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Multivariate damping accumulated nonlinear time-lag discrete grey
model and its applications

YANG Lin-yun, SHEN Qin-qin, CAO Yang!
(School of Transportation and Civil Engineering, Nantong University, Nantong 226019, China)

Abstract: To address the issues of unclear modeling mechanism, inadequate extraction of nonlinear features, and
conversion errors in the multivariable time-lag damping accumulated grey model (TLDAGM(1, N)), this study
proposes a multivariate damping accumulated nonlinear time-lag discrete grey model. First, linear and nonlinear
correction terms are introduced to enrich the model’s grey information structure, which can not only improve the
model’s capability to capture nonlinear characteristics in the data, but also ensure compatibility with the classic
GM(1, 1) model. Second, numerical integration is employed to address the modelling error resulting from the original
model's treatment of the time-driven term as a grey constant and its imprecise formulation of the derivative term. Third,
by adopting the idea of discrete grey modeling, the conversion error arising from the transition between differential and
difference equations is effectively reduced. An empirical analysis using the output value data of high-tech enterprises in
Shanghai in recent years is conducted, and the model parameters are optimized using the quantum particle swarm
optimization. Experimental results demonstrate that the proposed model outperforms the TLDAGM(1, N) model and
several other multivariable grey models in terms of both fitting and prediction accuracy, and exhibits good stability.

Keywords: grey system; multivariate grey model; time-lag effect; damping accumulation; discrete grey prediction
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CSYDMirror), @13% 1 Fi7R.

3.1 JRrIEtR

i B 4 % 1 43 LR 22 (APE) Al MAPE {F A 5
RPN FE bR, LAE— 25 B0 E AN RIS A [ 404 A0 5l
MR, a0 F FoR:

2" (k) — 21" (k)|

APE =
" (k)

x 100%,

xR F41%
1 SFERELAEREEXER
o FEAZIL R&DEW/EJIJL R&DAR/(N-4)
2006 4609.90 4049.56 10006
2007 5792.10 4720.85 11411
2008 6063.50 4856.21 10814
2009 5785.70 6330.21 21453
2010 7019.70 6735.65 19278
2011 7063.60 7173.83 19051
2012 7051.60 9076.44 22606
2013 6823.40 10615.01 26865
2014 7056.90 12740.63 24649
2015 7213.00 12822.52 27371
2016 7010.20 13381.72 28283
2017 7288.10 14492.17 25334
2018 7566.00 12731.59 24309
2019 7438.00 16354.19 21887
2020 7913.00 21353.21 26917
2021 8411.00 28064.21 28549
2022 9176.35 27998.82 31357
2023 8594.00 32955.19 36169
n ~(0 0
MAPE — 3 #08) = 2700
n—14 2% (k)
32 SEMRHST

A3 A QPSO Hk AR A A v () R S 2 4
N PRIERE T 2 JO LAl T R AT 52 1%, 15 58X QPSO
RIS MU AT 0 A, DU IE LA AR 2 4L
B TR E MERTE R, SEIR S R IR 2 s,

=2 MUBSHERMES
EARREL L H e WeHi-3 5k R AL MAPE/%
50 20 0.5 1.1679
50 20 1.0 0.9594
50 30 0.5 1.0995
50 30 1.0 0.9795
80 20 0.5 0.9873
80 20 1.0 0.9895
80 30 0.5 1.0404
80 30 1.0 0.9828
100 20 0.5 1.1804
100 20 1.0 0.966 1
100 30 0.5 1.0077
100 30 1.0 0.9581

HH 3 2 ] %1, QPSO BIEEARIZE R E T Y
LA B — 80, 12 44 MAPE 1) 7 Z{U N
5.784 x 107°%. X R WAL VLI S BB T4

S AL/, QPSO HUEBEARE N E . R, A3
1% QPSO HiE xR 2 50 F-4L, LASRAS B8 9k g
(TR0 &5 S, JF20 A R it 26, Wil 1 s,
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3.3 _hRETEFEAS A EBW

L 2006 4= ~ 2019 4F g7 i AR P
PR, 2020 45 ~ 2023 G HHE A IR S
TR 6 R Y F TN A AN AR E M. IR T AR R
A Rk, AT TLDAGM(1, N) AR iy 2
T2 A5 B IR (R (TDAGM(1, N)) ™ A0 8 #t
7 S AL AL TR BT 45 1 2 B K B A (SGM(T,
N Iy B AR 3 53 B A A
(Self-paced) ] ARIMA (SP-ARIMA) £ 54 *%) 3 47 %
Eb o> 4T, AT ARIMA A7, SP-ARIMA A5 8 i] 4
AR VR 7 1R R e L IR A R A
ZHFR LR R, k¥ ar s R T2 (13) BIHEZ
PEARAG I T QPSO $ik F R\t 2%, Bkn
% 3 MR 4 Fow.

®3 BREURMEMME

AE  SGM(L,N)  TLDAGM(IL,N) DNTDGM(1, N)
X, r=19701 ¢, =0.8454 ¢, =0.9609
X, r,=17398 G=1 ¢, =0.9537
X, r,=14651 ¢, =0.7679 ;= 0.9885

x4 BEURNSH

%% SGM(1, N) TDAGM(1, N) TLDAGM(1, N) DNTDGM(1, N)

A — 1 0.0116 0.0001
s — 0.7493 1 0.2093
& 0.5 0.5 0.5 0.5654
& — — — 0.0532
& — — — 0.9556
Yo 15229 — — 0.2044

ERER MR, X T ARS8y, A SR
FIMEC B TUAE B 0% B I Al HE R RAFAE. IX EEE R
T DNTDGM(1, N ) B RUAJ57 b2 5% 28 & J6i A L A
{1 — o e SO VT R, T 7 R EOE AT 1] e T
5T FEA — € RS SR THIE I BRI RE 51K
FALIHE (Runge) BRI 5E 55 0] L, T BB MO U2
I ZE LT, RF IR 48 58 4 00 & S0 K e
Fadh. T 5 B R e S By TR 1 e

B2 FEAEUETFHDNTDGM(1, N)ERigs

ISR, [ 52 Z50¢ N FNE, BL0.04 AE K, ¥y M
0.1 #14 % 1.4. & 2 AAF ~E{E T MAPE )31k
k. el 2 AT LA IR

1) #h& MAPE BE v #8836 800 a5 318 K
fRrEads, Hk s R R, My = 0.2F i, 1l
4 MAPE HU453 5t /MH;

2) Tl MAPE B % It 748 £k 5 B3 ) PR AR AIE,
HAEy = 0.16 1 B 15 5 /MA.

gx b, ARt S B BUE A SR, WA T B2
Hl 55 BT 0 32 BARFAE I ER MR AR 1, 18 5 5l RS A
DR Bk, AR S A B A B TR
TR (140 BE 77 AN TITINRS B

FIFH & B 1 R SRR A RO ATONNE, JE
A RLRVEAS R bR, S5 R S Fs. B 3 RS
(1 0L A R0 TR0 il 2, P 4 Dy % A R 0L A R
MAPE. 75 ZZ Ui 1742, T SP-ARIMA B8 {1 5
[EH R Eom + kR BUERE T 25 0 s Il i fh
SRR, B HBEAE m + k 4+ L FEARTF IR
B, AR m + k = 4.

FH SI2A6 45 AT, B tH DNTDGM(1, N) i
(400G AN PRI 3% 22 35 A1 T H ALY, MAPE 7333l 9
0.9581% #1 1.7464%. iX — L34 F 245 73 T i 1Y
IR T R L AR AR K= H B SR AR,
M TLDAGM (1, N) A5 2 f U4 A0 T R4 R 85 %2, v]
REVR T H R e HE E RGP AL . b
SR Gy i 78 o B e 1 T A DNTDGM (1, N ) 152 4
(-G B R S5

f I 3 AT, DNTDGM(1, N ) B2 i i 2%
5 S bR B B oG A, EAR X R 22 B sh DN, B AR AR
SEPEE AR, £5G B 4 TR GRS FE S T DURS 2T 0t
ELgt AT %1, DNTDGM(1, N) R 7R 1 g _F 14 9 &
7 SP-ARIMA 5 TLDAGM(1, N) &7, f it ay
I, Fr# HHDNTDGM (1, N )45 5 5 2 i 38 4 AR =
M= 5 3K B B 2 [R] 4 2 A 3 A0 R 7 T B B
(T T P R R, A R DR AR ) 2R 48 S T i
TRIFEHE 7 — P S e T SE ) A
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R5 EFEAREEUESFMFUIMERIRELE
. SP-ARIMA SGM(1, N) TDAGM(1, N) TLDAGM(1, N) DNTDGM(1, N)
0 N
PR AO
ERUEEED APE/% TE  APE/% TRIE APE/% ERUEEED APE/% TiEAE APE/%
2006 4609.90 — — 4609.9000 0 4609.9000 0 4609.9000 0 4609.9000 0
2007 5792.10 — — 5800.4347 0.1439 5661.4139 2.2563 4139.7052 28.5284 5785.9209 0.1067
2008 6063.50 — — 5955.2146 1.7859 6084.4470 0.3455 6062.5699 0.0153 6041.5130 0.3626
2009 5785.70 — — 6116.8240 5.7231 6385.0934 10.3599 6993.9063 20.8826 5935.4675 2.5886
2010 7019.70 7062.7338 0.6130 6700.2789 4.5504 6619.7747 5.6972 6571.9093 6.3791 6780.1389 34127
2011 7063.60 7175.1603 1.5794 7063.8617 0.0037 6813.5985 3.5393 6091.9059 13.7564 7224.0551 22716
2012 7051.60 70653674 0.1952 7078.6539 0.3837 6957.2751 1.3376 6563.3372 6.9241 7012.5000 0.5545
2013 6823.40 6809.2130 0.2079 6875.6133 0.7652 7038.5534 3.1532 6823.3838 0.0002 6754.7138 1.0066
2014 705690 7263.8336 2.9324 7208.5734 2.1493 7108.3842  0.7296 7188.2854 1.8618 7155.0521 1.3909
2015 7213.00 7295.7622 1.1474 7086.0561 1.7599 7156.2186 0.7872 6834.8746 5.2423 7209.6543 0.0464
2016 701020 72049208 2.7777 7006.2885 0.0558 7191.8450 2.5912 6765.5343 3.4901 6978.2559 0.4557
2017 7288.10 7183.1440 1.4401 7308.8140 0.2842 7258.3420  0.4083 6807.2718 6.5974 7288.1636 0.0009
2018 7566.00 7263.0397 4.0042 7318.7673 3.2677 7361.9295 2.6972 6273.3381 17.0851 7558.6352 0.0973
2019 7438.00 7199.8567 3.2017 7767.8935 4.4352 7534.9476 1.3034 6780.2877 8.8426 7450.0037 0.1614
MAPE/% 1.8099 1.9468 2.708 1 9.2004 0.9581
2020 7913.00 7199.8567 9.0123 7870.9895 0.5309 7743.0256  2.1480 7627.7321 3.6051 7606.3662 3.8751
2021 8411.00 70474615 16.2114 8410.9795 0.0002 7999.9377 4.8872 8638.9194 2.7098 8244.908 1 1.9747
2022 9176.35 7144.6910 22.1402 8490.6929 7.4720 8288.8651 9.6714 8957.7124 2.3826 9112.3038 0.6979
2023 8594.00 7330.6257 14.7007 8594.0616 0.0007 8595.9203 0.0223 10103.0280 17.5591 8556.3549 0.4380
MAPE/% 15.5161 2.0009 4.1823 6.564 1 1.7464
S _ , 30
T 10F = mm
— SP-ARIMA
= SGM(1, N) '\‘
i TDAGM(1, N) // e 20r
i 8 TLDAGM(L,N) . A | <
= oAy AT &
i 6 <7 < 10t
9 4 WA
2y —=
® DNTDGM(1, N)
S 4l . . : 0
i PAY N
" 2006 2010 2014 2018 2022 M il
ﬁz o\ SP-ARIMA SGM(1,N)
3 TDAGM(1, N) TLDAGM(1, N)
&3 AN EhZ DNTDGM(1, M)
&5 5 FEEEY APE DFR1ENR
16— o] 16
L]
<ol [ =HMAPE | | e DNTDGM(1, N) B 15 3 b 4 At e 1ty APE
g [ 5 AL
< 8t g < . \
z % 3 fH 14 5 7T 0: DNTDGM(L, N) BT (48 & il 7
I / = . .
= % = W APE %> i 39 & A % R B M & A T
/ e Sy
_ TLDAGM(1, N)FI SP-ARIMA 7 43 15 5 Ay 43 Bk,
N (OO " A v e sl g N
. ‘\o@\w WO 2 T R TR (1 90 4 R 2 U B e K, R R Mk e 2
%’ >
O (OF 0$ TDAGM(1, N)F1 SGM(1, N)# A B 48 APE 4 Afi
[ ZiER S M EF, B2 HAEBHS. ML T,
E4 5 #iEREY MAPE & DNTDGM (1, N )% %4 75 B2 A F00 ik 72 o O35 1 8¢
34 BEHAH T IR KT, I BLAF RO A2 1L

SN AIE A4 BT DNTDGM (1, N ) # B ) F e 1

GIEIE

EPE, ARATRE LA 3 A A1 BEEAT 4047

3.4.1 ET APE A0t o
— MM 5, APE 43 A B A 4R b AR TR 1 T 45
Rk, A BEGREREE. Nik, B SsAamT

342 SEEUREST

ZEE B A REN, . W RE R
EAHFLAMESH Y R BUE TR E T DNTDGM(1, N)
BYBRS BE, AR 190 f th 2 B0k A7 H 3 52 56 DLG E
DNTDGM(1, N) BRI EA R S 505~ i fe e Pk
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AR & (1) RINB 4G, - B RE R B 1A
I R BN, DL ARG 1 S 50y 3R B S 500
RRPERE R M. B R, DL R S 50N 36, T
G o€ (0,1], X ¢l #E 4T —5% —10% —15% M
—20% (1) A B, [FII, XF Ny & Ay o A HEAT £ 5%,
+10%. £+ 15%F1 £+ 20% 1) ¥ %, I K H MAPE f&
PP iR 22 B AL IR B2, S50 45 SR i 6 .

20 -10 0 10

ZHRE L %
&6 ARIZHINENT MAPE Tkl

H 6 TN, MBS HUR A /MR SIS, MAPE 46
2R FEAE A BLYE B, 93 X (] D [0.958 1%,
4.401 2%, R BB BAG B AR E R, Horh: (Y
TRUBRE B e, R TR 8RS MR B K g & A TEA
7] HUAE 1Y) MAPE 722 {k i FE 35 50/, 32 B AR B A X
3IANSH LSRR A S, SRS
P2l e 05 PR 5 R 0Nk R, 5 2 B S B A R
Xof e T AT AT S R R
343 B FRBHE

TESERE RIS JA i, X DNTDGM(1, N )15
R E AT 100 Ik QPSO Bk, B KIB AT B3R5 4}
NI B H bR 2R B, BI MAPE. % T3X 100 (ki 4T
132 1) b R B 25 R, 21 F A% o0 A1 ], S
IEE R 7 fis.

100

MAPE/%
1O = D W A w

e b o H A A
80t

60

T4

40}
20t

O().6 018 1.I0 1:2 1.I4 1.I6 1:8 2.0
B B AR B /%
E7 DNTDGM(1, N)#RE G BIRR BB 7
B 7 A7 %0, DNTDGM(1, N)#AITE 100 YK E
26 T H b e& B sh i FEL Y [0.72%, 1.96%), 3
3 ¥ AR X 5, B 70 IREE RN 0.95%, F B

DNTDGM(1, N )88 7E % 5 A P i R 0 s
AR FE. AL, st H AR BR300 A S L R T A
HYGFRBAE, ST 32 06 A0 TA B e K AH, I8 B9 I 1)
b R BB 5/ B AT R . 3% 2% W BE AL 0T T 45
R BN, H— PR TN BB iR
5E MR AT S

4 ZwERE

B X TLDAGM(1, N) BB A7 7 (1) S A5 B3 A
A AR LR MERRAE T2 30 AN 70 45 LA S A7 TE 3 4 i 22 55
A B, AR SCESE RN TR BRI 5 S5 K He AL, SR
J5 SR FH ARy v B A0 B S A S B /> 5 4 5
BiR 2, JEE T &R EHE L B BT — A T
R RRAE, DU AR B3 T i B R = b e X A
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B, WO ALAE 2 MVE Fe b T S0 T AR AY, B8iE
T HAE S 2% 2 G0 A 13 A A R

PLSE AR S TR AR 2 R i BB, 7 AR R
LD T 2 rs96 N ) D B s 1 A 2
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