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Knowledge-driven reinforcement learning method for solving
capacitated vehicle routing problem with two-dimensional loading
constraints

ZHOU Meng, WANG Jing-qi, WU Chu-ge', XIA Yuan-qing
(School of Automation, Beijing Institute of Technology, Beijing 100081, China)

Abstract: Logistics distribution efficiency and cost optimization are among the core challenges in manufacturing
supply chain management, with related problems often modeled as vehicle routing problems. For fragile goods such as
home appliances, which cannot be stacked and must be laid flat during transportation, this practical constraint is
incorporated by adding two-dimensional loading constraints to the traditional vehicle routing model, forming the
capacitated vehicle routing problem with two-dimensional loading constraints (2L-CVRP). This problem integrates
both route planning and two-dimensional packing subproblems, characterized by strong constraints and multi-extreme
combinatorial optimization. Traditional exact algorithms and heuristic methods face limitations in solving large-scale
instances due to high time consumption and low efficiency, making them inadequate for dynamic demands with real-
time changes in customer locations and requirements.To address these rapid-solving challenges, this paper designs a
knowledge-driven reinforcement learning algorithm based on the collaboration of reinforcement learning and variable
neighborhood search, aiming to optimize the total travel distance in the 2L-CVRP. First, an Actor-Critic reinforcement
learning framework based on attention mechanisms and pointer networks is developed, using travel distance as the
reward. Within this framework, multiple heuristic algorithms are employed to handle packing constraints and improve

infeasible solutions, generating initial vehicle routes. Subsequently, an efficient problem-knowledge-driven variable
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neighborhood search strategy is designed to refine the initial route sequences obtained from the end-to-end network. In

terms of simulation experiments, the proposed algorithm is validated on classical 2L-CVRP benchmark sets.

Experimental results demonstrate that compared to classical heuristic methods, the proposed algorithm reduces the

travel distance by 21.52% on small-scale instances and updates the best-known solutions for 50% of large-scale

instances. Moreover, the proposed algorithm significantly outperforms comparative algorithms in solving speed, with

advantages becoming more pronounced in large-scale cases, verifying its high efficiency in solving the 2L-CVRP.

Keywords: vehicle routing problem with two-dimensional loading constraints;

reinforcement learning; two-

dimensional packing problem; vehicle routing problem; combinatorial optimization
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{H5 GTS fR{E 1T RPD (FHXF H 4>t 22 5%) HE, LA
i B 8 BV PR RE. X T SE 5 2 28 ~ 2 5 3K,
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PR G FIEFIREXS 28 2 28 ~ 25 5 JsLfl it 5 -F 3
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F=S ACEEEZES GTS EEMREXTLL
ARSI A H GTS RPD
TR i ke TORW Gz RO RENTS  ROHEReDN, IR PSR
0101 278.73 1.9 294.34 1.6 11.58 278.73 52 0 63.46 69.23
0102 282.95 29 295.21 2.7 14.58 305.92 3.5 =7.51 =30.00 -15.71
0103 282.95 4.5 290.78 4.0 9.84 299.70 — -5.59 — —
0104 29425 6.6 301.84 5.6 7.21 296.75 — -0.84 — —
0105 278.73 4.2 304.38 3.9 21.96 280.60 — —0.67 — —
P 0201 334.96 1.7 353.87 1.5 19.04 334.96 2.4 0 29.16 37.50
0202 334.96 1.7 356.17 1.6 18.03 334.96 2.0 0 -22.50 ~7.50
0203  352.16 3.4 361.36 27 8.97 355.65 — -0.98 — —
0204 345.36 2.6 359.02 2.4 11.75 342.00 — 0.98 — —
0205 334.96 2.1 357.00 1.9 17.96 334.96 — 0 — —
RPD A/ AR 18P 25 46 55/ % -14.61 -11.74 1.39
0301 371.05 2.7 381.95 2.8 7.50 358.40 6.8 3.52 60.29 58.82
0302  387.70 55 409.93 2.9 18.21 401.81 1.2 -3.51 -216.66 -183.33
0303  399.93 8.9 411.10 3.6 15.02 409.17 — -2.25 — —
0304 368.56 6.3 384.02 32 8.89 368.56 — 0 — —
0305 370.27 5.2 378.12 39 6.72 358.40 — 3.31 — —
2 0401 43354 2.9 454.20 2.8 10.58 430.88 1.7 0.61 ~70.58 -64.70
0402 439.89 2.8 452,81 2.5 9.64 440.94 3.8 -0.23 15.78 24.34
0403 430.88 3.6 455.37 3.1 21.30 446.61 — -3.52 — —
0404  440.52 2.9 458.23 2.8 10.29 447.37 — -1.53 — —
0405  439.15 35 449.65 3.1 9.58 430.88 — 1.91 — —
RPD 2 HI/K f I 6] P 34 45 55/ % -1.69 -81.38 —-64.18
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R5E)
AR A S GTS RPD
=5 5 ¥ =i Ny L2 4 Ny 57 Ny
VRHC T e ke i TOrKE e B RS  RAURGRPDY, UCERE TR
0901  620.25 4.9 660.76 2.5 31.97 607.65 1.8 2.07 —61.11 -38.88
0902 607.65 3.2 653.46 3.7 2275 607.65 7.7 0 3.89 33.11
25 0903  607.65 9.6 635.84 5.8 21.36 622.16 — -2.33 — —
0904  625.13 6.2 645.27 4.9 22.66 625.13 — 0 — —
0905  607.65 10.6 656.04 6.2 26.62 607.65 — 0 — —
RPD /3R AR 8]~ S0 485/ % -0.26 -9.11 18.71
1301 2039.67 167 211064 119 71.55 2006.34 10 1.66 -37.00 -19.00
1302 2622.36 382 2698.55  34.1 80.09 2705.05 68.5 -3.05 -5.76 10.65
32 1303 247774 358 264995 288 14512 254286 — -2.56 — —
1304 2669.13 573 280827  46.6 11848  2714.69 — -1.67 — —
1305 2451.09 1585 270190 1353  208.65  2434.99 — 0.66 — —
RPD &1/ 3R gt 18] 7 35145 52/ % -4.96 -12.01 4.72
1901 53597 35.4 570.88 31.4 32.15 524.61 169.1 2.16 79.06 81.43
1902 800.91 81.4 827.41 61.1 21.79 796.87 570.7 0.50 69.96 112.25
50 1903  811.79 87.6 834.32 722 18.93 816.77 — —0.60 — —
1904  817.19 1436 857.28 1257 3858 819.79 — -0.31 — —
1905  683.84 373.1 71046 3408  21.13 674.20 — 1.42 — —
RPD S /3R A [P 38 485/ % 3.17 71.78 106.09
2101 698.99 96.5 725.75 88.0 15.73 687.60 359.1 1.65 73.12 75.49
2102 107846 1568  1099.61 1542  20.69 1076.24 203.8 0.20 ~73.44 63.96
2103 1163.95 2951  1210.03  272.1 37.95 1191.07 — 227 — —
2104 1018.05 2965  1060.72  247.4  51.06 1019.74 — -0.16 — —
2105 941.42 6655 99511  468.1 51.47 914.68 — 2.92 — —
? 2201 785.48 75.2 805.85 63.8 17.39 740.66 1160.9 6.05 93.52 94.50
2202 111233 1844 114500 1513  25.60 1088.33 1584.6 2.20 80.68 105.09
2203 1109.21 2405 114932 218.1 19.15 1110.73 — -0.13 — —
2204 1113.25 2947 114508 2833  20.80 1119.34 — -0.54 — —
2205 991.4 5049 101495 4315 17.37 986.02 — 0.54 — —
RPD .S/ 3K AR (8] 246 55 /% 10.46 19.56 84.62
2601 831.81 189.6  889.43 1724 3853 819.56 1743.1 1.49 89.12 90.10
2602 1366.97 3404 145142 2851 70.58 138730 14039 —1.46 55.70 103.96
100 2603 1413.00  562.1 147310 5357  46.50 1436.55 — -1.63 — —
2604  1467.6 6537 153468 6369  44.46 1491.00 — -1.56 — —
2605 125628  931.1 134895  842.1 75.54 1267.68 — -0.89 — —
RPD .S/ 3K AR (8] 246 55 /% -4.05 62.38 101.19
B ~11.95 39.48 252.54
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TP e A5 B it A, 5 SR AR R I T, TR A A

(3K A1 FE 2 20T GTS, 771 s B RY K I 2%
HARAEIR L, (RIS GTS 755 5 % BRI =
I BT KB SETE T SRR, JCHE 75 2R
SRR AT e o AR 10 KA S B L FH 47 52,
NEALHRE PR bR, XA Gt 5 2 3
~ 55 5 R RIM R IME. £ 6 NMPIERGHE
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5t ZE A /% il R /%
01 62.69 13 73.08
02 40.84 19 74.45
03 57.42 21 7248
04 51.17 22 77.72
09 45.95 26 76.72

EE AT S BB AR 285 . 78 B g v, R
22 B ) 2 8] R R AT ik B 50% BA L, SB[ A
FH 2R & 2R .

X SRS 1302 B TT R ZERR 2k, 2R
00 e B B AR R 7 2 an i 8 . T A 1302,
2 BT B B AR R AR E A 2705.05, V-G FVE
BTSN 2622.36, BFEK 4R 3.05%.

3.3 JHRERSEE

RS UE AL 2 ST IR AR AR A R A L U
A B, AT BTt TR LS, o LT A S
BEALBI 46 10 1AL AR 4848 2 5% (RVND) [T RE 2 5.

B B R AR AR & 5k 1R 19 ALY e iR SR ) 3R A ) R 941
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XA bR
B8 E{l 1302 BEEAE

SEIREHE IR 5 Fiow, Hodh RPD AT HE H RV AR L
RVND 5L 40 b2 57, B RN TR G SR AR 5%
e T RVND fiffH.

HEE 7 0L, 4 BB, BT 24 L RVND
(B AL RPD A1°T-24f# RPD /0T 0, B 5FEHL
WIUE A (1075 4 Sk 48 2R SR AR LE, AR ST AT 2 HY o 1k 27
YRR 5] 5 HTR G B FT IR I A T = REAR, SR AL
5 S SR IE Ik 2 2 7 S AN, AR AR I R AR L
B R (10 e, A R 3l e 7 AR T R P A S T v AT
KETCHAE 2R, T B A Rt i/ 4 )= e .

®T BRUFIIFTIHRSIN

RVND#H2%: RPD
TR HH
REAME IS PEE TS BARERPD/%  FHIMERPD/% SRR AR/ % TR 46 %

0101 279.6 2.3 294.95 1.9 -0.31 -0.20 17.39 15.78

0102 282.95 3.8 301.97 2.9 0 -2.23 23.68 6.89

15 0103 282.95 4.1 297.43 3.8 0 -2.23 -9.75 -5.26
0104  294.25 45 305.51 3.7 0 -1.20 —46.66 -51.35

0105  286.35 7.5 289.17 6.4 —2.66 5.26 44.0 39.06
0401  458.82 2.4 473.88 2.0 -5.50 —4.15 —20.83 —40.00

0402 447.55 3.5 487.53 2.7 -1.71 -7.12 20.0 7.40

20 0403 439.89 3.9 446.02 32 —2.04 2.09 7.69 3.12
0404  440.52 3.7 467.72 3.4 0 -2.02 21.62 17.64

0405  453.21 3.9 460.48 3.6 -3.10 -2.35 10.25 13.88

0901  642.54 33 651.77 32 -3.46 1.37 —48.48 -9.37
0902 642.82 3.6 659.44 3.0 -5.47 —0.90 11.11 -23.33
25 0903  642.63 43 652.65 3.7 —5.44 -2.57 -123.25 -56.75
0904  644.88 43 647.48 3.9 -3.06 -0.34 —44.18 —25.64
0905  628.39 5.2 646.50 3.4 -3.30 1.47 -103.84 -82.35
2201 805.82 500  862.30 40.7 -2.52 —6.54 —50.4 -56.75

2202 113936 1433 1157.36 138.5 -2.37 -1.06 —28.68 —9.24

75 2203 114116 1958 115648 204.5 -2.79 -0.61 -22.82 —6.65

2204 118423 3257 120277 297.5 -5.99 —4.79 9.51 4.77

2205  1027.18  600.1  1038.53 580.7 -3.48 -2.27 15.86 25.69
SR/ SR R (8] P-4 455/ % —53.26 —30.44 15.89 11.62

4 & #®
2SRl 6 — A B A 24 TR 1 ZE A A R T
BF5E, 41 3L B8 R AN ELEE KB 5 AR

R SBCARAR S A AR AR R R L, $REHE T — A A B sl
HeF s AL ] HARAT A R I FAE S, SEBL T
TR S R AE 2RI B R AU AL, R AR ALY B, 2



942 B # 5

*

R £41%

T Actor-Critic 42 #4152 11 i 21 iy 1) 25 5 2 15 26 i 3R
W, JE IR B UL B A AR Y RURHIE; fEREFE AL
BB, SIN 3 FiUE R s 3R AT 2 4R 2 A 50 A
AR SRR R VAL AR 7 A1, S R R . SEI6
SEILRE, TR R A FA ek R 551 %
ARSI R LA S E AR, R AR B R
I, SRR T2 AR, T RS2 63— 50 0IE T 5k
5 SR RE N JE S R IR LR R W46 AR, R EI 5] S
YER, BERIE RN E B

TE RSP AL I « £ fif B HE 45 T DU i B 3 7
AR B 3 5, R SR 38 A3 A R SR A T A R
R AL AR S RS DU R T R T SRR, N
SR R R GRS B RS, R E ISR
SCOBRTT, 24 0] B — S5 R AR A0 2 B KRS
SR I 265 P T B A % P58 0 s SR v VT B ) 48 5 7
L) R A — DA, BN 5] O\ = 43 8Bl R R IR
WIRET R, DA A RS BE A B BL5E
A TE T i, I — R 1 = R AHIT T R AT
B TP ek g s B A 5, @il i
kAR 5T R, R S (B R FH 2, BRI i
FRAR, Sk I DA S AT RR B2 R SRR AR S,

L&k (References)

(11 ZEY, 2EE LTRSS RELN L4
AT ). $ i 5 ek, 2021, 36(9): 2161-2169.

(Li G M, Li J H. Stochastic vehicle routing problem
based on hybrid tabu search algorithm[J]. Control and
Decision, 2021, 36(9): 2161-2169.)

[2]  EAE, SME:, FPE. i e AR 2 R R L% 4
WA D). R4 TR 552k, 2011, 31(12):
2328-2341.

(Wang Z, Hu X P, Wang X P. Vehicle routing problem
with

constraint[J]. Systems Engineering —

Practice, 2011, 31(12): 2328-2341.)

(3] FHAEN, BRERIT, M X002, 5. SRR — 2528 S 17 8 14 5
iz 21 Ja R EE D). BE AR AR, 2021, 32(12): 3684-
3697.

(Yang M G, Chen M F, Yang S Y, et al. Reinforcement
learning heuristic algorithm for solving the two-

in  distribution two-dimensional  loading

Theory &

dimensional strip packing problem[J]. Journal of
Software, 2021, 32(12): 3684-3697.)

[4] Iori M, Salazar-Gonzalez J J, Vigo D. An exact approach
for the vehicle routing problem with two-dimensional
loading constraints[J]. Transportation Science, 2007,
41(2): 253-264.

[51 Gendreau M, lori M, Laporte G, et al. A tabu search
heuristic for the vehicle routing problem with two-
dimensional loading constraints[J]. Networks, 2008,
51(1): 4-18.

[6] Fuellerer G, Doerner K F, Hartl R F, et al. Ant colony

(7]

(8]

(9]

[10]

(1]

[13]

[14]

[15]

[17]

optimization for the two-dimensional loading vehicle
routing problem[J]. Computers & Operations Research,
2009, 36(3): 655-673.

Zachariadis E E, Tarantilis C D, Kiranoudis C T. A
guided tabu search for the vehicle routing problem with
two-dimensional loading constraints[J]. European
Journal of Operational Research, 2009, 195(3): 729-743.
Leung S C H, Zhou X Y, Zhang D F, et al. Extended
guided tabu search and a new packing algorithm for the
two-dimensional loading vehicle routing problem[J].
Computers & Operations Research, 2011, 38(1): 205-
215.

Leung S C H, Zhang Z Z, Zhang D F, et al. A meta-
heuristic algorithm for heterogeneous fleet vehicle
with
constraints[J]. European Journal
Research, 2013, 225(2): 199-210.
P, R T, T, 55, B YRR ARNZ 5
IS T 57 P 2 AP A 1) A Y 2 SR A 0. v
IR, 2017, 25(7): 67-77.

(Yan R, Zhu X N, Zhang Q, et al. Research on model
and

routing problems two-dimensional loading

of  Operational

algorithm for two-dimensional multi-depots
capacitated vehicle routing problem with time window
constrain[J]. Chinese Journal of Management Science,
2017, 25(7): 67-77.)

i I BH, B S, W 2K Ok . B LIFO 29 W) 2L-
CVRP ik [J]. TF & ML 4E B il & & 4, 2021, 27(7):
2134-2143.

(Shang Z Y, Gu J N, Pan J B. 2L-CVRP vehicle routing
problem with LIFO loading constraint[J]. Computer
Integrated Manufacturing Systems, 2021, 27(7): 2134-
2143.)

EHR, BRAESL, FEK, & & TR BRI Z
e 326 F o 2 A B 42 R[], F22 81 15 R 5RE, 2022, 37(8):
2101-2109.

(Wang W L, Chen H L, Li G Q, et al. Deep
reinforcement learning for multi-depot vehicle routing
problem[J]. Control and Decision, 2022, 37(8): 2101-
2109.)

Bello I, Pham H, Le Q V, et al. Neural combinatorial
optimization with reinforcement learning[J/OL]. 2016,
arXiv: 1611.09940.

Chen X, Tian Y. Learning to perform local rewriting for
combinatorial optimization[C]. Proceedings of the 33rd
Conference on Neural Information Processing Systems.
Vancouver: Curran Associates, 2019: 6281-6292.

Joshi C K, Laurent T, Bresson X. On learning paradigms
for the travelling salesman problem[J/OL]. 2019, arXiv:
1910.07210.

Joshi C K, Cappart Q, Rousseau L M, et al. Learning the
travelling salesperson problem requires rethinking
generalization[J]. Constraints, 2022, 27(1): 70-98.

Miki S, Ebara H. Solving traveling salesman problem
with image-based classification[C]. 2019 IEEE 31st
International Conference on Tools with Artificial
Intelligence. Portland, 2020: 1118-1123.


https://doi.org/10.13195/j.kzyjc.2020.0107
https://doi.org/10.13195/j.kzyjc.2020.0107
https://doi.org/10.13195/j.kzyjc.2020.0107
https://doi.org/10.13328/j.cnki.jos.006161
https://doi.org/10.13328/j.cnki.jos.006161
https://doi.org/10.13328/j.cnki.jos.006161
https://doi.org/10.1287/trsc.1060.0165
https://doi.org/10.1002/net.20192
https://doi.org/10.1016/j.ejor.2007.05.058
https://doi.org/10.1016/j.ejor.2007.05.058
https://doi.org/10.1016/j.ejor.2012.09.023
https://doi.org/10.1016/j.ejor.2012.09.023
https://doi.org/10.16381/j.cnki.issn1003-207x.2017.07.008
https://doi.org/10.16381/j.cnki.issn1003-207x.2017.07.008
https://doi.org/10.16381/j.cnki.issn1003-207x.2017.07.008
https://doi.org/10.13196/j.cims.2021.07.025
https://doi.org/10.13196/j.cims.2021.07.025
https://doi.org/10.13196/j.cims.2021.07.025
https://doi.org/10.13195/j.kzyjc.2021.1381
https://doi.org/10.13195/j.kzyjc.2021.1381

%44 B 5

W R AR E IR P fo iR IR B R AL E 5] K AR 943

[18] Li K W, Zhang T, Wang R, et al. Deep reinforcement
learning for combinatorial optimization:
salesman  problems[J]. IEEE  Transactions on
Cybernetics, 2022, 52(12): 13142-13155.

[19] Hottung A, Tierney K. Neural large neighborhood

Covering

search for routing problems[J]. Artificial Intelligence,
2022, 313: 103786.

[20] #5258, Wi k. U B R o 2 AT 48 R R ALK
CVRP [A] J[J]. B K254k B AR, 2023, 59(6):
1023-1033.

(Yang X X, Chen Z B. Deep hybrid neighborhood
search model solves the CVRP[J]. Journal of Nanjing
University: Natural Science, 2023, 59(6): 1023-1033.)

[21] Xu K, Shen L, Liu L D. Enhancing column generation
by reinforcement learning-based hyper-heuristic for
vehicle routing and scheduling problems[J]. Computers
& Industrial Engineering, 2025, 206: 111138.

[22] Nazari M, Oroojlooy A, Takac M, et al. Reinforcement
learning for solving the vehicle routing problem[C].
Proceedings of the 32nd International Conference on
Neural Information Processing Systems. Montréal, New
York: ACM, 2018: 9861-9871.

(23] KB, ZM. 5 REBEUARAT I 8] 15 = 25 2he 3 240 3R 1
JE HC 35 2R B AR A AR [D). 42 1) 5 P 3R, 2023, 38(3):
769-778.
(Zhang Z, Ji B. Optimization for two-dimensional
loading constrained vehicle routing problem with cross-
docking and stochastic travel time[J]. Control and
Decision, 2023, 38(3): 769-778.)

[24] Chazelle B. The bottomn-left bin-packing heuristic: An

efficient implementation[J]. IEEE Transactions on

Computers, 1983, C-32(8): 697-707.

[25] Lodi A, Martello S, Vigo D. Heuristic and metaheuristic
approaches for a class of two-dimensional Bin packing
problems[J]. INFORMS Journal on Computing, 1999,
11(4): 345-357.

[26] Wei L J, Oon W C, Zhu W B, et al. A skyline heuristic
for the 2D rectangular packing and strip packing
problems[J]. European Journal of Operational Research,
2011, 215(2): 337-346.

[27] Souza A L S, Papini M, Penna P H V, et al. A flexible
variable neighbourhood search algorithm for different
variants of the Electric Vehicle Routing Problem[J].
Computers & Operations Research, 2024, 168: 106713.

[28] Toth E, Vigo D. The vehicle routing problem[M].

Philadelphia: Society for Industrial and Applied
Mathematics, 2002.
EEET

J% (2003-), 2, A4, BRI A R e AL

&, E-mail: 2051574806@qq.com;
B (2001-), 59, Wb AR, 3 B AT WA R AR
L SN = e IS e 7 R A U
3220241188@bit.edu.cn;
RAEME (1993-), Lo, BIERHAE, 14, Wit S, 325
WEF 7 IR R R e A . T R R B R AL, Email:
wucg@bit.edu.cn;

HItif (1971-), 55, #2, W&, LA 50, 32 28T 50
TR Z PGB E R R GNE BB S5ih]. skl 5k
FRR IR . R — A 4R PR 5 T 208 B A 5 3
P [FlFE 4] 5 % B8 W 3K, Email: xia_yuanqing@bit.edu.cn.

E-mail:


https://doi.org/10.1109/TCYB.2021.3103811
https://doi.org/10.1109/TCYB.2021.3103811
https://doi.org/10.1016/j.artint.2022.103786
https://doi.org/10.13195/j.kzyjc.2021.1605
https://doi.org/10.13195/j.kzyjc.2021.1605
https://doi.org/10.13195/j.kzyjc.2021.1605
https://doi.org/10.1109/TC.1983.1676307
https://doi.org/10.1109/TC.1983.1676307
https://doi.org/10.1287/ijoc.11.4.345
mailto:2051574806@qq.com
mailto:3220241188@bit.edu.cn
mailto:wucg@bit.edu.cn
mailto:xia_yuanqing@bit.edu.cn

