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A multi-task reservoir computing method based on subspace mapping

ZHANG Zhao-zhao', CHEN Hao'!, ZHU Ying-qin*, YU Wen?

(1. College of Artificial Intelligence and Computer Science, Xi’an University of Science and Technology, Xi’an
710054, China; 2. Department of Control Automatic, Center for Research and Advanced Studies of the National
Polytechnic Institute, Mexico City 07360, Mexico)

Abstract: Reservoir computing (RC), as an efficient training paradigm for recurrent neural networks (RNNs), performs
excellently on single time series tasks. However, in multi-task scenarios, reservoir states induced by different tasks tend
to overlap, limiting its application. To address this issue, this paper proposes a multi-task reservoir computing
framework based on subspace mapping, and building upon the traditional echo state network (ESN), designs and
implements a multi-task echo state network (MT-ESN). This method assigns a unique binary mapping vector to each
task. At each time step, the original reservoir state corresponding to a task undergoes a Hadamard product operation
with its mapping vector. This selectively projects the original high-dimensional reservoir state into a low-dimensional
subspace defined by its mapping vector, thereby achieving structured separation of different task's reservoir state
trajectories within the shared reservoir. This fundamentally suppresses the phenomenon of state overlap and effectively
reduces the degree of overlap between states of different tasks. Through experimental validation on short-term
prediction of multiple chaotic attractors and multiple real-world time series predictions, compared to the standard ESN,
the MT-ESN significantly enhances the accuracy and stability of multi-task processing within a single reservoir
network. Particularly in long-term prediction, it effectively avoids state collapse. t-distributed stochastic neighbor
embedding (t-SNE) visualization also confirms its reservoir state separation capability. The study further reveals that
there exists an optimal sparsity for the mapping vectors. The proposed method provides an effective approach for
implementing multi-functional reservoir computing on resource-constrained devices.

Keywords: echo state network; reservoir computing; time series prediction; dynamic system modeling; multi-task
learning
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e — N TICAZ B JC =R, A AL YE ESP Y
BN, B R BCE R W, S g Ae, R

(34)

RJE)Z ESN Ji /£ ESP, B lim ||z, () — 2, (2)]]
=0. BB FIRE 2,(t) = 2,(t) © sz, (¢) =
() © s, BATZEE RTEEOH 2

12.(t) = Zo ()] = [[(za(t) — 20 () © s (35)

R4 Hadamard X 10157 DA K BSH 17 & s ¥ 0 3%

s, € {0, 1}, W HMEEFEEA v © s|| < [jv].
I, 42
0 < [|Z4(t) — Zo(D)| < Jzal(t) — 20 (D) |- (36)
T 20 lim (1) — @,(¢)]] = 0, 45 I
, i3
lim |2, (t) = Z,(t)]| = 0. (37)
iR SR, HEK)Z R ESN i &2 ESP, &

T2 [ WS 5 RS [F R B 4% ESP. (R, 1 HEZR7E
TRFEGE 2 E AR S 71 R T4, SEl 7%
ZAESS IR A .

9 NER S b ORAE T2 B LB 7 V5 AT SE 1,
81 FH 4 R AN S AR B E AR E PR, N FRTAISAIE, 755
ANBENLBSS A& ), s RA A FLES, B4
ANFUES RS HFER) Frobenius A A,

NARBI PR E TR RN

L
Z(l — SinSin) Z Tin(l)x
n=1 =1

P e Pl i 1) s, o S AL o A A B, R
BANTCER s, AR pH R E N 0, IR L — phiik
BN L IXA pXt RS2 I6 HR Bl B R) E R EE (BI
0 JC 3 LLfl). AL M, R s, F s, IR A H6 2 0

— N E n B TTHERAE R L (B 5,55, = 0) HIRR

N

(38)

P(sin8;, =0) =

1—P(s;,=1lands,, =1)=

1-(1=p)=2p-p°
ZE—ME 0 FINE=, %ﬁﬁﬁﬁﬁp > 0.

Zx

(39)

A7, =(1— 8ins;

in°jn

VXTW%HV&EEE@?W&

AC,; = Z Z,.

e R A, T

) R n A4

— ML R REAL AR
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E[AC,] = E[Z Zn} =

XN: E[l = 5in55] ( XL: l‘m(l)wjn(l)) —

2 -1 Y (3w 0) =
(2p — pz)Cz‘j' (40)
XANGIRERY], WA FRIRR S BUIR WA C, ARG 57

JE p FLARA R,

N T BRI AR MOR A2 i B PT 5E 10, f ATE
KT AR AZAGE Ry — 4 T FENLAL &
A 25 H B OB B T — A B

BENLAZ & Z, 2 A 1. il IR RS 2 (1) S

AC,
B 5, 3T TR R
’Cij,n‘ = )Zmln(l)w]n(l)) g Cmax7 (41)

YT FTE n¥ RO, R, Z, T HUE G B BN T B)
T Chn-

WRIEE R T AER, T —HA FAMLEYLA
B IME, o PR MR 2 DL B (0T
EEe > 0):

AC;
P

AC,
}

-8y

Hrefe NP R E R E 1 — MR /AN R B 2.
MEERTT LR, S5 (42) A BE A N 390
R T B X BRI T — AN e B R i 2
(BN 28K, BENL IS S 807 H B AR AR &
LR AE AR AR/ B P p = 2 e B P
(R B2, FEAS B3 2 e A 2 B8 R T i B i 2 Tf
FEHIKRE LB s m 7 O, TraEm A B
750K T 8 Cun K, T AEASHE 2R b F7 AR 15 A0 X
B b DRI, 7 A B K (R ] S, 7R B K
ift )2 KUABE I SR AE 55 [5] S5 7K1 R R g 12k
2.5 HBERRE

T SN M R 2 A A R TV, AR
FOK RN A L B R BRI AR BRI KA P
fE55. A FAES KA L, 210715 R E N
N, TR R E M.

step 1: FEALAL EE— ] ARSI 2% (ESN), fif /2
BT RECHN.

step 2: XF T RN P AR 55, BEMLAE BL— AN X B
fmess s, (i = 1,2,..., K), 505 s, f

BFMA1FN — MAS 0, H R s ) & B A .

step 3: i KB P ARSI B8 ZE. X T
TS, 5%, AT — AL washout B Bt (7T
100 #2), BIsE FH AT 46 i — B A DK 30 it J2 K V8 B
WIGEIRAS W20, BEFT B RS A T ZS; 285,
X T REE o, il (7) 15 26 R IR A 1 B
@, () 5 X LTS ) & s, 384T Hadamard AR, 1] 45
B ERMEEIRE T, (t) = 2,(t) © s, FEALEETR—
AMES T, 2RSS A

step 4: 4 BT A B AT 25 BB 4 2 R3S 44 B iy
N7 542 D9 86 B X, TR 6T B2 A H bt F
JHEFEY ).

step 5: 8 FHHF L5 (104 2 IR A 0 FE X, A0 H A
B FERE Y, B (8) SRS A EHFE W,

step 6: X T HiMES, BARX Ay (t+1) =
W @i(t).

TE step 2 A= AW G Ta) S A, AR BRI ) 1 5 A
it T — AR S, HME— P A 1P 28 i (A &2
KRR O(N), H i T B m & 1 e v 5 25 85 A
C(N, M), BALAE BT A A8 RlE 8 (1) B 58 G A1tk
AR K ANME 55 AR R ME — B IR 5 ) &, SN TR]
REERUNO(K - N).

R AR AR B — Fh B e 1 A HE SR AR
TE 7 BEA B RS 8 B I AT 55 T I L SR AR 3
A %< B B R washout fiff 7R A& 2R AL . TE LI 3K
WS N MES i — RS A, (1), 4B T
i R BIA R, REMBHZAIRE, AT —
SRR, AN MRS A BRI R A7, IXFE, L — g2
fEnTiE It o i R AR & 47, St 1T B 2
MEF RIS AL,
3 ERSHT

ZALS i Z 1 LT ESN [I3EA Fs2Hl i, N
TR G B I8, #1% LI FR A MT-ESN (multi-task
echo state networks). BT £ £E 11 2K BN Lyashons
+ Liain + Lo FIFEAS. Horb: T Lo &2 F T BRI
GE i 2 RS AN BT U6 25 AR 52 W, Ly 2 AE 925K
£, L BAE RIS, P A S50 35k H 3 2 28 1
W77 5, FHam it 3 77 iR 2 (RMSE) SR g 46 1 2
fe, Kot & A~ hs:

1 Liest
RMSE = J 7 > (W= Yoa) (43)
test =1

3.1 HAELK
AT TR S R 4R th 6 A SRR 2 R B
TS| T AR g8 R I AR S5 R A
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Lissajous & 4t Ml Sprott &4t (JA #A 1), LA S Lorenz
A4, Rossler R4t BY)EE R 4t Al Hindmarsh-Rose
P TT RS (IR, B 7 513 1E Matlab 2024 H1 LA

R 2 A B E I DA AT 0 5. N RIETE
RSN, BN ARGEMASHKE TEER
S 10 BT 2 1H.

%2 Lissajous 2%, Sprott 2%, Lorenz 2%, Rossler 2%, B RFURMATRSG

Lissajous R4t Sprott &4t Lorenz % 4t
wt
(t) = sin (— 1, = 0. 1, = 10(u, — u,
u,(t) = sin (100> U, = 0.3u, + u, U, 0(u, — u,)
3wt ., ,
u,(t) = sin (% + g) Uy, = UpUy — Uy U, = u, (28 —u.) — u,
. (mt . .
u,(t) = sin (2—0> U, = —Uy + Uy . =y, — S,
At=1 At =0.015 At =0.03
Réssler R4t T RS HETLR G
. . 0.2u,u, .
A Yo =t =y (;l.bgit, iy = uy —ud + 3ul —u. +3.25
. 0.2u, ,
U, = u, +0.2u, U, = ally Uy, 4, =1—5u —u,

i, = u,(u, —5.7) + 0.2

At =0.1

v = T 0,050,
U, = —10(u, — 0.006) + u,u.

At = 0.002

i, = 0.006(4(% + g) - u)

At =0.06

3.1 6 MR FAE BT

RIS UEAE L —fif J2 S5 8 T R 4 2 1 MT-
ESN R e 1545 R0 =) J- 7 2 Fh LA A R 3l 1) 2
FEMEI R 3 R G0, A SRR A 6 MR MR 5] 7
1155, 45 Rl 3(a) Frow, MT-ESN R 15 [F] —fif 2
W) 2 HhORS B 55K BT R G ) 4 )R B 0 B, IR
BAHIE S RN RIS RHAE, JEI AR 7 1 2 AE
%25 IR GE 77 AHEL 2R, £ 48 ESN (W& 3(b)
i) TEAR A BB T PERe 5 B 1k, H T 0z e 5
N 1) 235 36 AR AN T i 5 B S e, BRI 22 TR B 2%
SEGE RS, WAE T 58 2.2 TR TR PIRAS H
B HISIE S ESN ZAT 55 Pl e e tE B HE S

Rk — B4R 7T MT-ESN 51& 48 ESN M fit 2 &
(1) PN TEBIL I, AR S 56 ) A =20 A Bl AL AT S8R (¢
SNE) S P B U 7 Ab T 6 ANV 5] 14 45 B Pl B0
i RS AT B4R nT AL, Q] 4() FTos: 5INBR
SR AL S, MT-ESN e AN [F 34 R Ge 1 il
JEIRAS B 2 AR 0T 40 B 1) - 25 (8], TR i i mT % 1
FRAR GG, EOWEGE 7 BT 38 7 2 [ WS 7 VR AR IX
AT S5 IR 5 T PR 2 2 R, SR 2 A SR A
PRt 7T X 4y BE IR N SR AL ; 1A% 48 ESN (]
4(b) FIT7R), BEYE I AT 55 1 i 2R AS AH VR 2%, X LA
X 3, Vb IR B S 2 H 2 AT 55 M ae A G
3.1.2 EHMBERXE

AT B AEWE T3 MT-ESN 6 7 (1) PERE. 1L
A W R IE T B ik J2 (1 2 AE 55 RC J59%: Kong 25

& 1 # 3E F % 5] ) IB-ESN (index based echo state
network) UL % Flynn 25 %7 42 t ) 3% F % T i 14 10
MF-ESN (multifunctional echo state network). & ¢,
¥ MT-ESN 5 IB-ESN 7£ 6 MR 51 7 EE 5
R R AT LU AR, &5 RN 3 o, AR 3 WL
MT-ESN 7EfTH 6 > 540 bl i 2235 B 25K T
IB-ESN, Jt H J& 7& Lorenz &R & fl # 248 o6 &R 4; I,
RMSE 7l B T 29 52.8% Fil 82.2%, 7857 K W] MT-
ESN REM8 7F 51— fif J2 Hh 5 iy 200 b B 22 AT 55 AR FF
0 S R T A

Wk 4 PR, #—5 % MT-ESN 55T 2 158
P4 ] MF-ESN 7E{Y 2% Lorenz &4t Ml Halvorsen %
S TAE 55 1 2455 B AL 37 550 T AT % EE. MF-ESN
AN [R5 BN S R IR B VR A
— AN JE CLSE I 2 T Re ik, SR, IX MR S AL
TEAT S5 (8] T PN ATE SR B 4% DR 35— e PR RE, H S,
b 5 AT 55 55 1 0 P RN, 25 WS R g ORATE %
EE 221, MF-ESN ) SE 56 15 B R FH e JEL 46 SClk v
s PUTC B, H PSS 2 25 48 FH AR [R]RASE 1) i J2 1
gk LR, BE7E MF-ESN AH X8 K 1 0L 453 5
T, MT-ESN H) #il il i 72 K S8 BEAIK, 7E Lorenz £ 4t
I RMSE F#{I££ 10.22%, £ Halvorsen %%t |- RMSE
BEAR 2 29.89%. %45 it — LK W, MT-ESN Pk
3 ) 72 ] B St LA B 805 7E 22 4T 55 PR 858 v oA 28 )
ANFEZNZS RGeS0 B RS A 1 22 AT 45 Tl
3.2 B REXT RN

W SRT ) B AR S5 R T R TR L, N T
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2
N 0
-2
-1
0
X ! 2 -1 Y
Lorenz 24t
N

BYHERSG Hindmarsh-Rose &4t

(a) MT-ESN %} 6 A~ W 5] 7 1 i ik

—_ O = N

S N A

Rossler &%t

(b) ESN
RN

&3

PRITWLS 1) 5% BT 4t A B Fg ), AT /RS 3.1 719
SIEH A FEA b, AP AN T TR B () B AT R AR
321 BETREREGE YW

WL 1) B (B B, B LR B 1 0 e L,
FEURE T2 MR R I — AN B S L, 0 o & (S L
R, W [ B AR 0 i . AT X MT-ESN H ik
SR R IR E T RGVEVPAN. 26 3.1 TSRk
mYEfg ER S 2 — A YEE N 90% AN F T
23 () L WIS [ AR BT R A i 2 IR A 1) A R g

50
N
-50
-100
Lorenz 24t
o
100 - 7d e
’V“ £ 5
/"‘-
N 0} - ____-9 7
BYEERS Hindmarsh-Rose &%
XF 6 AN 5] B T
- = = TR

6 MK 5| FHY R BT

gy B R B DAAS R H AR 7 2 ) 1R, IR B 1 =
AL 90%, THE A HI5r 8 10%. ARSI AELE
5530 WSLIR WA, EA, Kb S o B L Ap A
0% REGHIEINE 50%. UGN 0% I, HikE
B R ah o s g AR B, B ALR AR #E ESN.

B S Wit 1) B AR L RS2 G0 B S(a) BToR,
It 5 WL 555 1) 5 A R B 1R 38 K, MT-ESN (1) LA 5%
Z 2P TR BT Y 0 LBl 0% FF
GE S, TN R ZE R AR, M RE AN B T, Bk
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T een o 30
25} it s
~ D%
i F ] At
i Or T 23
STy fs& m
m Lorenz & 4t @ 2
(% 25} v Réssler &4 =
% R =S
. Hindmarsh-Rose
-50F MEITRS
1 1 L 1 L 0 1 L L L
-40 -20 O 20 40 0 0.1 02 03 04 05
- iy
t-SNE /ﬁfl 0 LL.f
g L il N
(a) MT-ESN fi#ZRZ&5t-SNE Wl ik (a) EAARMSEF#O LL 751k,
32 —
il i —— Lissajous R4t —— Rossler &%t
N | : PR g —e— Sprott Z4L BEERGS
M % i —— Lorenz R4t WATLR SR
o 0 fo Lissajous R4 g %
8 CSprot R4 LT WA o
Z Lorenz & 4 %f; a3 =
v - 13 [v Réssler % 4 'y F A
- YRS AT
Hindmarsh-Rose &% &7 e
=26} METLRG v

-36 -18 6 1I8
t-SNE 4k 1
(b) ESN /=R t-SNE Al ¥4k
E4 HEEIRTSH -SNE ATHLL

%3 MT-ESN 5 IB-ESN %1% /NI 5| F RO 55 2AFFN

W51 T AR IB-ESN MT-ESN
Lissajous % 4t 0.013103 0.002228
Sprott &4t 0.003322 0.000478
Lorenz &4t 0.300384 0.141685
Rossler R4t 0.007779 0.001873
RS 0.017771 0.004 886
PETTRG 0.203733 0.036349

%4 MF-ESN #1 MT-ESN EH#E MRS F

5| T4 MF-ESN MT-ESN
Lorenz& 4t 0.464 667 0.417179
Halvorsen %4t 0.594747 0.416996

5% Je AT IR ZE IS Bl d/ME, AREE5RTE 0 LE, k2=
BTG R, LSRR ZEN S B R Z S (n
5(b) FIroR). XKW GI N —E M B2, 7T LAid g8
B TUAR I J2 2E P, A3 BO% Jn 10T S A8 B
1RSSR k. IR IZ SR B & 1, A2 A AL 555
B QA 4N 6 MESS) T EIEHTINL, FFWE
B 7R B U7 BRI, X R YT R IR
AL IX B A RAF & . SR M B Tl RE
BE— PG 5T A A o B, (A, R R =
SRS T B RBGE TERE 2 A RS L. B, B
SO ) R PR P O A A, A7 AE — AN 0
TEER HUBIIX A (FEA LI 26T T 204 2% ~ 10%), £
BT, B R AR5 BIRE 5 T (A R 2y
N8Ik B fe AT, TSI R RS 1 2 A 55 2 ST A
TP RE.

0 LAl
(b) RFIRZZERMSE [0 LU 738 1k

Els BRSYEIEMHTE AR

5ty bR S 5 BRI EAG 0 A, WS 1) B A
FEE B B, FEAR TR TR RS 43 8 B 545 B OR B 1)
f—Fh AU, AR ¥ 30 (33) MUERIEHES, $27 0 ELfilfg
WA R FEARAT S g E RS E S, Hom T
2 A1 (1 2 5 1, AT AT 45 1) 4. (2, 1 i)
0 LB E NG EREF &R TEZMER
YETE, T RE 2 HI G AN B — T 5 A S A IR AE
e 71, SEUE BaK. R, 7ES2bR A, 0 EL B
AL A — A B 8 2 50 L B R B U 2 Jd ik
TEMOT I BGUE S AT Vs, FIRAROEE B
TR 2 B MU A
322 BEREF 0 TERSAERNEMN

B B P (R B2 IR, O G 3 76 WL 1) 2 19 2 A
e — MNEBR R LTSI b, B R E S 0 o
AL B BB NBELE R, 1X 5 6% )2 3B BEHLIE
B B A — B (E2, BEMLA A R 2 B AR R
BB AR & 5 NFAN TSR 24, TR,
AT 4 PR ) AR BRI R B A,
NEHES I S YUR A, KT 0 o R 2HE
[F] — NS R G] X ), 22 B o0, SAE5% 0 T[]
AT AR5 R 3 A, NEAMESS 4 B € 1 X
6], 0 JCZRAE X 6] P BEATLHE.

I W E 5 3.2.1 TSI ORRE—EL 0 thfl
W B N R R 2%. B 6 N 0 SR AR R
Wi, f P 6 SEa6 45 B AT L, 0 JT & o A A 2 T A
RTINS FE AT — 2 (0 RS 5 i o A AR X 5 B0
RIVEfE B3 N R AR E. BBV AR S0 538
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B AT R B PE REARIE B, HE, T Re &4
DB REALZE OB RESE R, Hrh S A (1 B R
ZARS R . DU, 72 ToH € e B RTR 8 T I, Bk
R g S AR, HAR 3 R A A N %

RMSE

A
Ele 0 TRSHRNAIFNT

33 4 NAENFESLR
NIAE MT-ESN [ SEBRACR, A 5288 48 ] —
BE 4 DR AR S 8RS, Hor: BT e

f£451 (RMSE:0.0243) 1£42(RMSE: 0.0167)
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JiF AR A IR A 25 5 VR BRI AR UL AT F 5
B Mg N (B LS 108.894°N, 34.234°E). X T
Horr R AR, SRR SFAG VR AT AN, DAAA OR AL
I %) 58 BEVE R SR 1. Dk G il )2 RO IR S FE B
AT S I TBOK md WA R B, 5 i )
%B‘J%%‘im‘fé, H A HE 3 — 10 2 [0, 1] 4]
LB Ly, = 6000, Ly, = 800, % F& 3 H 5L
TH SR I B A AT 7 T R RS RN T, B
AT — U R SR T 2 A R HE 1. R b, AR 52
SR FH 38 U1 22 45 PN (%) SRS . S, AR I T 2R e
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TEIAE SR, BT TR 2 e, # & TR B
PHE#T R, 5 B S 1A 2T 0 T

WKW E RN 5 (& 7(a) ME 7(0) B
7R), o A& MT-ESN i/ ESN, $RILH T R U1
O PERE. (H 2, B S EH SRR E
(RMSE) 7] LA %& 3, MT-ESN K1 % B8 {% T ESN, iX
2B 51 N 1) & 5, MT-ESN [ 22 4F 55 F5000 250 1
BENT — B RS TE. 25 A7 4100 %2 5 455 Y
TEAESS 2 RTINS O, 23 %30 ESN (1) TR H 30
7B AR A R Bl X R U B R B AR AL (1)
AN TR, TRONDRS FE 32 3 1 520, R B JE 1
RECAFARE. M2, MT-ESN 7E/7 51 2 1Tl
MR T S -PE A28 5.

B 7 4 AN SR PAE S5 10 2 0 T ks il
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R 2 T I it J2 DR A& A ot 1 RIS, Ay gk — P R iX —
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PRI R, S8 B 1 SEPRII FPAE 55 E 3. )2
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MT-ESN 7E 25 K4 10 B3l b R B H T R 7 (152
SE PR, RIS LE K I T0IIAT 55 o, Fofan b ) AR A 48
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