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Multi-attribute decision making based on comprehensive hesitation fuzzy
entropy

LIU Ying'!, GUAN Xin', LI Yi-cheng?
(1. Naval Aviation University, Yantai 264001, China; 2. 93116 Troop of PLA, Shenyang 110000, China)

Abstract: In view of the complex calculation process and counter-intuitive phenomena of the existing entropy measures
of hesitant fuzzy sets, a comprehensive hesitant fuzzy entropy is proposed. At the same time, the traditional TOPSIS
method is improved based on the cumulative prospect theory, and a multi-attribute decision-making model with unknown
attribute weights is constructed. First, a new definition of hesitation fuzzy entropy is offered based on fuzziness and
uncertainty. Then, the comprehensive hesitation fuzzy entropy of the hesitation fuzzy element is provided, and it is shown
that it fulfills the new axiomatic definition. Additionally, the results compared with the existing entropys demonstrate that
the proposed entropy not only more accurately captures the fuzziness of hesitant fuzzy elements, but also resolves the
paradoxical phenomena. Finally, the comprehensive entropy measure is applied and analyzed using the improved TOPSIS
method. The case study serves as evidence for the success of the proposed approach. In addition, when compared to the
existing entropies, the comprehensive hesitant fuzzy entropy offers the benefits of straightforward calculation and simple
comprehension, at the same time, the improved TOPSIS method can take into account the psychological preferences of
decision makers, and the effect is more reasonable than traditional methods.

Keywords: hesitant fuzzy sets; hesitant fuzzy entropy; fuzziness; uncertainty; cumulative prospect theory; improved
TOPSIS method
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V =v(Az) - II,. 9)
Horbo(Ax) J90 18 oh 3 45 5 o 37 8 0 I 8 B
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2) IR AR F SR8 M 0.5, T FLRORA 175 B K.
3) BRI A 1) S S8 P R T 0.5, HLASER J5 6 K S
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E(hy), Hrfi=1,2,...,1

T IR R AR LR AN 2 5, B TR AR
TCHI TG R A BOAN G, T TR kAT B e FLIK, 58 L
4 2) FEAE RCE SIS O, Xt TR B T h =
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A5 B 1 UM TR J55 0 P2 3R 4T LR A%, BIAR 8 SC
BR 719 89 By (h) F1 Eo(h)~ SCER[12] ) Es(h)~ SCHER

(51 1) By (h) BEATTHEE, THEL S5 R AR 1 for, A R
TRAORN G T A TR 7T O HE 15 DL AN 2 P s

®1 TRIABIEMENERNHTESR

VIREL S i Eq E, Es E, Epew/a = 0.3 Epew/a = 0.5
hi = {0.5} 1 1 1 1 1 1
he = {0.4} 0.9585 0.9710 0.8 0.7132 0.8 0.8
hz = {0.3,0.7} 1 1 0.6 0.4785 0.793 1 0.7143
ha = {0.4,0.6} 1 1 0.8 0.7132 0.8636 0.8333
hs = {0.4,0.5,0.6} 1 1 0.8025 0.8667 0.8653 0.8354
he = {0.3,0.5,0.7} 1 1 0.7333 0.6297 0.8621 0.8095
h7 = {0.7,0.8,0.9} 0.6279 0.7219 0.4 0.2862 0.5909 0.5
hs = {0.7,0.9,0.95} 0.4924 0.6023 0.3 0.2036 0.5579 0.44
he = {0,1} 1 1 0.3775 0.7 0.5
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o WM T A

E\,E; hy=hs=hy=hs="hes=hog>hy>h; > hsg
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Eo—05 h1 > hs > hy > hg > hay > hs > hy = hg > hg

SXoF A TR A AR 995 00 52 1) &5 SR AT T R 40 A

1) 5381 By Al Eo. ARYE R I FE TH 5L ha s has
his~ he~ ho BVRBAEIS N 1, AR & SL6 254 2) LA K
2.1 TG0 BT, S AR IR I 4510 R B R 1. R R AE T
SCHR (71 7RI EE By AN By 753 2 1A B 2 1F R B
BSR4 o=t = 1N B(h) = 1. B 4
WEIGAER I (1) SR 8 AP AR EL A G R, LA 1, B
ha~ ha~ s hg~ ho 220355 /& HANR R, T € LS P e
S g, MR T h(h £ {0.5}) IR
AN, H A AR SR N T L R, e R R A
I, By A By WAETE HAN G R I oA R4
X 43 G 77, PR 1Hb 3 196 i ) P58 0 47— R R .
2 S ok E R SOPE TR R I R AR A FEME
KF(EVESR Y HA S h = {0.5), 5 E(h) = 1R
HSH X — ] AT T s

2) S HT Es F1 By, 5T ho~ hy, BB 1 AT 5, E;(hy)
< Ei(h4), 5 Bs M1 E, S AH, JRIRTE T Es 3

l
a1 - % S 1770 — 0.5] SR 15 A S
i=1

l
B T D7 (1~ 2 — 0.5]) 5B, T By
=1
OBk A, ORI 31 SR EOR T R e T I

AW AFAE ) — 28 0] ], (RS2 B b By AT 98 H R AR
FE — M AL T, [RIFE G 5 Es AH R i &, B By
H By P12 XA AR 7 % SR8 FE 5 40 WA 4R {0.5} 1)
i 55 2 FE (R BT 35) 1) B2 e, A7 AE — & 1) v T, TR
I, By fl By BAFAE— B R BE A 2. i A S 45
WA 8 I 51 N IR IR B, M L B AN By, IR e S
P R AER O R AEAS B AN 8 P2 P AT P i, AT 3
BN X 2 AR AR B b At ke 13X — [l i, A A5 B
SE R T INAF A SEPRER.

3) HHER 2 AT A, AU R E o LB I, By s g A g
Z A AN AT 9K 2, 33K A T X ASERA AN A A kg
(10 ) 2 e B AN (R S B, AR, 2 o /NI, B A i
FESRS B 55 e 1) b 2 5K, DAL, A W6 B2 52K ) g
he, F M E LR T hy, (R BEH] 1A S 255 485 D
JEE BA S 1) X 43 e 77, A7 DL TR % o I EUE 1S 2
FARMIT KR,

G LR, i X 43 RE 73k 2 INTHE &
B b ARSI S5 G AR TR AT 05 B Dy 58 3, [ I A
EEIAT (R TR ASORT g8 , A SO FE Pt B 0o e 5 g
BB R SCE RS, U B T TN L ER AR
2.5 MBIEMERNEZEE M IFELE

EXT CWHEHX = {2,20,...,2,},AFIB N
X R TEAEREE, ha(x:) M hp(x;) N AL B L)
WA TC, 78 LSERELE - H — [0, 1], 18 335 2 DA
TNARAE, B D TR AR £R R0 BRAS R 6

DH AN G hy(x;) = {0} {1} F, E(A) =
{0}

2) B HA M hg(z) = {05} 0, B(A) = {1};

3)E(A) = E(A°).

l
2
. = T = 054 (1= ) — Yol

S

B = -3 B =) |

i=1 =1

=1 ]. (20)
o+ (1 - a)"ymax - 'Vmin‘
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AT K BRSNS 5 TOPSIS 77 %45 &, 15 21
— i 25CE 1) TOPSIS R 5K 7325, I I 20 AR 34
i, AR,

BRERNTEX = {z)i = 1,2,...,n}Fm
MIEMEA = {a;]j = 1,2,...,m},JBHEREREN
oy wi )T H R JE A E SR A R

step 1: PR FRMETT R oy FEBVE o NIIFTA AT
RE PRI UTAl B, AT A5 31 1R 556 B H, oo 3 -
Wiothi; = {v1,72, o, R Hedii = 1,2,
n,jg=1,2,....m, lijy‘jhij HH SR JE FE AN

step 2: X[ R SEHFE H 317 IH— 1 b B2, B 7R 1H R
NG EEH R, A — R SRR R B, TR
A hyy B, 3 TR BB AE, hyy = Ry %R
KREEME, hyj = R ={1—=y,1—=72,..., 1=y, }.

step 3: HR AR A5 J2 008 B AR 1 o€ & 1B . B YE

B 5 A T

1-E;
W= i=1,2 . .m. Q1)

m — iE]
j=1

ﬁ¢ﬂj:%gymmﬁﬁﬁ%Tm¥ﬁﬁ@

B (o) WA S TR TR0 24 58 (15) H-51

step4: M€ IE AR 7 . BB T R AT =
(Y, h3, ... W), AT R AR = (hy,hy,...,
h.,). Hdihf =1,h =0.

step 5: 4 B LA IE B AB I 5 N 5% 4 100 84 07
SN T 5% 25 R AR LR S 25

v;; = —0d(hij, b))%, (22)

w = (w1, ws, .

v = d(hij, h;)¢, (23)
LA TR B ] P B 2 T AR g X (4) SRR 1S 2.
step 6: AR 4 T 243 ) T H 5 2% 7 SR A T 6 A 2 RN

TR B 23 5 WAL (A8 A

Vit = oI (wy), (24)
j=1

Vo= vl (wy), (25)
j=1

Horp T (wy) T (w;) ATARHE 2 (11) B (12) TR R A

step 7: 25 % Liao 551200 5 HH (178 J8 1 52 25 (i 1711
T 7= BEAN TOPSIS 7732, A SCHEH DL Rl B A 5

(-
A= OViF+ov
Hrr:0 e [0, 1] R LTF 2404 0 < 0.5, AR R
TRE AR FEE R, 25 0 > 0.5, MIARER w31 38 KU
B A0 = 0.5, AR Yo s 8 WK o LAY il
BE CL MRAERTT 5 o, LT

4 SERISAT

R TR T OB A #r, a e SCHR [5] A 84 B S48
X AR SC I Z5A Jo FEE ARH R 5 7 VAT B
41 =LHIHE

FAF N H O R A S AR R, &0t
AT, 4N T X (0 = 1,2, 3,4) 1E NI T %
3 L — VP T VP X S S R, B RS b
JBYEG;( =1,2,...,5). HF: G Go G F1Gs Nk
BB, Gy AT R . TG AR W SRR B 2
3.

CIL = (26)

®3 MBAEMREIER

G1 G2

X;  {0.2,0.4,0.7}
X,  {0.2,0.6,0.7}
X3  {0.2,0.3,0.6}
X, {0.2,0.3,0.5}

{0.1,0.2,0.5,0.7}
{0.1,0.2,0.4,0.6}
{0.3,0.4,0.5,0.9}
{0.2,0.3,0.5,0.7}

Gs Gy Gs
{0.2,0.3,0.5,0.7,0.8} {0.1,0.4,0.6} {0.4,0.5,0.6}
{0.3,0.4,0.6,0.8,0.9} {0.1,0.2,0.4} {0.3,0.5,0.7}
{0.2,0.4,0.6,0.7,0.8} {0.3,0.4,0.8} {0.1,0.5,0.9}
{0.4,0.6,0.7,0.8,0.9} {0.1,0.2,0.7} {0.2,0.5,0.8}

ZHKE: o =050 =05,¢0 = p = 0.88,§ =
2.25, X = 0.61,& = 0.69.

step 1 step 2: X M TGRS o 5055 B Al U — 1h Ak
H,

step 3: R 4 3 (15) 11 5 A M AW o I 4
BRI, TS5 SRR 4 FoR.

TR R PR R

1
By = (0.73+0.733 + 0.714 + 0.744) = 0.731 1.

FHEA1R, B, = 0.742, B35 = 0.733, B, =

0.670, E5 = 0.788.
x4 RBEMBHESR

G, G, Gs Gy Gs

X; 0.733 0.719 0.75 0.733 0.889
X, 0733 07 0725 059 081
X3 0714 0.781 0.75 0.733 0.704
X4 0.744 0.767 0.707 0.625 0.75

HRAE 3 1) W52 45 J AR A T
wi = 0.2013, wo= 0.1934,

w3=0.1999, wy= 0.246 8, ws= 0.1587.
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step4: B IE A BRAR 5 240 0.364—a— )
X, X,
ht = {{1,1,1},{1,1,1,1},{1,1,1,1,1}, % 04 X X
M -
{1,1,1},{1,1,1}}, fg 03
r~ ={{0,0,0},{0,0,0,0},{0,0,0,0,0}, i
0.30}———
{07070}7{070’0}} 0.1 0.3 0.5 0.7 0.9

step 5. step 6: THHEL & T R LR G WA E L5 &
TURAA, THE G R AN 5 PR,

x5 BRARBENESERNGEWE. RKE

i=1 =2 i=3 i =4
Vf 0.6951 0.7758 0.6890 0.7349
V.o —15862 —1.3933 —1.6047 —1.4899

step 7: AR & (26) THE & 7 R E L, 2 9 M-
CI, = 0.3047, CI, = 0.3576, CIs = 0.3004, CI, =
0.3303.

R 8 75 T A A 2 T A R R o 45 RN X
> Xy > X1 > X, B AR R A Xo.

e A HE T 45 15 SR (5] — 5 500 T AT
TR 175 000 AR W S 1R A R
42 BSEHERMS

TREFHAD S HOAAR, ¥ B AT R 5 0.1 4425
K 0.1 2838 25 0.9, 20 M1 55 J8 MR E LA K S5 4 I 7 1) 36
AR AE L, TH RS AN R 2 .

0.25¢

——G,—=-—G,— G,

@ ——G,——G;
020}
2o

M
015 L L L
0.1 0.3 0.5 0.7 0.9
U 2 K o

1 BHNEBRERK HEL

B 2 ¥ a
2 HEEMRER TN

FH ] 1 AT, B o AN W38 K, i PR 1K
KARIGIE052F0.7 ML 1 3R, Bl w, >
W) > W3 > Wy > Ws,Wy > W3 > W) > W > Ws, W >
Wy > wy > wy > wy. TGy A Gy EIU IR AN
%, B 0RO W G A G BB BLR) 3 K
i, G W 5N 2.3 Gs B 2L Se i) J5 39 K
(e ss. T HLBE A o B OR, & P TR 1 X 20 A5 B ik ok
7, 3 W 1 R N BT R BN ORI R . R
R P 3, AN A A I R 52 1 e 2 ) HE e A5 0L, AELPE 52
B 2 H AT 75 AR S BRI Lk 48 63 AR S 3L

FH P 2 W] 1, B A A AR O W AR Ak, HE P 45 R
WA X, > Xy > Xy > X A%, 5 g
— B, R AR ST R I 5 B R SR T IR A AT 2R BRI
BB AR, (H B o AW K, X F X 1 S %
SR IR B, X R X ()3 5 B R AR A I AN
W32, I HL 5 A R 38 K, J7 SR X g3 BT ok
HZE . BRI & FEA ST, BN 2R 55045 3
Y35 75 B X 9 RO B
4.3 Xtk
4.3.1 JEI X} H oA

9 WA ST IR A B, K e 5 B (h) M2
Ey(h)B', E.(h)2Y, Ey(h)"'. E. ()7 F1 Ey(h)13 i
AT B, 43 0 S P A L R 7 FE AT SRR, R
KRS AT TR), X6 EL 4 SR UnFE 6 .

*6 TRIEME THHFESR

J05 0 55 JEMRE (Wi, way ...y ws) W% (Cly, Cly, Cls, Cly) Hep s IZATHSIA] /s
E.(h) (0.190,0.198,0.208,0.239,0.165)  (0.304,0.356,0.301,0.331) X, > X, > X; > X5  5.1645 x 1072
Ey(h) (0.193,0.200,0.208,0.231,0.167)  (0.304, 0.356,0.301,0.330) X, > X5 > X; > X3  5.7150 x 1073
E.(h) (0.161,0.208,0.199,0.257,0.177)  (0.306, 0.356,0.303,0.333) X, > X5 > X; > X3  0.06032
Eq(h) (0.198,0.204, 0.156, 0.443, 0) (0.309,0.378,0.294,0.337) X, > X4 > X; > X5 0.04230
E.(h) (0.195,0.199,0.154, 0.452, 0) (0.309,0.379,0.294,0.338) X, > X, > X; > X5  0.04025
E;(h) (0.182,0.227,0.212,0.227,0.152)  (0.302,0.353,0.303,0.330) X, > X4, > X3 > X;  0.07843
Enew(h)  (0.201,0.193,0.199,0.247,0.159)  (0.305,0.358,0.300,0.330) X, > X4 > X; > X;  5.6715x 1072

ST AT, ARG 2 2S4S 21 A S 4 v e 41
7 Xo, W] T ASCT R L B S B (H
BB brR 6 T LIS RILL T 45 ik

1) Eq(h) SEFR 5 AR SCER A0 AU A AR

l
e (1= 23 b — 0.5]) HIFL B9 B () 5L
=1

TR TR T 2 R (S {0.5) (BB, T TV
T 7 (A B AT A S AR R 7 — 2 £
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R, S E,(h) BT S R ws > ws > we >
w1 > ws GATHws > w1 > w3 > we > ws BT
[Fl.

2) Ey(h) F1 E.(h) BAR 5 AL HEF 45 R — 3%,
EAH B A SO &, R iA e 0d T 5 2%, BAE M I
BRI M, DR R RE A7 FE — B AR B A A2

3) 0] LR B, Eq(h) F1 E, (h) 76 1 50, J& 2 G5
Xif N PRI HE AR T R 258 1, 3 G IR Ry
0, {15 1% J@8 1k 56 4= 1 20, T 22 s b & 5 A5 & 1%
G5 a7 EANFE R, Ey(h) 5 E.(h) FFEER E
WG AT EE RS RREANSHER, F5
R G ON, T A ST H A 0 88 3 5 2 AR AN 9 B
T FE RE 5 DR 2 ARAIE 5 T8 1 3 N 2 w6, TR UL R 5 73 2
FONGE 458,

4) FRER, B (h) MHEF 2R Xo > Xy > X3 >
Xy 55 LA Rg I B 0 485 8 3 R M IR, X i B (h)
E 1 505 #2 v 5% 1 HausdorfF PR 25 9 5 3547 1152, 1
72 ] B AR AR B S P TRASR 7 v 1) e KB Bl /IME
HBEAT SR A, 2008 T A TGAER 0 A I K =15 B, T3
IS N2 b N

ST AN [ FE PR32 AT B T W] SR, AR SC 254 Ml
(0 T B TR A LG S 23 el I BE, B4 T — AN
B AL Ey(h)~ Ey(h) 524 TR B 13847 38 #2100,
2 BF T T b 0 0 55 ) 3 A 79, AL o (A
T IR TRAER 0 BRSO B X — R AR, X M B AR G AN
S8 VE R IR FEAN 56 3, IX R AR LR G I I FEAE 78
535 R TR T (AR 1 5 = A 1 1) TR B 3 R
IE T HAiE R s 5 TR R A 4.

5% b oy A, A B I I E, AR ST I E T R T Al
TGO G AN 8 VAR X P THT RS, e T ARk
LN IR B ELE, RN IS G TR R, 5 T8

432 YSRITEN T

N T BRAEAR SCHR SR T AR, PR A 255
ANAZ, 43 )5 SCRR [22-241 3 FlAS [ (1 Y 5 7 72304
Xof L, Sk SCHR [25] 7 R BT 2 A, o Sk [22]
[FRE % R T P 5 3 11 O B 4 SR [23-24] U A%
G YLK I iE, P R v R 2 B8 U SR (0 PR e 4
HHA 4R k7 fR.

Sy AT T AT, 247 R R SR A0 B AR B B, S
BRI22IHEF S RN AL > Ay > A5 > Az > A,
BRSO S S 18— 3, 1K 2 A MR SR VA R e
5 3] e R A T X A R 53 R IR A [ 1) 3 W AR 4

®7T FRIREFENHFER

ATk SCER[22] SCHER[23]  SCHR[24]
A, 04091 07926 07107  0.1468
A, 03094 0.00 0.3025 0.2109
A; 03095 0.0252 02824  0.1681
A, 04486 1.00 0.7023 0.1658

As 0.3916 0.387 1
S22, SCHR (23] 5% F T 55 0 30 B2 14 5 42k, ST [24] 1
ST & DT R IR AR B 1, IR TR
Ay ATRLE R, 5 A SCR TR 45 A — S
DRI SCHIR [23-24] Hh (BB R SR T 0 45 R AAL 2 L
A F B 4, T A SO AR R AL R B8 T
DR SR A TH s AT e 453 2R B B AN [R] KU 285 2 4
BRAT NHRAE, AT & SR 7 2
5 4 w

A SCE AR BB B R P AR T R
e TR R HE DL R B Lo L R A ) R, e ST e
A BEALHE I, I 2 TROMI B2 5 AR W EE IS 1 25 &
WEBAI, 25 th 7 A N B IE B O AR, i 5 I
TR IEAT 0T BT R, 2R B SRR O AR 0 AT TR AR
TOANS 58 14 14 20 1 B g4 B, [ Bt T R L
AL R AL, 3 BA TSR L 5 TR
BEAh, BT RS EE Bk T A% S TOPSIS $h 3
Tk, AR AL R RE 15 7% FE R S T I i 2t AN 2%
I AN 5] B0 B AR 4, S48 23 BT B AIE 1 2R 5 g 0 2 5 1k
SKOTIE A AN & B
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