b ¢ > 0 MR/ H L R WU R AL o ()
W x; B % RKHS, W ¢ (+) 9 RFAE il 5 R 250 1K 48 42
1 7~ € B (linear representer theorem), 5[4 V 1] LA
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FHARFAE WS bR B A 21 AR 3, B
V = A9(X)T. )

H:o(X) = [¢(xy),...,0(xxN)], A € REXN F3%
MR K (-, ) T2 k(s, 5) = d(xi)(x;)T. ¥
AN (6) AT
gigtr((y ~UAK)" (Y ~UAK))+
Mr(AKAT) 4 gtr(UDUT), (10)

Hr K Ay CERKHS _ERIRZHRE. BT mE &b
A DU I AR N RFAE Hr A 1 I — AN RER B AR,
T EE R, 2 (10) H 44 S B AR BE B. — Ba@ g il
GBS HIERE (U, A), ¥ B N o, TS 2

fi =UAK,. (11)
R K, = o(X)T¢(w,), d(ay) H axe TR N HRFAE
BJC SR, ) FH AR 2 M R S s i N AR AR 72 (8] H R
UL 2 RKHS 1 ARG 1% R R R
e 7. 8 X (10) 2% 21 15 20 1) 22 JZ 45 i MTR B8 45
Fytn 1 R,

input space

1 ZEZBEFHREAREER
2.3 ZBISBEREXMERREES
LI 1E WAL & A2 AN 5] SE A5 2 18] 6 JR) 78 5
4 JRy A ACMAE, S5l B A AR AR 1 SI2 491 2 1) 45 21 AH A
FR PN 45 SR B T B S 2 A SR S5 K 1 22 e
I A i, A A7 T A B B E DN
@ 3% 22 APV pR A58 5 T AR 3, ) AN [R) 2451
AE A N 723 18] p B U AT 25 R A5 I8 R DR R AR 2R 1) F0000
i L DR AHARL B JUART 25 4. 2B SR 252 Dyyain. =
{(@i, i) Yy 40 96 2R AT DU L — A2 IE 5 e
Sy € RN R, bk A0 T
(Solis — {1, x; € Ny(x;) or &; € Ny(x;); (12)
0, otherwise.
o N (i) B0 M sy B 3 AT S 18, 35T S
FME B IE M TRRT BLsE SO
N N
SO [Solilfi = fill3, (13)

i=1 j=1

oot R0 f, 4y A s d A G G (6 B bR
I . S /ML (13), 5 A R 7 40 2 FE B ]
ST i N 22 1] B 45 1 % 2 SR A0 A AR 7 1 911 5 45
BN GE LA SRR EF = [f,
. fx] € RON 5135 F = UAK. WL,
FEIENMEI(13) AT LU S A te(F Lo FT). Hoh: Ly =
Dy — Sy jﬂﬁﬁﬁ@ﬁ@%ﬁﬁ@?ﬁ%ﬁ/ﬁﬁﬁﬁi, Dy Jy X%t

FHERE EAT [Doli: = [Soli-

=1
4 H R LB 2 (00254 £ B 6 MTR 2
T 145 o 0 S 0 0 i
R T T S (2 4 SR 5 5%
0t 2 TR — B A o, ST P BB
51 R B o B B e 75 T B 0
4. FREH, T3 N WA S, e et
R RS AR H 2 AR e 5 T A b L 1

S1EXN
Y, Yi

[S1]i; = Jij=1,...,N.  (14)
T lyallllys |

HL ;g T LA 22 05 R R T 4 9
FIE LT LA
N N
SN Isulf - fill3 (15)
i=1 j=1
7 BE, R (15) i % OE 0 AL 56 7R 6T LA S
wr(FLFT), X L, = D, — S;, Dy A% MR H

[S1lij-

~—

[D1]i; =

M-

Jj=

1
24 BFREBENT
i 5INE(13) M1 (15) B IE WAL, 4845
PSR AE Xof i N\ AR B L T ) 50 2R A T LA 7S
437 R8BI AN [ S TE i N5 % HE 2 TR AR SR S5 S
B BRI, B AT B B H AR R EU T
win |Y —UAK]|% + Mtr(AK A"+
Xo||[UT |21 + tr(FPFT). (16)
Hep:P = MLo+ ML, F = UAK, )\ ~ M)
AR SO WAL 2 8. SR e S B ARAH SRR
SRy G I P B R R Lo A0 Ly gt o, Hoad
TS HN 5 Ay, 7T PR GE AU S A0 R 1 5
I FR AR A5 SR AR v 1) 25 R B2, o i A 25977 L.
JUESTS
3 ETXBNACHERERIRAE
T 3o AE B A B AT LA R oK Al H A i)
(16). iC H % (16) N J(A, U), il i [ 2 — AN RE
KR 3 — AMNFERE () 7 VEAS B SR Al A SR PR i 8K
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xR ¥39%

Z 4Rk
3.1 EEFEMEAKRU
RERE A U E I, R (16) AT DAL IR 305 1%
min tr((Y — UAK)'(Y ~-UAK))+

Aotr(UDU") + tr(FPFT). (17)
Xf B CRAERE U 5, 193
oJ
5 =
— (Y -UAK)KA" + \,2UD +UAKPKA".
(18)

W W50, 7] A4S 2
U(AK(Iy + P)KA™ + ;D) =YKA™ (19
WAERE U w] L~ xRS 3]
U=YKAT"(AK(Iy + P)KA" + X\;D)"'. (20)

FT R (6), B UGEA, AT LR T [ v A 2
R RE D vH AR RE UL SR 5 rT AR Bk AR I U
XF DT R Fk L Bg TR U R E T

Bk RACKRR A AR,

input: FHEHFE XY, ZH - Aoy A3, TR R4
EK,
output: 5 FEU.
DBENUERE A € REXN TR Lo M Ly, %
BHt=1;

2) repeat

3) TR @) SR AHIEDOY,

4) Rt 20) B EIREFEU Y

5)t <« t+1;

6) until Y &4

7) return 5 FERE U .
32 EEFEREUXA

FERE U [ E I, 5] (16) itk A

min tr((Y — UAK)' (Y —UAK))+
Mtr(AKAT) + tr(FPFT). 1)

st ERCRHAEFE A 1 5, 15 2
%]1 = -U"(Y ~-UAK)K + \AK+
U'UAKPK. (22)
[ 2R, 1 B 5 0, 3 — 2D 15 3]
U'YK =U'UAKK + \,\AK + U"UAKPK.
(23)
PR AT K~ G AR (UTU)~L, il LA 2
(UTU)"'UTY =\ (UTU)'A + AK(Iy + P).
(24)

AR, 3 (24) & — MR HE R Sylvester /772 A6 + OB
= C, HAFFEM M. O X BT REFEF A HFA =
M(UTU) LB = K(Iy + P),C = (UTU)"'U"Y.
5 R%E A m] DLaE I R i@ Sylvester 77 B £ 2. 2% B
IR, MTR-ITC R (1) 5K fifg i R an 550923 2 B .

B2 HT S S HARAE O ) MTR 592,
input: B HFE XY, SHN A3 A\, I E 2
KK,

output: Z5FHEFE U, [R5 REUGEFE A.

1) FEHLAERE A € REXN U € RO*K;

) UHEMEME LML, W E i = 1;

3) repeat

4) FF K 24) THH G HERE ACHD;

5) EF R LR U Y,

6)t < t+1;

7) until LY,

8) return &5 F L FE U Fl R EUHFE A.

33 HEERESH

B (28 B AL VR I R AR B ok
H T8 LRREE 2 o e AR U B TH 5 Bk
W T SR AR B R R N B AR R SR, A R
RIENON?) Bk 2 it R R EE)E A T
XF Sylvester 77 2 (1) 3K i, o 7 R 500 R FE
O(N3).ABBESHE AL 2 B ik B 1B AR £y 3
oty Al IR, W BEASAE B A S I T A5 5 2 FE A Al
HNO(tita N3 + t,N3). Tt < N,ty < N, HEE
FBETALEE T O(N3). g L HE R ES K
fh A% 77125, W KRR . MMR I MSLR 258235 s2br b, 6
WA A 1 B 2, L B SR 10 ) 1 S e 2 T 0k
TR B8R (1), AT bk o3 SR AT A3 ] DB A PR3 AL (an LU
I REE) KA,

4 SEZBESHT
4.1 S S5IFNIERR

N T SR A SRR A BRI T AT, N BL R
PR T EAT B 1) @ 5 B AR H B 58S 7k
HEAT LA, B A2 A B AE A T E 4R 48 IS BN
e A 1) 5 S5 2) B0 I i B8t 1) 58 8 A0 A R0 R i 8
P, 1T U B 2 RE AR A PR kA PR W Sl & A
i, 3) 388 3 0 S AF AH S PR AN H AR A DG HE I IE 4k 2
O AT BUBNME BT, Bk 5] NS 5 H R AH SR B
R LA EEMERE.

9 TR EEAS TR SR AE B A PR RE SR IR,
FH P Y K X6 #5177 AR % 22 (average relative root mean
squared error, aRRMSE) 1 i S 4845, THE 40K
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