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Synchronization of switched networked evolutionary games

WANG Yuan-hua“*', ZHANG Qiu-tong', ZANG Wen-ke'

(1. Business School, Shandong Normal University, Ji’nan 250014, China; 2. Institute of Dynamics and Control Science,
Shandong Normal University, Ji’nan 250014, China)

Abstract: This paper investigates the synchronization problem of networked evolutionary games (NEGs) with switched
networked structures. Firstly, the algebraic expression of the strategy profile dynamics is given by using the semi-tensor
product (STP) of matrices, and a necessary and sufficient algebraic condition is presented to verify whether a switched
NEG is synchronized to a static NEG. Then by constructing an auxiliary system and using the invariant subset-based
method, the synchronization problem of switched NEGs can be converted into set stability of the auxiliary system with
respect to a given nonempty subset. An easily verifiable necessary and sufficient condition is proposed and the formula is
provided to calculate the shortest time. In addition, we extend the obtained results to local synchronization of incomplete-
profile switched NEGs. Finally, an illustrative example is given to show the effectiveness of the theoretical results.
Keywords: switched networked evolutionary games; synchronization; semi-tensor product of matrices; set stability;
invariant subset; incomplete-profile

0 3

VR T 25 T V0 0 L E AR AR 1, A
S 8 PR v (k2 AT 9 (R HE A, A R V2
FA FIVE 2 S2BRATUSE, T\ 130 7125 e 2 L TRk
Sl 7R SLH W, AN BLR I A 5 H A B B
SOMAT 2, T2 AR TAR 45 B0 57 R A W 2547
9, X AR AT I BE SR B BR AR A0, AT AR A 3
IR KA, At AT 2 8D £ R 25 5 2R AT LA — Y
o SR 2 . SRS R, S H AR T — 2 L
25, TR I 2% 3 A 2120 76 R 2% B eh 35 A AR 2 e
FINREICF 2 05 7. LAk, B 2 M %

[

S HER: 2023-06-16; FF BHi: 2023-10-16.

R BRI A i, 3o DX 28 S A R 2R R AT 9 o — AN AT
I .

FEAL GE 1 ) 45 A T 25 oy, Do 20 6 2 72 [ 7E 1Y
W92 P 4 REAT I AR, SR 7R IR St R, TR
AR BEAI S T, BT 0 G 2R e Bl A O 2% F 45 44 11
A B D, 7RV 2 S5 sl b, B TR
1T, 8B TE B O as 58K, 27 W Hh i 45
A FFABAT ST F AR AL Rk, 51N D)6 9 25 38 4k
TR A W LI, X FE B 5K 0] AR % 2 A W AT B I
25 RAE H S RNE TR, [FII, A B) )2 2 52 B
I X 265 ¥ 0 435 44 () B2 B34 o Zhao 2BV B 5 T

EE&WHE: FExEREAF ST (62373230, 61903236, 62073202).

RERE: DR
VA IAA/EH. E-mail: wyh_1005@163.com.



3314 # % 5

xR ¥39%

D)4 W4 25 35 A 1R 1) A BB B AT S A A6 75 925 Zha
SEUIR M T MR DI A5 BRI 2% 5 Ak
2%, Ihan 1R SR M B it Jr ik, (B2, H AT
XU P 4 B A SR [R5 B 7T 45 R IR L

BRI, — AR O AR B 2 55 AR IR B 2 R ofe
FRAOL LR Tl B2 32 48 R L7100 L JEJU A R 5 Y
ST AR ep A, e kR AR B
KA TT WA 285 A 1T 2R PR AR A AT 3 A B 04 15,

AL BB AE H IR T T A AN, £ B 2R 2R 1) 73
Hr AN AR 2 1z R SEH AT AR R
Y A7 7R 2% 1 1) 20 il R, A5 31 1 4 a5 RUST T
FEVE 2 W) R GUBH A AT 4 o, B EARA X L ) S
Bt T A L B, IS 2 T B2 R AT 7K 0 286 [ 48
. RIS RS S R AT R 2% (R B 45 R AT T
FUELALE 4. Lin %25 18 1 32 [RAT /KM 2% (& A
SETE. SRADI, A R I 2R A Bu o 1) JR 3552 B BR ], A8 4
2 5N R 352 IR I 2R AR 0. 320 R R, AR SR
JRH S BRI SRR R D A RR O JR B 1R 25

B IR THE, A AT DI 2% 30 41 25
F1 190 28 35 A TR 2R 1R[] 232 il A 368 3o ) 36 B B 2R 4, 6
(7 20 i RER AR N A B R G SR A 1, e H A
BRIENEN TENBAAZTE, NG N5
TUSUE 7870 6 B[R0 26 AF, IR 49 2 K B 45 R 4
J B Ry [ 2 il R

1 &FR
1.1 FERFEKER
g RS .
1) Monsn: m x n 48RS G
2) Col(M) (Row(M)): HFE M HIF| (1T) 54
3) Col; (M) (Row; (M)): FiFE M (1554 51 (1T);
4) |IM|: 4 M I
5) Bruxn: 4EHCA M x n AT /R BRI EE G
6) M +5 N = A: M € By FIN € B,y 70
IRALH A a; ;= m, ; \ ni s
7)) Row,(M): HiFE M HIFF (7 R A,

8)1%1:::1{1,2,...,@, k> 2

9 Ay == {6i]i =1,2,... k}, Hr i NHRAE
B I, (28 0 41,

10) HiFEL € Mopysn FRN—ANZHHFE, G121
Col(L) C A, A L = [6i1, 62 ... §in], LN L =
Omlit, i, -y in);

1)1, = (1,1,..., DT

AL

k
12) BALFEBE Wiy = (L ® 01, .., I @ 610

EXIB &M € Mpxn, N € Mpygt =
lem{n, p} @& nFp (R /INAFREE W M AN R REF
TR ERE N

M x N :=(M® I, (N @ ILyp), (H
H.i @ #2 7~ Kronecker £X.

Rl WX e RhE— A n4tslnE, M2 —
ANERE, A X x M = (I, ® M)X.

W2 WX € Apn, EXLEMHEESE =
Spon [L, k™ 4+ 2,2k +3,... k?"] € Lonwpon, WH

2 =k, )

MPzr € Dy, BLi ~ 8ii = 1,2,... . kWEHx €
Ay, FRAE 2 B 1A B 2K

@83 wor = Lo 1IMDI =17 w1,
53 309 I I B - R B 557, WA DI XY =
X, DPUXY =Y o X FY 53502 p 4 g 451 i

=]

=,
EIE1E Fa; € Dy,io = 1,2,...,n,f : Df —
Dy, & — A kB2 58 b8 5, A7 AEME — RUFERE M, €
L rn ,WRAF f BIEEFIFEFE, (45
flz1,2e,. .. xn) = My X[y ;. 3)
i1 Lc:Df - RE—NEENZHERE,
WAFEME— AT I & Ve € R {315
(1, e, ..., xn) = VXD 2y, 4)

Ho VeRRAE c IZE R ) &
EX2 WHHEM € Myxm, N € Mysm, 4
Khatri-Rao 1 & XN
M« N =
[Coly (M) x Coly(N),...,Col,, (M) x Col,,(N)].
1.2 FRERAREZFMNERLEE
EX 3P FR—Mrf N REZRG = (N, S,
C), Bl 3N R
HN=1{1,2,.. .,Mféﬁf%%/a\
2) MRS = J[Sn KA i TR Mm%

i=1

BEERRNNS = {1,2,... kLS ELHNS_; =

115

s
] 3)324#@%&0: (Cl,...
e sc; - S — RATRRN

C n
o) = Vi xT_

T RIS 2% AL T 25 BB R AT IR
EX AW — AR IR NG = (N, E),
G, IT), I EAR 3B 70 #4 Bl

sCn) € R™ L 3L

C; = ci(xl,... Zj, .’L'jESj. (5)



%1081 IR E R EERE GRS 3315
1) MZE (N, E),N ={1,2,....,n} AT RS, Bt + 12 BCS i AEASE) ) 4% L 1y B EE 0 25 R A

E C N x N NihfE;
2) GRRNFEAR M 218 25, & R A8 2K Bl
B R A X R
3) IT 2 SR SEOE A
BER  AREACAE U ), B € U>). B
TG R F AR I8 S AT SR T BT, R L SR m Vs A 7 78
CE Vs
zi(t+1) = fi{z;(t),c; (V)]s € U@)}), i € N. (6)
PRI (6) NIURK i BB A A 2. 7E ¢ B %1 B0 2 v
FnH
ci(t) = Z
JeU()\{i}
AR SR FH TR SR e T ST 0 U] A o 2R TG S A AR
FUSY BB 5% 0 75 BT A 408 Ja v g 5 ¢ I 200 WA 2 e 47 1
DU, BRI AE A E Ot + 1 5,
zi(t+1) = z;-(t), (®)
HrAj* € arg max cj(z(t)). HBANITRAME— I,
IR bR R IR
2 FE4LEHR
2.1 [OE@EA
AR FFETHE WA W 2 A1 2R Gy F1 G, 1 TR
1) B, e Gy S # AS I 28 e AL 1 25, T G AR BT 462
I 254 VAL TR .
EXS  — MU S A R 4355 K4 B
(1, 73 9l A2
D) MKES: 2 = {1,2,...,w} & D RE.
Yo € QI M%E o FTRRE Q 7 W 4. R4S T 4%
BRI E (N, E7), 55 i fE T W% o Hf AR R R
RNU(4).
2) FEARM IR ZE: Wi (4, 5) € B, UBLEK i fibi
F T M o BT AN ZE 2R, B i IS
A ¢ I 21 B SR 73 0 s () Ay (8) 220
3) WS FRH RN BUSK 0 76 ¢ + LI 2 g R om
N
vit+1) = 79y (1), ¢ (0)l5 € UMD @)}, 9)
4) [ 28 SRR U): ) 2% B T R0 R R —
I ZI G K E S 5 BT W 4. AR SR 1 W 45 1) 46t
55 o(t) 5 RHM LR, J
o(t) = g(y(t)). (10)
Hrig o S — QWM % B H AN e, y(t) &
B2 R 3. AN T 28038 5 R AR %
T I 24 BT R, A gk A U, JE e )R g (), AT AR

c(x;i(t),z;(t)), i € N. @)

ER, ,(z(t)), B
ER; ;(2(t)) = ¢i o (x—i(t), mi(t + 1)),
Hoe, , REIF T WS o L. T — 8 %
FEANBUS B T B3 [ O ek 125, T I 2%
R 2L R 2 HENIFES 51T N %.
HR A J7 12 (6), I FH A R~ ok B AR, S X 2 T A
TZE R A 5 R AT R N
x(t+1) = Fx(t). (11)
HHF € Lynypn NEFEFERE, 2(t) e 2 J5H.
St - 1) 4 D 45 35 A T2, 4B D7 R (9) 7 7 B
GERFERE D LD, M7 FE (9) AR EOR R
yit+1) =LDy@), i=1,2,...,n. (12
W2 (12) P AR, W] LA 31 J 3 A0 J7 7%
y(t+1) = L7Wy(t), (13)
HEAL® = LTY x L0 x . x LI € Linypn
NITHE(3) LR AERE. € Lo =i ~ 6,1 € 2. F
FHAE -5k AR, ATR T R (10) #4246
o(t) = Gy(t), (14)
HHG € Loypwpn. ®XL = [Ly1, Lo, ..., Ly, BATT
RV
y(t+1) = L7Wy(t) =
(L1, Lo, ..., Lylo(t)y(t) =
[L1, Lo, ..., Ly]G®y(t) := Ly(t), (15)

HHL = LGP, € Linypn.

AR T A DX 2 A T 2% Gy R #6219 45 s A 17 5
Gy i AH R 1) Sk S 35, =X (1) AT (15) 23 )2 Jey Bk
TR EOE K.

TEN 6 BRI 25 A0 19 25 (15) Fl i 25 W 4%
BAGIEZE (1) 2 [R5 1, i SR TR R VI as = %
2(0) = xP_,2;(0) Aly(0) = P y(0), fF7E IE 5%
h € ZFT AL 24t > i, A W4 AL IR 2R 1 R 35 4
B AH ).

F1 rEE 6 DI AE S IR R 5 R R
A K. R, Mo (t) & — MEBUHRAE T,
FHEIFIREAENYAE 5T {0(0),0(1),...,0(t)}
HeSEILIRLD.

22 IBNEEERETNED

FFRHEOER D) A (15), 2B L HLF 5 1) —
FEor T AE

EIE2 AU (11) F(15) 53 BN B A5 I 2% 34k 1
5 Gy R 4 X 268 36 A0 18 25 G I AR B AL JR S50 Ak



3316 # % 5

xR ¥39%

2,0 G A1 Gy Befg ik B [FE, 4 ALY, fFEh € ZT,
fii15
FLDIE" K] = [t pIETAT] (16)
TEBR S A FHAERE Ok B AN,
z(t+1) = Fz(t) = F'2(0) =

FHDIET2(0)y(0),  (17)
y(t+1) = Ly(t) = L' 'y(0) =
LD 2 (0)y/(0). (18)

A I, X TR B W46 7 3 2(0) F1 y(0), 77 75 1E B 5L
h(a().y©) At = hiso)yo) H, 2t +1) = y(t +1)
AL, 7B X h = x(o%%())()esh(w(o)’y(o))’%%%%S%
—MEREE, LR < +o0. %t > b, z(t+ 1) =
y(t + 1) BT, B

FHIDIRT = Tt plEnAT], (19)

Bt = hACNRITFE (19) H, BI85 3 5K (16).

771 K 3 (16) 23 AAR (17) A1 (18) v, 153 21
z(h+1) = y(h+ 1). BAk, 2 H 2(i) Fy (i) HHz(0)
MyO)Bf, x(h+1+4) = y(h+ 1+ i) . U

E2 EB 24T R — S D) e ) 2 AL 1
TG HF A ML T ZR R 08 [R5 1 78 70 5%
P BEXT A (16), T E SAE H SL 1A BRAE b, 2%
JEF] F M LY R E™ x k™ 4538 BAERE, SChRi ol N X
AN F W7 S A AOE FH T /N B 9 455 2 SR A SR 5
— A PR HE D) X 24 A T2 1 [ 25 ) R

TE S w(t) = z(t)y(t), FE— Ml RS

w(t+1) = Fx(t)Ly(t) =
F(Iin ® L)x(t)y(t) := Hw(t), (20)

KA H = F(Ijn ® L) € Lyzn g EHIREG (20) H
Sk RE .

U A7) 46 X 265 95 A0 R 2% (15) N 2 D) 45 s A 1.
AN ARSI, WA Mt > b, F ot +1) = y(t +
1) =6, TREES
O =

{60, = 8hn X Sin | § = (i = DE™ +4, 1 <i < k")
)4 WA 48 3 AL T 3 (15) F0 i 245 X 48 Js AL 1 2 (1)
WS, 4 LAY, S R 45 0) E 4 BR 45 2 5 fikfa
EREES O, F, AT LA B LL T 45

R4 )4 ) 2% A TR R (15) R A X 4%
AT ZE (1) B % 3% B [ 25, 24 HAL 4, Col(H*") C
6,Hh = glgér}r{s | Col(H*®) C O}.

PR DL 41, IE AR 5 B FE AR R4 38

N SEHLIR D 1) B I 8] 0y 45T SRR B KA
PRI INERIE B hw(0)).-

EXT 1) HACOC Apen —NHEMRE
G WMRANTH M REw € 4,24t > OB, #HA
w(t,wy) € A, IAFRANOIAZ T,

2) IS MNEE OMBRRKALTFE MR ERLO
HIAAZ TR, [N © RN AR TR AYIH IS R
TH,HACIS VA

I E 7 A LA ), A RS (20) AR T4E,
YHMNYH(A) CAZXHRH(A) ;= {Hw|lw € A}.

F TR [22], T4 AR RO VESR T BT
BEARRH w(0) = wo Tk 3 [ 1 SR ) A,
FeRIE— i RHERE M € Branpon, 652, ¢ O,
Col, (M) = 042n.

TRRS U O 2 VAL 19 2 (15) 25 ) 2%
T2 (11) e I8 B[R 2, 24 HAL

k2n
> Rowi[(MH)'MH"] = 1. (21)
B =1

FEEEAE IS (Rt [a], THE A XA
hy = min {s|(MH)?MCol,(H*) # 0},
sezZt
B2,

= max_ h;.
1<j<k?n

F3 S5CHS AT, KRR 17]1 8 Tk
V)3 AT IR BRI FE V)4 AT 7R W 265 4 [ 20 1] 7, (H it
Hh T Ik B [F)25 B 7 B e TR () B2 22 — 1. iy
RIS 38 3 A3 7l B R B (20) HI e K ANAE F45, 2 R A
@D # T UL E S BT R VGRS T AR R
{1 5% 6 ST i), 365 0IE 3o 2 FRT 65 A 280 B b, i i S B I
KAARFEE [ E A4 FE /2 |0 k3™, B i 2475 s Bt 30
AN AT BE TR HEAT O SR
2.3 PIBRNEENEENEIE L

TEVE 2 SR T 20 v, — 26 5 352 25 1 E B,
FRIX B 5 5 34 2 BRI 2%, L an /e [ br gt 20
Sg S IRy ey N AT Pk S U LS
THI 25 18 =) 34 52 BRI 4 Je A 1R 2 9 [ 20 1) R

BC={6h, .., 0nt (1 <i; <kj=1,2,...,
s) AT RBES,EXLD = {(6%,610) 60,61 €
C} C Agn X Agn.

EXN8 HE—NETEEC C S, B&() €
C,y(t) € C,Vt. FRY) e M 2% i AL 1 25 (15) A 5 )
25 AL 2R (11) Be 9% 1A B & 38 [F) 8, i R AFAE — A
h € Zt, 3 TAEBYIIGE /¥ 2(0) € C,y(0) € C,4



%101

IR E R EERE GRS 3317

t = hi,x(t, ) = y(t, yo) AL
B VLA 2, W € = S, 452 L8 H 1)
JRFRIEID IR A R e 6 R ) e A IR
¥ 77 F2 (20) HHRERE H (28 0, AT R ER 0, 51 BT st i
FIC R B N0, KA, £ (i, — DA™ + iy, B
Ja B REIC N HP, A4 75 72 (20) 7T LAEE AL
w(t+1) = HPw(t), (22)
iXEAHD c Bk2n><k2n. I'T_::X
Oc =
{65 = Opn X Opn | j = (i — K™ +1i, 610 € C}.
L4 K00, 753 H PA R 45
w6 4w MHATHRBESC = {5,
o O Y VI AR AT ST (15) 0B 2 9 24 5 1 1.
2% (11) BE 534 B 7 50 1725, 24 HAL 24, Col((HP)F™")
Q @c Uokzn,_ﬁ_h = 1161211{5 | COl(HS) Q @c U0k2n,}.
0 Oc, IFEH BB KA TELIO. Z 51
AT IRHE MP € Bran xpen, X BT 6%, ¢ Oc, %
COIS(MD) = 0k2n.
RS = {(i, — Dk + iy | 6%, 6% € CY DI
FEHEE. 5anii s AL H LU N4 R,
WET LE-AWITHERBRESC = {0,
ey O} VIR SRR 2T (15) 0B A 09 24 Y58 1.
Z5(11) e A 2/ HE A 25, M HALY
2n 1 y E’
ONCTCITLDYCULUNES S
B =1 07 .7 ¢ =
(23)
Hrp:qg = [19¢|,p = k> — q. hw(0) = 5i2n (j €2
H Rk B [P B s R o b = meaghj,ﬁﬂlﬂ hj A&
NISS)
13w = 67, KB 19 (e JE I 18], HAt A A
hj = m%n{s | (MPHP)YIMPCol;[(HP)*] # 0}.
seZt
3 HERTF

0 B A A
1) ZRE—AE SR G, ZHAE S 4

MNELR, M2 1 s,
1 2
3 4

1 BESM%E
2) FRE— ML E 3N N 45 1 D) 4 X 4%y A TR

Z5Go, B2 = {1, 2, 3}, BARMIZ% 40 & 2 s

1 21 21 2

Q3 4
(b) %2 ©) W%3

2 IR E

3) 2 A W 2% 181 2 2 DN AR DR 5, SRR L 1.
Horpr ARERAA, 2RI AL

3 4 3
(a) MI£%1

x®1 APRER
P1 \P2 1 2
1 4,4) (0,6)

2 (6,0) (1,1)

4) SR SRR TG 2 A AR

5) P2 BE RN K 2 B R R 4.

Xf T A M 2% R A T 2R Gy, AT DS I SR g 58
FUN, N R (21, 20, 23, ) TAFEN f;(0 = 1, 2, 3,
4), 85 R K 2 .

T2 MBI EHRRER

c\s 1111 1112 1211 1122 ... 2221 2222
1 8 4 4 2 2
c2 8 4 8 4 7 2
cs 8 4 12 7 7 2
ca 8 12 4 7 0 2
i1 1 2 2 2 2
fo 1 2 1 2 2 2
fa 1 2 2 2 2 2
fa 1 2 2 2 2 2

SE SRS T ~ 03, 5m% 2 ~ 62, (1) i LR
FIFRS WAL IR Gy AL FE R R
F =66[1,8,12,16,14, 16,16, 16,15, ..., 16].
FEV N 45 A TSR Gy P, A48 1 ~ 64, %%
2~ 63, /2% 3 ~ 63 XN THRE—A T € 2,75
BRI (0 =1,2,3,4;5 = 1,2,3). thX (15)7]
PATHE H
L =616[1,12,16,16, 15,16, 16, ..., 16].
M R 20) i — AN R G RS 5 13 5
H=FmoL)=
Sa56[1,12,16, 16, . .., 256, 256, 256).
RG2S, 15F10 = {05, 0485, 6239 6256, H IO =
{8356, 0228}, I | IO = 2. 2 J5 B i+ 575 5 Wik 2%
(1) AN BEAL. MR Ui, 5 2 9 2% 5 A4 9% Gy A 46



3318

xR ¥39%

W 2 AL 125 Gy A REIA B 56 42 [ A5

152 RESIED

185 B 2% 11 BT A B 5K () N 3k 4% 5 s 1. MR 4R o X
8, JF 9 0l AR IEHBLN, TRA 6 = {0388, 5239,
OBV IO = {6ZSY. W MEH M i AT 5 0. 5 &
TR E ek 0, N1 3 2 HD € £256><256 S 45 A 7 7
B O AR 3) L. BAN 4t > h = 2H¢,ED
ééﬁ%ﬁ%%ﬁ‘z}é,Fﬁﬁfﬁz%%ﬁiﬁ%ﬁ%ﬁ& ~ 82,
W w(t) = 6388 € IS, B THif; € 5,
(MDHD)QMDCOlj[(HD)S] # 0T, W2, 2

> 2N, 5 AS I 2% VAL T 2% Gy R 45 ) 28 A4 1 2
gﬂu A B J B R 2
4 & ®

AR SC B A 2 RE ) 4 9 4% 14K R 0 [ 2 ) L
e, 45 T DI g A IR AR B R R K, 15
) 7 0 7 X % T A 1 2R T X 4 s Ak T 2R BE A
B [F] 25 (1 78 B 41 R, I g 3 ik B R G 98

ANAR TR 77 1553 A [R) A2 o) it ﬂfF/I% B B R
52 PR AU 4 R 28 Je A 1 2% e i, 8 e {451 ) &5
ROATPEREAT TR,
S 3k (References)

[1] Madeo D, Mocenni C. Game interactions and dynamics
on networked populations[J]. IEEE Transactions on
Automatic Control, 2015, 60(7): 1801-1810.

[2] Nowak M A, May R M. Evolutionary games and spatial
chaos[J]. Nature, 1992, 359: 826-829.

[31 Zhao G D, Wang Y Z. Formulation and optimization
control of a class of networked evolutionary games
with switched topologies[J]. Nonlinear Analysis: Hybrid
Systems, 2016, 22: 98-107.

[4] ZhuR, Chen Z Q, Zhang J L, et al. Strategy optimization

with
switched topologies and threshold[J]. Knowledge-Based
Systems, 2022, 235: 107644.

[5] Cheng D Z, Qi H S, Li Z Q. Analysis and control of
boolean networks: A semi-tensor product approach[M].

of weighted networked evolutionary games

London: Springer, 2011

[6] Cheng D Z, Qi H S, Zhao Y. An introduction to
semi-tensor product of matrices and its applications[M].
Hackensack: World Scientific, 2012.

(71 R, FAREL, B BT M K E A A IR

B2 R G BORTEE R (1], 2] 5 UR, 2022, 37(2):
267-277.
(Feng J E, Li Y L, Zhao R. Recent developments
of finite-valued dynamic systems based on semi-tensor
product of matrices[J]. Control and Decision, 2022,
37(2): 267-271.)

[8] Wang L, Li Y F, Zhu J D. On block-decoupling of
Boolean control networks[J]. International Journal of

Control, Automation and Systems, 2023, 21(1): 40-51.

[97 Li HT, Wang Y Z, Xie L H. Output tracking control
of Boolean control networks via state feedback[J].
Automatica: Journal of IFAC, 2015, 59(C): 54-59.

Zhong J, Liu Y, Lu J Q, et al. Pinning control for
stabilization of Boolean networks under knock-out
perturbation[J]. IEEE Transactions
Control, 2022, 67(3): 1550-1557.

Wang Y Z, Zhang C H, Liu Z B. A matrix approach
to graph maximum stable set and coloring problems

[10]

on Automatic

with application to multi-agent systems[J]. Automatica:
Journal of IFAC, 2012, 48(7): 1227-1236.

Liu X Y, Zhu J D. On potential equations of finite
games|[J]. Automatica, 2016, 68: 245-253.

Cheng D Z. On finite potential games[J]. Automatica:
Journal of IFAC, 2014, 50(7): 1793-1801.

Wang Y H, Liu T, Cheng D Z. From weighted potential
game to weighted harmonic game[J]. IET Control Theory
& Applications, 2017, 11(13): 2161-2169.

Cheng D Z, He F H, Qi H S, et al. Modeling,
analysis and control of networked evolutionary games[J].
IEEE Transactions on Automatic Control, 2015, 60(9):
2402-2415.

Li R, Yang M, Chu T G. Synchronization of Boolean
networks with time delays[J]. Applied Mathematics and
Computation, 2012, 219(3): 917-927.

Chen HW, Liang J L, Huang T W, et al. Synchronization
IEEE
Transactions on Neural Networks and Learning Systems,
2017, 28(3): 612-619.

R, TN, 2. 2 BRAR K K 28 5 R BIUIR [].
i 5 5%, 2018, 33(5): 960-968.

(Feng J E, Yu Y Y, Li H T. Recent development
of Boolean networks with constraints[J]. Control and
Decision, 2018, 33(5): 960-968.)

Liu W, Fu S H, Zhao J L. Set stability and set stabilization
of Boolean control networks avoiding undesirable set[J].
Mathematics, 2021, 9(22): 2864.

Zhang X, Hao Y Q, Cheng D Z. Incomplete-profile
potential games[J]. Journal of the Franklin Institute,
2018, 355(2): 862-877.

Rasmusen E. Games and information: An introduction to
game theory[M]. New Jersey: Wiley-Blackwell, 2006.
Guo Y Q, Wang P, Gui W H, et al. Set stability and
set stabilization of Boolean control networks based on
invariant subsets[J]. Automatica: Journal of IFAC, 2015,
61(C): 106-112.

[12]
[13]

[14]

[15]

[16]

[17]
of arbitrarily switched Boolean networks[J].

(18]

[19]

(20]

(21]

(22]

E& &N

Foute (1981-), L&, @I, it L TIm, NFZH)
B ARG EHEAEZEET 7, E-mail: wyh_1005@163.com;

FREKE (1999-), 2, Az, MTE )2 i A 18 25
%%, E-mail: zqtong978@163.com;

SO (1978—), U3, #d%, ML AT 0m, NFE eI
EHL882 S0 AT, E-mail: wink@sdnu.edu.cn.



